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General  Remarks  about  the  Final  Report 


This  Final  Report  contains  texts  of  all  previously  elaborated  Progress  Reports  (as  in  the  Final 
Version  of  the  Third  Report)  presented  in  an  ordered  manner  with  few  minor  corrections  and 
supplemented  with  the  last  Appendix,  ‘R\ 

In  the  up  to  now  prepared  Final  Report  the  nomenclature  applied  makes  use  of  the 
notion  of  polarization  and  phase  (PP)  vectors  instead  of  usually  being  applied  complex 
amplitude  (CA)  vectors.  At  the  beginning,  it  may  become  confusing  for  Readers  because  there 
are  rather  CAs’  that  are  being  transformed  by  complex  matrices  such  as  Jones  or  Sinclair 
matrices.  Confusions  may  happen  because  the  problem  of  distinguishing  between  the  CA  and 
PP  vectors  never  appears  in  the  traditional  optical  polarimetry,  or  in  the  polarimetric  antenna 
theory,  where  the  CAs’  always  equal  the  PP  vectors.  However  in  radar  polarimetry,  for  waves 
propagating  in  the  -z  direction  of  the  propagation  z-axis,  the  CAs’  equal  conjugate  values  of 
the  PP  vectors.  Moreover,  only  the  PP  vectors  can  be  presented  on  the  Poincare  polarization 
sphere,  not  the  CA  vectors,  while  the  Poincare  sphere  transformations  applicable  to  radar 
polarimetry  are  the  main  subject  of  this  work.  Therefore,  consideration  of  the  PP  vectors 
instead  of  CAs’  appears  inevitable.  In  order  to  enable  Readers  to  compare  the  proposed 
presentation  with  other,  traditional  approaches,  several  Appendices  (from  N  to  R)  submitted  at 
the  end  of  the  text  may  be  of  some  help. 

Also  some  even  essential  solutions/results  which  are  beyond  the  general  philosophy  of 
the  here  proposed  approach  based  on  using  the  inversion/Lorentz  and  rotation  transformations 
on  the  Poincare  sphere  have  been  put  into  Appendices  (e  g. :  H,  I,  and  J)  for  reasons  of  clarity 
of  presentation. 

Fundamentals  of  the  theory  are  presented  in  Chapters  1  -  9,  and  15.  Chapters  10-14 
contain  some  special  results  and  applications. 


ludruiuo  f  . 
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FOREWORD 

Polarimetry  enriches  vision  of  electromagnetic  waves  by  introducing  new  dimensions  to  their  vectorial 
representations  and,  consequently,  by  applying  polarization  matrices  instead  of  scalar  coefficients  describing 
propagation  or  scattering  properties  of  media  on  their  path  (see,  e  g.,  Kong  [98],  Ulaby  et  al.[137], 
Wanielik[138],  Giuli[78]). 

Radar  polarimetry'  differs  from  its  optical  predecessor  by  dealing  with  waves  propagating  in  opposite 
directions  (Boemer  et  al.:  [13],  [24]).  However,  it  is  very  important  and  most  convenient  to  use  exactly  the 
same  vectors  representing  polarization  independently  of  direction  of  propagation.  For  instance,  we  used  to 
speak  that  optimum  transmission  between  two  antennas  is  being  achieved  when  they  are  identically  (!) 
polarized,  though  they  have  to  look  towards  each  other,  thus  being  oriented  in  opposite  directions.  There  are 
also  other  even  more  essential  reasons  for  introducing  such  a  unique  representation  of  polarization  which 
appears  necessary  when  analysing  ‘geometrical’  representations  of  transmission  by  applying  the  Poincare 
sphere  transformations.  Such  representations  appear  physically  fully  justified  in  virtue  of  the  fundamental 
property'  of  electromagnetic  plane  waves  which,  being  solutions  of  Maxwell  equations,  demonstrate  their 
invariance  under  time  reversal  called  also  the  time  reversal  symmetry  or  T-symmetry  (Brosseau  [28]). 

To  follow'  the  above  requirement,  vectors  independent  of  direction  of  propagation  will  be  introduced 
which,  however,  determine  not  only  polarizations  themselves  but  also  phases.  Moreover,  what  is  essential,  those 
phases  will  be  not  always  temporal  but  rather  spatial  ones,  expressing  the  wave’s  ‘locations’  along  the 
propagation  path  in  a  ‘frozen’  time,  independently  of  direction  of  propagation.  That  appears  necessary  for  two 
reasons,  both  equally  important.  Namely,  the  temporal  phase  of  the  voltage  received  during  one-  or  two-way 
transmission  depends  not  only  on  physical  distance  between  the  receiving  and  transmitting  antenna  or 
scattering  object  but  also  on  the  difference  between  the  two  corresponding  ‘spatial  phases’,  of  the  receiving 
antenna  and  the  incoming  wave  (see,  e.  g.,  Section  4.5).  That  dependence  is  of  special  importance  for  problems 
of  polarimetric  interferometry.  Another  reason  is  connected  with  an  orthogonal,  generally  elliptical, 
polarization  basis.  Its  vectors  cannot  be  determined  without  assuming  their  (spatial)  phases.  Even  in  the  case  of 
a  linear  polarization  basis  the  null  phases  of  its  vectors  are  being  tacitly  assumed.  Basis  vectors  can  be 
presented  as  tangential  polarization  (TP)  phasors  on  the  Poincare  sphere.  Their  orientations,  determined  by 
double  spatial  phases  (Section  4.3),  enable  one  to  precisely  express  TP  phasors  of  waves  and  to  analyze  then- 
scattering  transformations. 

That  kind  of  analysis  is  possible  when  considering  the  Poincare  sphere  model  of  the  scattering  matrix. 
Such  a  model  explains  transformation  of  any  illumination,  its  amplitude  polarization  and  phase,  by  inversion  of 
the  incident  waves’  phasors  through  a  determined  ‘inversion  point’  situated  inside  the  sphere  and  by 
subsequent  rotation  of  the  sphere  of  such  ‘inverted  phasors’  about  a  determined  axis  by  a  determined  angle.  The 
cornerstones  of  the  model  are:  its  inversion  point,  and  the  characteristic  coordinate  system  (CCS)  in  which 
location  of  that  point  is  determined  in  some  allowed  regions  of  the  sphere  interior.  Coordinates  of  that  point  in 
the  CCS  determine  (sometimes  two  solutions  are  possible)  all  elements  of  the  scattering  Sinclair  and  Kennaugh 
matrices,  axis  and  angle  of  rotation  after  inversion  and,  consequently,  location  of  all  special  polarization  points 
for  those  matrices.  The  scattered  wave’s  intensity  is  proportional  to  the  distance  between  the  incident 
polarization  and  inversion  points.  In  such  a  CCS,  equivalent  to  the  characteristic  for  the  radar  target 
polarization  basis,  the  form  of  matrices  becomes  most  simple  (‘canonical’).  Transformation  of  any  orthogonal 
polarization  basis  to  that  characteristic  basis  is  unique,  except  of  special  cases  for  which  an  ambiguity  is 
immaterial. 

This  monograph  is  especially  devoted  to  the  bistatic  radar  polarimetry  which  includes  monostatic  and 
forward  scattering  representing  its  special  cases.  Among  them  the  monostatic  polarimetry  exhibits  a  particular 
feature.  Its  scattering  matrices  are  symmetrical.  On  the  other  hand  forward  scatterings,  employing  non- 
symmetrical  matrices,  can  be  considered  as  belonging  to  strictly  bistatic  polarimetry,  without  any 
distinguishing  attributes.  That  is  one  of  the  reasons  for  which  the  bistatic  polarimetry  is  of  practical 
significance  and  deserves  thorough  studies.  For  example,  the  transmittance  matrices  of  the  polarimetric  two- 
ports  could  not  be  analyzed  without  theoretical  backgrounds  of  the  bistatic  polarimetry.  The  difference  between 
the  Poincare  sphere  models  of  the  mono-  and  bistatic  scattering  matrices  is  essential.  In  the  case  of  the 
monostatic  scattering  matrix  the  allowed  region  for  the  inversion  point  contains  only  the  negative  part  of  the 
first  axis  (‘Q-axis’)  of  its  CCS  inside  the  model’s  sphere.  In  cases  of  bistatic  scattering  the  inversion  point 
leaves  that  semiaxis  but  remains  inside  the  so-called  (upper)  ‘small  hemisphere’  of  diameter  coinciding  with 
semiaxis  for  the  monostatic  scattering  case  and  additionally  covers  a  bounded  region  above  that  hemisphere  (in 
that  additional  region  two  solutions  for  determination  of  the  scattering  matrix  are  possible). 

Such  transformations  are  possible  owing  to  the  fact  that  not  only  the  incident  waves  but  also  those 
scattered,  as  well  as  receiving  antennas,  can  be  represented  by  polarization  and  spatial  phase  (PP)  vectors  or 
their  tangential  polarization  phasors  on  one  Poincare  sphere.  That  is  evident  because  they  all  do  not  depend 
neither  on  direction  of  propagation  nor  on  antenna  orientation,  contrary  to  waves’  complex  amplitudes  (CA)  or 
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phases3  effeCtlVC  heights  with  their  conjugate  values  for  opposite  directions  of  propagation  and  with  temporal 

Active  transformations  of  inversion  and  rotation  in  the  three  Stokes  parameter  space  and  passive 
rotation  known  as  the  change  of  basis,  are  not  the  only  Poincare  sphere  transformations  being  used  in 
applications.  However,  all  other  transformations  can  be  obtained  as  their  special  cases  or  their  superpositions 
with  those  special  cases.  For  instance,  the  active  transformation  of  orthogonality  (Section  6.1)  may  serve  as  an 
example  of  a  special  case  of  inversion;  it  is  (with  minus  sign)  an  inversion  through  the  center  of  the 
polarization  sphere.  Very  important  passive  transformation  is  reversal  of  spatial  coordinate  system  by  its 
rotation  (Section  6.2).  It  can  be  obtained  as  superposition  of  orthogonality  transformation  and  special  rotation 
(about  a  chosen  linear  polarization  axis)  in  the  three  Stokes  parameter  space  (Section  7.2).  Formally  it  is 
equivalent  to  the  active  transformation  reversing  an  antenna  versus  its  spatial  coordinate  system.  As  passive 
that  transformation  allows  to  obtain  the  propagation  Jones  or  Mueller  matrices  from  their  Sinclair  and 
Kennaugh  scattering  counterparts  (Section  7. 1 1).  The  procedure  is  called  the  ‘change  of  alignment’. 

Pfssl;e  transformation  changing  the  order  of  vectors  -  members  of  the  polarization  basis  -  is  of  a 
diflerent  kind  (Section  7.7).  That  transformation  reverses  orientation  of  all  the  tangential  phasors  and 
handedness  of  their  polarizations.  It  can  be  used  to  compare  representations  of  the  PP  or  CA  vectors  and 
scattenng/propagation  matrices  assumed  by  different  authors  applying  opposite  orders  of  basis  vectors. 


It  is  hoped  that  the  new  here  presented  approach  to  the  traditional  vector  based  methods  of  analysis 
indicates  one  of  possible  ways  of  filling  the  hitherto  existing  gap  caused  by  the  insufficient  set  of  basic  concepts 
thus  removing  all  appearing  inconsistencies  and  ensures  firm  ground  to  solution  of  fundamental  theoretical  and 
computational  problems  of  bistatic  radar  polarimetry. 
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1.  Introduction 

Recognition  of  targets  becomes  more  effective  when  using  radars  which  are  fully  polarimetric.  It 
means  that  when  coherent  scattering  they  should  measure  all  elements  of  the  2  x  2  complex  Sinclair  matrix  of  a 
target,  altogether  7  real  parameters  of  the  nonsymmetrical  matrix  when  neglecting  the  absolute  phase 
depending  on  the  distance.  However,  the  elements  themselves  have  no  direct  physical  meaning.  They  depend 
on  the  polarization  basis  in  which  the  matrix  has  been  expressed.  That  is  why  parameters  independent  of  the 
polarization  basis  should  be  specified. 

When  using  properly  selected  the  so-called  ‘characteristic’  polarization  and  phase  basis,  the  scattering 
matrix  takes  simple  ‘canonical’  form.  Then,  the  number  of  its  real  parameters,  excluding  absolute  phase  and 
target’s  magnitude,  is  three  only  for  the  coherent  scattering  case  and  nonsymmetrical  matrices  (this  is  in  the 
bistatic  scattering  case,  often  being  met  in  practice).  These  three  parameters  determine  all  inherent  polarimetric 
properties  of  a  target.  They  can  be  used  to  build  up  a  geometrical  model  of  the  target’s  scattering  matrix.  It  will 
take  the  form  of  the  Poincare  sphere  of  incident  polarizations  with  an  ‘inversion  point’  inside.  Three 
rectangular  coordinates  of  such  a  point  in  the  ‘characteristic’  coordinate  system  (CCS),  corresponding  to  the 
characteristic  basis,  can  represent  these  three  parameters.  The  model  shows  how  the  incident  polarizations  and 
phases  are  being  transformed  during  scattering.  At  first,  the  sphere  is  inverted  through  the  inversion  point,  and 
then  rotated.  Both  axis  and  angle  of  rotation  are  functions  of  the  inversion  point  coordinates  in  the  CCS. 

Some  incident  polarization  points  are  of  special  properties.  There  are  points  which  do  not  change  their 
locus  after  inversion  and  rotation  of  the  sphere  (they  are  called  the  ‘eigenpolarizations’).  Some  correspond  to  a 
maximum  and  minimum  scattered  power.  Two  points  become  antipodal  (orthogonal)  against  themselves  after 
rotation  and  inversion,  thus  resulting  in  no  received  voltage  when  the  antenna  of  the  same  polarization  has 
been  used  for  transmission  and  reception.  There  is  one  point  corresponding  to  a  transmit-receive  antenna 
polarization  for  which  the  voltage  received  from  the  scattered  wave  is  of  maximum  value.  There  are  also  two 
the  so  called  ‘mutual  polarizations’  (No.l  and  No.2):  if  the  polarization  No.l  is  radiated  and  No.2  scattered 
then  No.2,  if  radiated  produces  No.  1  scattered  Some  points  correspond  to  a  maximum  or  minimum  received 
voltage  when  the  receiving  antenna  is  orthogonally  polarized. 

All  these  special  polarization  points  of  the  model  are  functions  of  the  three  parameters  mentioned. 
Some  of  them  can  be  determined  by  simple  geometrical  constructions  based  on  the  inversion  point’s  locus  in 
the  CCS. 

There  is  an  allowed  region  inside  the  Poincare  sphere  scattering  matrix  model  in  which  the  inversion 
point  can  be  located.  That  location  can  serve  to  classify  targets  for  their  polarimetric  properties. 

The  whole  model  can  be  variously  oriented  when  rotating  together  with  its  characteristic  polarization 
basis.  The  three  additional  real  parameters,  of  the  basis  rotation,  can  be  considered  another  kind  of  target’s 
polarimetric  parameters.  They  are  also  suitable  for  target  classification  purposes. 

What  should  be  stressed  here,  it  is  the  importance  of  an  exact  definition  of  the  polarization  basis  in 
which  the  scattering  matrix  has  to  be  determined  In  the  technical  literature  the  orthogonal  polarization  basis  is 
usually  being  defined  by  two  antipodal  points  on  the  Poincare  sphere.  However,  for  polarimetric  purposes,  it  is 
insufficient.  The  orthogonal  null-phase  (ONP)  polarization  basis  should  be  introduced  instead.  It  consists  of  two 
phasors  which  are  tangent  to  the  polarization  sphere  at  the  antipodal  points.  They  are  collinear,  i.e.  oriented  in 
the  same  direction  along  a  great  circle  of  the  sphere,  and  their  order  is  essential.  Phasors  representing  waves, 
not  antennas,  rotate  in  time.  They  can  be  considered  rotating  with  a  ‘double  speed’  2 to.  in  the  clockwise 
direction  for  waves  propagating  along  +z  axis,  or  in  the  counter-clockwise  direction  for  waves  traveling  along 
—2  axis.  In  a  fixed  time,  they  change  their  orientation  after  multiplication  their  polarization  and  phase  (PP) 
vectors  by  an  exponential  spatial  phase  factor.  Their  rotation  is  counter-clockwise  for  waves  delayed  in  space 
(shifted  towards  -z  coordinates,  independently  of  the  direction  of  propagation).  Basis  phasors  become  no  more 
collinear  when  both  are  multiplied  by  the  same  spatial  phase  factor.  That  is  why  the  basis  introduced  has  been 
called  ‘null-phase’. 

The  orthogonality  transformation  should  be  applied  four  times  in  order  to  bring  the  first  basis  phasor 
to  its  original  value  (after  two  transformations  it  changes  its  sign  for  opposite  one).  That  is  why  the  polarization 
sphere  of  tangential  phasors  should  be  considered  to  be  a  kind  of  the  two-folded  Riemann  surface. 

The  use  of  that  newly  developed  polarization  phasor  approach  with  the  appropriate  notation  makes  the 
whole  theory,  based  on  matrix  calculus,  very  simple  and  provides  powerful,  indispensable  tool  for  solving 
practical  problems  of  radar  polarimetry. 
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2.  Remarks  on  the  Existing  Approaches  to  the  Theory  of  Radar  Polarimetry 

Roots  of  radar  polarimetry  are  in  much  earlier  formulated  optical  polarimetry.  Main  difference 
between  the  two  theories  has  been  caused  by  the  necessity  of  consideration,  in  radar  applications,  also  waves 
traveling  in  the  backward  direction  along  an  established  propagation  axis. 

Following  postulates  of  optical  polarimetry  for  the  monochromatic  plane  waves,  standard  polarimetric 
radar  theory  is  based  on  the  concept  of  the  Jones  vector  [92],  or  complex  amplitude  (CA)  column  vector,  as  an 
entity  defining  the  wave’s  amplitude,  polarization  and  phase  in  a  chosen  orthonormal  polarization  basis. 
Complex  amplitude  corresponds  to  the  so-called  polarization  ellipse  usually  determined  in  the  xy  (z=0)  plane, 
perpendicular  to  the  propagation  z  axis  of  the  spatial  Cartesian  xyz  coordinate  system.  The  ellipse  is  traced  by  a 
tip  of  the  electric  vector  rotating  in  time.  According  to  the  IEEE  definition  [90]  the  corresponding  polarization 
is  called  right-handed  or  left-handed  if  the  rotation  is  in  the  clockwise  or  counter-clockwise  direction, 
correspondingly,  when  looking  at  the  ellipse  along  the  positive  direction  of  propagation.  Having  determined  its 
two  angles,  of  the  tilt  and  ellipticity,  the  polarization  can  be  presented  by  a  point  on  the  Poincare  sphere,  in  its 
upper  or  lower  part  -  depending  on  the  polarization  handedness 

The  problem  arises,  however,  with  definition  of  the  same  polarization  for  a  wave  traveling  backwards. 
Watching  the  polarization  ellipse  of  the  returning  wave  -  when  looking  along  the  same  +z  direction  -  one  can 
see  the  same  tilt  angle  but  the  opposite  handedness.  It  suggests  to  place  the  point  of  the  same  polarization  on 
the  opposite  part  of  the  Poincare  sphere  versus  its  equator  of  linear  polarizations.  As  a  consequence, 
misunderstandings  appear  in  the  literature  regarding  representation  of  the  oppositely  propagating  waves  on  the 
Poincare  sphere,  causing  sometimes  an  improper  formulation  of  transformation  rules.  Solution  to  that  difficulty 
has  been  found  by  introducing:  two  kinds  of  mutually  conjugate  'directional'  Jones  vectors  [112],  These 
directional  Jones  vectors  stand  for  complex  amplitudes  (and  represent  polarization  ellipses  of  both  senses  of 
rotation)  for  waves  of  the  same  polarization  when  taking  into  account  two  opposite  directions  of  propagation. 
However,  dual  formulae  are  required  for  transformation  of  directional  Jones  vectors: 

•  under  change  of  polarization  basis,  what  follows  from  the  relations  (3.22)  and  (3.37). 

(eA  )  =C%(e%y  and  (ePA  )  =  C7f  (ep ) 

because  of  the  unique  change  of  basis  transformation  rule  (5.9)  for  the  polarization  and  phase  (PP)  unit 
column  vectors,  u,  and  their  dependence  on  the  CA  unit  column  vectors,  e, 

u  -  e+ ,  n*-e~, 

•  when  rev  ersing  the  propagation  z  axis  by  180°  rotation  of  the  spatial  coordinate  system, 

[eB°)  =<^5)  and  =  C°B  *  (eP ) 

what  directly  follows  from  the  uniqe  rule  (6. 1 1)  for  the  PP  vectors,  and 

•  for  obtaining  the  corresponding  Stokes  vectors  determining  coordinates  of  polarization  points  on  the 
Poincare  sphere  independently  of  waves  direction  of  propagation, 

p/ = 0  *  r  ®  (4  y *] = u[(4  r  ®  (epB  y  *] 

=  0 *(»! 

according  to  (7.8). 


Another  serious  problem  often  being  met  in  the  literature  refers  to  the  polarization  bases  of  the  Jones 
vectors  These  bases  are  usually  being  determined  with  an  insufficient  precision.  They  may  differ: 

•  by  the  time-convention  exp  {±jcot}  ,  because  the  column  PP  unit  vector  (see  (5. 1)  and  (5.3))  of  circular 
polarization  is 


*H 


^-(4  +J1,)  [J 


b] 


cos 45° 
sin  45°e790° 


2  ycH  =  90° 
2 5%  -  90° 
2  ycH  =  90° 
2  5ch  =  -90° 


left  -  handed  circular 

polarization  for  e+J,cuf  conv. 
j  right  -  handed  circular 

I  polarization  for  e  ~J0}t  conv. 


by  their  phase,  because  (see  (6.5)  with  (6.2)  and  Section  7.5)  for,  e.g., 
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and  uf,  -  ~  u-}  *  =  —}=  ^ 

H  H  1  0  H  Jl  1 


the  ONP  PP  basis  or 
'  collinear  phasor1  basis 


llH  -  uh  «±;45  and  uf{  -u^  x  e±J45 


T  v  UL'X]  J  the  orthogonal  ±45°  PP  basis 
1  [or '  parallel  phasor1  basis 

[B  Bx  1 

u  u  and 

|mA  u Ax  j  ,  with  mutual  dependence  (see  (5.23)  and  (5.22)) 

k  _  rK  r  _  rKrHi,B 
UH  -  ^ BJtiuH  -  u H  “ H 

are  different,  and 

•  by  the  order  of  components,  because  (see  (3.22))  for 

\pyB  -  90°  _  0yB 

r  c .  s-i b  yu  (X’*) 


B  _  cos  ye 

h  ~  .  , 

sin  yeJ 


(x,y)  or  (y,x) 


there  is  •  2 Sfx  y)  =  -2  Sfy  ^ 
2sfx,y)  =  2£fy,x) 


Moreover,  in  most  applications,  change  of  basis  should  be  combined  with  the  change  of  phase  of  basis  vectors, 
what  fact  used  to  be  overlooked  in  practice. 

Conjugate  directional  Jones  vectors  are  determined  in  conjugate  bases.  That  is  an  additional  problem 
referring  to  presentation  of  Jones  vectors  of  opposite  directivity  by  the  same  point  on  one  Poincare  sphere. 
Therefore  the  next  improvement  has  been  introduced  here,  which  makes  a  very  small  formal  step  but  of 
essential  significance.  Instead  of  using  the  directional  Jones  vectors,  application  of  the  polarization  and  phase 
(PP)  vectors  has  been  proposed. 

Amplitude  transformation  matrices  operate  on  complex  amplitudes  which  form  their  domains  and 
ranges.  These  CA  vectors  are  being  expressed  in  the  literature  by  the  ordinary  Jones  vectors,  they  may  be 
expressed  by  the  directional  Jones  vectors,  and  it  is  proposed  to  express  them  by  the  PP  vectors  which  are 
identical  with  the  Jones  vectors  (also  directional)  for  waves  propagating  in  the  +z  direction,  and  take  conjugate 
values  for  waves  propagating  in  the  opposite  direction. 

Differences  between  these  approaches  can  be  shown  on  a  simple  example  of  an  evolution  of  the  radar 
scattering  equation  with  the  Sinclair  matrix,  S.  The  following  relations  will  be  presented  between  incident  and 
scattered  electric  vectors  by  successively  applying: 

•  the  ordinary  Jones  CA  vectors,  E  (formerly  expressed  by  the  unit  vector  e\E~  E0e,  E$  =  E*  -E), 

•  the  directional  Jones  vectors,  E ±  ( E~  =  E0e± ),  and 

•  the  PP  vectors,  E0  (further  being  expressed  by  the  unit  vector  u  ;  E(j  =E0U,  E%  =  E()  *  -E() ), 
and  obtaining: 

Es  =  SE'  — »  Es~  -  SEi+  — >  Eq*-SE'0 

V  V 


Waves  represented  by  those  vectors,  propagating  in  the  ±z  directions,  appropriately  are: 


E±  (t,z)  =  E  e 


j(ax+kz) 


E+(t,z)  =  E+  e 
E~  (l,z)  =  E~  eKM+kz) 


E+  (t,z)  =  E0 
E~(t,z)  =  E0  *eKwt+kz) 
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Here  co  =  2  means  the  angular  frequency  with  the  time  period  T,  and  k  =2x12  is  the  wave  number  with  the 
wavelength  X.  The  asterisk  denotes  complex  conjugation. 


The  corresponding  (‘full’)  Stokes  four-vectors  expressed  in  the  form  of  Kronecker  products  with  the  auxiliary 
unitary  U  matrix, 


successively  are: 


u  = 


v/2 


1 

0 

0 

-1 


0  0 
1  -J 
1  j 
0  0 


(2.3) 


Io£  -  V2  U  *  (E±  ®  E±  *) 


-  u=v2 

1  u  (£- 


$E+*) 

>£“*) 


l$  =  yf2V*(E0®E0*) 


(2.4) 


Of  course,  the  two  1^  Stokes  four-vectors  are  different  for  the  same  polarization  of  the  wave  propagating  in 

the  opposite  directions.  The  next,  1^  vectors,  present  correctly  that  polarization  for  two  directions  of 

propagation,  but  expressed  in  terms  of  directional  Jones  vectors  require  application  of  dual  formulae  and  are 
related  to  mutually  conjugate  polarization  bases.  Therefore  their  representation  on  one  Poincare  sphere  can  be 
disputed.  The  third  representation,  in  terms  of  the  PP  vectors,  is  free  of  those  two  inconveniences  and  will  be 
solely  used  in  the  approach  here  applied  . 

Limited  amount  of  simple  formulae  and  the  Poincare  sphere  geometrical  models  of  scattering  matrices 
can  be  obtained  when  applying  to  radar  polarimetry  the  ‘polarization  and  phase  (PP)  vector  approach’ 
introduced  here,  based  on  the  time-symmetry  of  Maxwell  equations  and  followed  by  a  ‘polarization  phasor 
notation’  which  uses  those  phasors  as  upper  and  lower  indices  for  vectors  and  matrices. 


See  also:  Appendix  O,  ‘Comments  about  relations  to  the  existing  works’,  and  Appendix  R,  ‘Maxwell 
equations  in  radar  polarimetry’. 
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3.  The  Definition  of  Polarization  for  Monochromatic  Plane  Waves 

3.  1.  Mutual  Relation  Between  the  CA  and  PP  Vectors 

The  PP  unit  vector  «  should  be  distinguished  from  the  complex  amplitude  (CA)  vector  e,  the  last  being  always 
expressed  in  terms  of  u  in  the  PP  vector  approach.  Their  mutual  dependence  can  be  best  explained  on  the 
example  of  two  completely  polarized  monochromatic  plane  waves  corresponding  to  the  same  vector  u  but 
propagating  in  opposite  directions. 

Analyzing  the  time  reversal  symmetry  (see  [28])  of  those  waves  under  t  — >  -t  transformation  we  observe  that 
if 

£{t,z)  =  Ke^E0uej('OJt~kz)^  (3.1) 


is  a  solution  of  Maxwell  equations,  then 


<£(-/, z)  =  Re[E0«  eK-*-**' }  =  Re{£0«  *  eJ(0X+kz)  j  (3.2) 

is  also  their  solution.  It  presents  a  wave  propagating  in  opposite  direction  but  of  the  same  polarization  and  of 
the  same  spatial  phase  for  time  ti=0. 

The  two  above  presented  real  vectorial  functions  can  also  be  interpreted  as  helices  moving,  without 
rolling,  in  two  opposite  directions  with  a  velocity  of  light.  Such  polarization  helices  represent  both  polarization 
and  spatial  phase  of  a  plane  monochromatic  wave  more  properly  than  polarization  ellipses  do,  the  sense  of 
which  depends  on  direction  of  propagation  and  which  can  indicate  the  temporal  phase  only.  (Temporal  phase  is 
equal  to  spatial  phase  for  waves  propagating  in  positive  z  direction,  and  changes  its  sign  for  opposite  direction 
of  propagation). 

Indicating  by  ‘plus’  or  ‘minus’  directional  indices  along  the  propagation  z-axis  of  a  spatial  xyz 
coordinate  system  we  arrive  at  the  following  expressions  for  waves  in  a  complex  form: 

E+(t,z )  =  E0e+  =  E0u  e 

E~  ( l ,  z)  =  E0e~  ejXwt+kz)  =  E0u  *  eJ'{wt+kz)  (  ’ 3> 


Here,  e  and  e  are  directional  unit  complex  amplitudes  equal  to  u  and  «*,  accordingly,  where  u  is  the  unit 
complex  PP  vector.  Column  vectors  of  those  waves  can  be  presented  as  in  (3.4)  by  the  Cayley-Klein  complex 
parameters  a  and  b: 


m+) 

E\t,z )  =  E0u  e =  £0  J?  eAo*-^ 

CA(+) 

pPJF) 

E~(t,  z)  =  E0u  *  ejX°*+kz)  =  £0?Je/(s<+fe) 

CA(-) 


aa  *  +bb*  =  1 


(3.4) 


where  E0  means  the  real  magnitude  of  the  CA  The  value  of  the  unit  PP  vector  u  does  not  depend  on  direction 
of  wave ’s  propagation.  It  is  equal  to  the  G4(+),  the  value  of  the  unit  CA  vector  for  ‘positive’  direction  of 
propagation  of  the  wave  along  the  z-axis,  and  to  the  conjugate  CA(-)  value  of  the  unit  CA  vector  for  ‘negative’ 
direction  of  wave’s  propagation: 


m+) 

pp{±) 

r-*— i 

/ - V 

u~ 

=  u 

c?(+) 

i^Hr 

CA(+ )&[CA  (-  )]* 

(3.5) 
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3.  2.  Time-dependent  PP  vectors  and  polarization  phasors 


Tangential  polarization  phasors  (see  Chapter  4.)  correspond  to  u+  and  u~  PP  vectors  of  antennas 
they  do  not  depend  on  time.  The  time-dependent  PP  vectors  of  waves  are: 


or  waves  and 


u+ejeat,  and  u  e  JO* ,  with  u+  =  u~ 

They  appear  in  expressions: 


(3.6) 


E+(t,z)  =  E0(u+eJwt)e  Jkz ,  and  E~(t,z)  =  E0(u~e~jaX)  *  e+]kz . 


(3.7) 


As  seen  from  the  above,  when  considered  as  phasors,  they  rotate  in  time  with  2  co  angular  velocity  in  opposite 
directions,  and  are  equal  to  each  other  for  2a*  =  0  and  2a*  =  4n.  For  2a*  =  2n,  though  coinciding  in 
orientation,  these  phasors  (and  the  corresponding  PP  vectors)  have  values  of  opposite  sign  Thus  the 
sPhere  °f  tangenUal  phasors  demonstrates  properties  of  a  kind  of  the  two-folded  ‘Riemann  surface’ 

(see  [130J). 


3.  3.  A  complex  received  voltage 


When  neglecting  coefficients  independent  of  polarization,  the  transmission 
complex  received  voltage  expressed  by  Hermitian  product  of  two  PP  column 
denoting  transposition): 


equation  can  be  presented  as  a 
vectors  u  and  u’  (with  a  tilde 


PP(+)PP(~) 

Vr  =  u' u*  =  u~  * 

ca(+)~ca^)/ 


(3.8) 


One  of  those  PP  vectors,  no  matter  which  one,  corresponds  to  the  incoming  wave  and  the  other  to  the  receiving 
antenna,  Though  only  the  wave’s  phasor  rotates  in  time,  the  opposite  directivity  of  antenna’s  phasor  is  also 
essential.  In  that  Hermitian  product,  conjugate  is  always  the  PP  vector  with  ‘minus’  index.  Thus  equation  (3.8) 
presents  also  an  ordinary  product  of  two  unit  CA  vectors  with  opposite  directional  indices.’  One  of  them 
represents  complex  amplitude  of  the  incoming  wave,  and  the  other  stands  for  the  complex  height  of  the 
receiving  antenna.  However,  there  is  an  important  condition  which  the  two  PP  column  vectors  have  to  fulfill  for 
correctness  of  the  above  equation.  They  should  be  expressed  in  the  same  PP  basis  corresponding  to  common 
spatial  coordinate  system. 


3. 4.  The  polarization  ellipse  and  polarization  helix 

The  monochromatic  plane  wave  can  be  geometrically  modeled  as  a  polarization  helix  (or  screw)  moving 
without  rolling,  in  a  positive  or  negative  direction  along  the  z  axis  of  an  xyz  rectangular  coordinate  system! 
buen  a  helix,  passing  the  z  -  0  plane,  traces  on  it  a  polarization  ellipse  (Fig.3. 1).  The  left-handed  helix 
corresponds  to  the  nght-handed  elliptical  polarization,  and  vice  versa.  The  helix  determines  the  two 
polarization  parameters  and  the  spatial  phase  of  the  wave.  That  spatial  phase  is  determined  by  the  position  of 
the  moving  helix  along  the  z  axis  in  time  t  =  0,  independently  of  direction  of  the  wave  propagation. 

,  T™ ‘s  one-to-°ne  correspondence  between  the  CA  vector  and  the  polarization  ellipse,  as  well  as 
between  the  PP  vector  and  the  polarization  helix  Only  one  helix  moving  along  the  z  axis  in  both  directions 
sufficiently  represents  the  two  waves  of  the  same  polarization  and  spatial  phase  traveling  in  opposite  directions. 
Inis  is  unlike  the  polarization  ellipses  which  differ  by  their  sense  depending  on  the  direction  of  the  wave’s 
propagation. 

Th t  polarization  ellipses,  in  the  z  =  0  plane  and  normalized  to  E0  =  1,  can  be  expressed  for  the  two 
opposite  directions  of  propagation  by  the  following  vectorial  functions  off: 

r;  (/)  =  Re£+0,0)  /  E0  =  Refae*'}  (3.9a) 

and 


r;(t)  =  RqE~(i,0)  /  E0  =  Re{w  *  eJwl}  =  re+(-t ) 


(3.9b) 
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For  the  polarization  helix,  at  /  =  0  and  also  normalized  to  E0  =  1,  the  only  model  representing  the  two 
waves  is  of  the  form 

r/(z)  =  kzl.  +  ReE±(0,z)  /  E0  =  kzlz  +R  Q{ue~jkz)  =  kzlz  +R  &{u*e+jh}  (3.10) 

It  is  seen  from  the  above  equalities  that  there  are  the  PP  vectors  «,  or  polarization  helices  only,  and  not 
the  CA  vectors,  or  polarization  ellipses,  that  define  unambiguously  the  polarization  and  spatial  phase  of  a  wave 
independently  of  its  direction  of propagation  or  antenna  orientation. 

That  is  a  very  important  property  of  the  PP  vectors  that  will  be  used  when  considering,  e.g.,  the  direct 
transmission  between  two  antennas.  The  complex  received  voltage  for  such  a  transmission  will  be  found 
depending  on  the  mutual  positions  (locations  and  orientations)  of  two  phasors,  standing  for  the  PP  vectors, 
representing  the  two  antennas  looking  at  each  other  ( oriented  in  the  opposite  directions)  and,  of  course,  on  the 
phase  factor  accounting  for  the  distance  between  the  antennas.  The  phasors  will  be  located  in  planes  tangent  to 
one,  common  polarization  and  spatial  phase  sphere  (the  PP  sphere)  at  points  corresponding  to  their 
polarizations.  Orientations  of  the  phasors  will  reflect  the  spatial  phases  of  waves  radiated  by  the  two  antennas  in 
a  transmit  regime,  reduced  to  the  ‘null  distance’  from  each  antenna. 

That  is  why  the  PP  vectors,  and  not  the  CAs,  ought  to  be  represented  by  phasors  on  such  a  sphere,  and 
that  is  one  of  several  reasons  for  which  the  PP  sphere  of  tangential  phasors  is  an  indispensable  tool  for  the 
analysis  of  the  polari metric  transmission  equations. 

3.  5.  Three  groups  of  polarization  and  phase  parameters 

In  radar  polarimetry  authors  are  using  different  polarization  and  phase  (PP)  bases,  and  for  complex 
representation  of  waves  they  are  applying  different  time-dependence  conventions,  exp(±  j  cot) .  To  explain 
mutual  relations  between  the  existing  standard  approaches  and  the  new  one  here  presented,  some  notions, 
explained  more  fully  in  the  next  part  of  this  monograph,  will  be  in  advance  introduced  now,  at  the  very 
beginning. 

Parameters  describing  completely  polarized  (elliptically  in  general)  monochromatic  plane  wave, 
propagating  in  an  established  direction  and  presented  by  its  electric  vector,  will  be  divided  into  three  groups: 

1°  wave-dependent  parameters 
2°  component-dependent  parameters,  and 
3°  PP-basis-dependent  parameters. 

If  complex  representation  of  waves  is  being  applied,  all  those  parameters  are  independent  of  the  time 
convention. 

The  component-dependent  parameters  correspond  to  basis  vectors  but  do  not  depend  on  their  order  in 
that  basis.  They  can  be  determined  by  basis-dependent  parameters  but  differently  for  bases  of  mutually  reversed 
order  of  their  vectors. 

In  the  new  notation  proposed  here,  parameters  belonging  to  the  second  or  third  group  will  be  labelled 
with  a  lower  index  specifying  the  component  or  basis,  accordingly,  and  may  be  labelled  with  an  upper  index 
identifying  the  polarization  and  phase  of  a  wave  (or  of  an  antenna  emitting  such  a  wave). 

3.  6.  Wave  dependent  parameters 

The  following  parameters  belong  to  that  group: 

•  angular  (radian)  frequency,  co  ,  corresponding  to  the  wave  number  k  -  ox,  with  c  equal  to  the  speed  of 
light, 

•  absolute  value  (magnitude)  of  the  wave’s  electric  vector  amplitude,  E0 ,  and 

•  the  PP  parameter  of  an  absolute  phase  and  ‘complete’  polarization,  not  yet  specified,  and  represented  by, 
e.g.,  two-dimensional  complex  unit  vector  u  or,  equivalently,  by  the  ‘polarization  phasor’. 

The  polarization  phasor  can  be  interpreted  as  a  ‘vector’  tangent  to  the  Poincare  polarization  sphere  at 
the  wave’s  polarization  point,  and  of  orientation: 

•  representing  wave’s  absolute  phase  for  time  t-  0,  uniquely  determined  versus  an  established  phasor  which 
is  known  as  being  abslutely  of  null  phase, 

•  changing  within  the  range  of  4 n  (after  In  rotation  the  ‘vector’s’  value  becomes  of  opposite  sign,  though 
its  orientation  looks  the  same),  and 
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•  same  for  both  mutually  opposite  directions  of  wave’s  propagation  in  time  t  =  0  (with  time,  phasors  of  waves 
rotate  in  opposite  directions  with  the  angular  velocity  of  ±2(0 ,  and  sense  of  their  rotation  depends  on  the 
direction  of  propagation  along  the  z  axis  of  a  right-handed  Cartesian  xyz  coordinate  system). 

(Remark:  orientation  of  all  the  polarization  phasors,  though  independent  of  rotation  of  the  polarization  bases 
becomes  reversed  with  the  reversal  of  the  order  of  basis  vectors.  In  such  a  sense  the  1 : 1  correspondence  between 
the  PP  vectors  and  polarization  phasors  is  not  entirely  true  if  the  the  PP  bases  of  two  orders  are  being 
considered.  One  PP  vector  corresponds  then  to  two  oppositely  oriented  polarization  phasors  belonging  to  two 
mutually  reversed  polarization  bases  composed  of  the  same  PP  basis  vectors. )  ~  " 

Parameters  belonging  to  the  first  group  can  be  used  to  expess  the  electric  vector  of  a  wave  propagating 
m  the  +z  or  -z  directions.  Applying  the  exp  {j(Ot}  convention  we  will  write: 

E+(t,z)  -  E0u  eJ'('a*~kz')  (3.Ila) 

E~(t,z)  =  E0u*  (3.ilb) 

Similar  expressions  in  the  exp  {-jcot}  convention  would  be  of  the  form 

e+  (t,z)  =  E0u  * 

E~(t,z)  =  E0ue~Ktot+kz)  (3  12) 

However,  only  the  exp(+/<yf)  convention,  approved  by  the  IEEE  Standard  [90],  will  be  used  further.  Values  of 

all  expressions  in  the  other  convention  should  just  be  taken  conjugate.  Formally,  it  can  be  performed  by 
exchanging  everywhere  the  imaginary  unit,/,  by  another  imaginary  unit,  i  =  —j. 


In  the  above  formulae  the  upper  indices,  '+’  or  mean  direction  of  propagation  versus  the  z  axis 
orientation,  and  the  astensk  denotes  complex  conjugation.  All  these  waves  are  of  the  same  polarization  and 
spatial  phase  expressed  by  the  PP  u  vector.  (The  term  ‘spatial  phase’  will  be  explained  in  the  next  section.  Also 
the  use  of  mutually  conjugate  amplitudes  for  waves  propagating  in  opposite  directions  will  be  later  justified  by 
the  time-symmetiy  of  Maxwell  equations.) 

,  i  u  „  thcuncw  notation  applied  here,  the  absolute  amplitude,  E0 ,  and  the  complex  unit  PP  vector,  u  ,  may 
be  labelled  with  the  upper  index  identifying  the  polarization  and  phase  of  the  wave  or  antenna.  Only  the  column 
vector  version  of  the  PP  vector  can  also  be  labelled  with  the  lower  index  specifying  its  PP  basis 

3.  7.  Component-dependent  analytical  parameters.  Spatial  and  temporal  phase  delays 

Real  representation  of  waves  will  be  chosen  at  first  to  show  that  the  PP  parameters  are  independent  of  the  time 
convention. 


determine  the  component-dependent  parameters,  the  xyz  right- handed  Cartesian  spatial  coordinate 
system  (SCS)  will  be  chosen.  Waves  will  be  assumed  to  propagate  along  its  z-axis  in  both  directions  (±z) .  The 
two  non-vanishing  x-  andy-  real  components  of  their  electric  vectors  can  be  presented  as  follows: 

5*  (t ,  z)  =  ax  cos  {cot  +  (kz  +  vx  )} 

£y(t,z)  =  ay  cos{cot  +  (kz  +  vy)}.  (313) 


Here,  k  coc  -  2n  /  X  (c  is  the  velocity  of  light,  A  -  the  wave's  length),  and  ax,ay,vx,  vy  will  be  called 
the  component-dependent  analytical  parameters.  They  describe: 

•  amplitudes  of  the  two  components,  ax  and  ay , 

•  spatial  phases  (delays)  of  those  components,  vx  and  vy . 


The  term  spatial  phase  delay’  can  be  explained  when  considering  z  -  zox  and  z 
planes  in  which  each  component  obtains  maximum  value  at  the  time  t  =  0  E.g. 

max  ~  ttx  —  Sx  ( t  =  0,  Z0x  )  . 

That  maximum  appears  for  the  cosine  argument 

kzox  +  vx=0, 


Zoy  polarization 
(3.14) 


(3.15) 
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or  for 

kz0x  =-vx  (3-16) 

So,  V x  /  k  represents  spatial  shift  of  the  £x  (/  =  0,  z)  component  in  the  -z  direction,  and  is  called  the  ‘spatial 
delay’  of  that  component  versus  its  position  for  vx  =  0 ,  exhibiting  maximum  value  at  z  =  0.  Therefore  vx  ,  in 
radians,  can  be  called  the  spatial  phase  delay. 

Similar  considerations  apply  to  the  Sy  (/  =  0,  z)  component. 


Evidently,  vx  and  vy  parameters  mean  also  temporal  phase  delays,  but  only  for  ‘forward  propagating’ 
waves,  in  the  +z  direction.  For  backward  propagating  waves  they  mean  temporal  phase  advance.  Indeed,  for  z 


=0, 


for 
or  for 


~ax  -  Sx  (t0x ,z  =  0) 

(3.17) 

Vtox  +  '/x=0> 

(3.18) 

a)t0x=±vx. 

(3.19) 

Here  vx!(d  represents  temporal  delay  of  the  Sx  (t,  z  —  0)  component,  or  temporal  advance  of 
Sx  (t,z  =  0) ,  when  considering  their  positions  in  time  corresponding  to  maximum  values  at  t  =  0  for 
vx  =  0 .  Therefore  Vx  ,  in  radians,  can  be  called  the  temporal  phase  delay  or  advance,  correspondingly. 

And  again,  similar  considerations  apply  also  to  the  £y  {t,  z  -  0)  component. 


The  component-dependent  parameters,  defined  by  the  electric  vector  components  (3.13),  represent  the 
same  polarization  and  spatial  phase  of  the  two  waves  propagating  in  the  opposite  directions.  That  fact  is  of 
especial  importance.  It  can  be  considered  an  immediate  result  of  the  time-symmetry  of  Maxwell  equations  for 
plane  waves  (see,  for  example,  Brosseau  [28]). 

The  two  of  those  parameters  can  serve  to  determine  the  wave’s  absolute  amplitude, 

Eo  =  +  ay  =a0,  (3.20) 

which  is  represented  geometrically  by  the  Monge  radius  of  the  polarization  ellipse  described  by  the  tip  of  the 
electric  vector  rotating  with  time  in  the  plane  z  =  0. 


3,  8.  Basis-dependent  analytical  parameters 

It  is  convenient  to  define  the  basis-dependent  parameters  by  using  the  electric  vector  in  its  matrix  form,  in  the 
linear  basis  (x,y)  or  (y,x),  with  the  order  of  components  corresponding  to  the  order  of  the  basis  vectors, 
lx  and  ly : 


^(x,y)(^Z) 


'0  l" 

«?(/,*)_ 

1  0 

£(y,x)  (t>z) 


(3.21) 


Introducing  the  PP  basis-dependent  analytical  parameters  Y,S,£  defined  as  follows. 


tan  Y  (x,y)  ~ay  I  aX  =COt r{y,x) 
^(x,y)  ~  i^x  ~  /  2  —  —8^yx^ 

£(x,y)=('/x+''y)'2  =  £{y,x) 


(3.22) 
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and  exchanging,  for  basis-dependent,  the  component-dependent  parameters  of  expressions  (I  13) 
components  in  (3.21),  H  v  ' 


representing 


ax  =  E0  cos  y(xy)  =  E0  sin  y(yx) 
ay  =  E0  cos y{yx)  =  E0  sin  y(xy) 

yx  =  3(x,y)  +  £(X,y)  =  -8(y,x)  +  £(y,x) 
Vy  =  S{y,x)  +  S (y,x)  =  ~S(x,y)  +  £(*,_>,)  , 


we  arrive  at  the  following  forms  of  the  real  column  electric  vectors  for  waves  propagating  in 
directions,  expressed  in  the  two  bases  of  mutually  reversed  orders: 


two  opposite 


and 


£(x,y)(t,z)  =  E0 


£(y,x)  (Ez)  =  Ec 


c°sy(x,y)  cos  {cot  +  (kz  +  8 
smy(xy)  cos  {a>t+(kz-8 


(x,y)  +  S(x,y)  )} 


(x,y)  +  S(x,y)  )} 


cosr,„,  cos +  +  +£(r,„)) 

sin  r  cos  {ox  +  (k:  -  S,y  j:)  +  e(y  x) )} 


(3.24a) 


(3.24b) 


Several  important  conclusions  result  from  the  above  equalities,  for  example: 

•  the  28  parameter  presents  spatial  phase  delay  of  the  first  component  versus  the  second  one, 

the  right-handed  elliptical  polarizations  correspond  to  the  negative  28  parameters  expressed  in  the  (x  y) 
basis,  and  to  their  positive  values  in  the  (y.x)  basis  (after  the  IEEE  Standard  [28],  according  to  which  the 

wnvcpropigation)ht"handed  * ^  CleCtriC  VeCt°r  is  Seen  rotatin2  clockwise  when  looking  in  direction  of 

•  the  above  relation  between  polarization  handedness  and  the  sign  of  the  28  parameter  in  the  linear 
polarization  bases  has  been  established  for  real  electric  vectors,  and  therefore  does  not  depend  on  the  choice 
of  the  time-dependence  convention,  exp(±  jcol) , 

•  circular  polarizations  correspond  to  2 y  -  90°  and  linear  polarizations  to  28  =  0°  or  180°  in  all  linear 
polarization  bases,  independently  of  the  order  of  the  basis  components, 

average  spatial  phase  delay  of  the  two  wave’s  components,  e ,  also  does  not  depend  on  the  order  of  the 
polarization  basis  (though  it  depends  on  the  polarization  basis  vectors  and,  therefore,  should  be  used  with 
the  lower  index  denoting  the  basis). 

,  So’  on]y  ^  real  parameters  sufficiently  define  the  wave’s  polarization  and  spatial  phase.  However 
they  depend  on  the  polarization  basis,  including  the  order  of  its  vectors. 


3.  9.  Basis-dependent  geometrical  parameters 


.  AcCOrdin^  2  c°mmonly  accepted  convention,  the  tilt  angle,  (3 ,  of  the  major  axis  of  the  polarization 
e  lipse  is  measured  from  the  first  axis  of  the  linear  polarization  basis  in  direction  to  its  second  axis.  So:  the 

P(X,y) angle  is  measured  from  the  x  axis  in  direction  to  they  axis,  and  the  (3{y  x)  angle  from  they  axis  in 

direction  to  the  x  axis.  That  results  in  the  relation  between  the  tilt  angles  similar  to  that  for  the  y  angles: 

P{x,y)  =  90°  -  fi{y  x) .  (3 ,25a) 

The  ellipticity  angles  are  of  course  of  opposite  signs,  similarly  as  8  angles: 


a(x,y)  a(y,x)  ■ 

Only  the  phase  angles  of  both  components  along  the  axes  of  the  polarization 
order  of  components,  similarly  as  wangles  : 


(3.25b) 

ellipse  remain  independent  of  the 


%(x,y)  %{y,x)-  (3.25c) 

Rotating  the  original  linear  basis  in  two  directions  by  the  angles  0{x  y)  and  P(y  x]  to  cover  with  the  ellipse 
axes  we  arrive  at  two  new  right-handed  coordinate  systems,  $rp.  with  the  following  relation  between  their  axes: 
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4(x,y)  =  v(y,x) 

and  *i(x,y)  =  -€(y,x). 

Components  of  the  electric  vector  in  one  of  those  coordinate  systems  are 

&f(x,y)  0>z)  =  ao  cos a(xy)  cos  {cot  +  { kz  +  v^xy))} 

=  aQ  sin  a(xy)  cos  {cot  +  {kz  +  vn{xy))}, 

with 

2  v4(x,y)  ~  ^4(x,y)  +  ^£((x,y) 

,  ~  T  +  ^X(x,y)  ~  ~  ~X(x,y) 

and 

(x,y)  ~  rj(x,y)  +  ^£rj(x,y) 

~  ~  T  +  ^X< (x,y)  ~  Y  ~  ~Z (x,y)  ~  71 

That  yields 

£{(x,y)  (t,  z)  =  a0  cos  a(XJl)  cos  {cot  +  {kz  +  %{x  y) )} 
Sn(x,y)  ((>z)  =  +ao  sin  sin{ty^  +  {kz  +  X{x,y))} 
Similarly,  in  the  other  coordinate  system, 

Sn(y,x)  (*’*)  =  ao  cos  a  {y  x)  cos  {cot  +  {kz  +  x{y,x) )} 
2%y,x)(t,z)  =  +a 0  sina(>,x)  sin {(ot  +  {kz  +  x{y>x))} 

Here  <2(Xty)  <  0  and  CC^yx^  >  0  correspond  to  the  right-handed  elliptical  polarizations. 


(3  26) 


(3.27) 


(3.28) 


(3.29a) 


(3.29b) 


3. 10.  Mutual  relations  between  analytical  and  geometrical  polarization  parameters 

The  same  Bx  and  Sy  components  depend  on  two  sets  of  and  5*  components  as  follows: 


(3.30a) 


(3.30b) 


Comparing  them  with  the  components  (24a)  and  (24b)  we  arrive  (see  Appendix  Al)  at  the  Stokes  four-vectors 
expressed  in  terms  of  analytical  and  geometrical  parameters.  They  are  identical  for  both  opposite  directions  of 
wave’s  propagation  (or  antenna  orientation)  but  differ  in  sign  of  their  second  and  fourth  component  for  bases  of 
the  reversed  order: 


Sx{t,z)  _  cos/?  -sin/?  Sf{t,z) 

£y{t,z)  J  [sin/?  cos/?  J ixA^{t,z)\{xy) 

Sy{t,z)  =  cos/?  -sin/?'  £*{t,z) 

Sx{t,z)  sin/?  cos/?  -!(>>, x)  L5f  r^J(y^) 
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Other  relations  between  analytical  and  geometrical  parameters,  also  including  phases,  can  be  found  from  the 
same  formulae  or  from  equations  of  spherical  trigonometry.  They  are  valid  in  both  bases,  (x,y)  and  (y,x): 

tan  [S  ~(z~  £■)]  =  tan  a  tan  / 3 

tan[£  +  (x  -<?)]  =  tan  a  cot  /?  (3  32) 

tan(2 x  ~  2s)  =  cos  2 y  tan  2d  =  sin  2 a  cot  2/? 


Relation  between  analytical  and  geometrical  parameters  can  be  seen  also  when  comparing  Fig  3  1  and 
Fig.3.2.  Tangential  polarization  (TP)  phasors  introduced  in  Fig.  3.2  enable  one  to  present  on  the  Poincare 
sphere  not  only  polarization  but  also  spatial  phase,  e.  That  spatial  phase  may  change  in  the  range  between  0 
and  In.  That  is  why  its  double  angle  will  change  in  the  range  of  4n,  and  the  TP  phasor  rotated  by  the  2^  angle 
takes  the  negative  of  its  initial  value,  though  identically  oriented.  Therefore  in  the  figure,  to  avoid  an 
ambiguity,  the  2e  angle  should  always  indicate  the  value  from  that  doubled  range.  The  reason  for  the  necessity 
of  using  the  double  phase  angle  will  be  explained  further,  in  Section  4.  3. 

See  Appendix  M,  and  especially  Fig.  M.l,  for  other  angular  parameters  of  the  TP  phasors. 

3.  11.  Complex  form  of  the  PP  vectors 


In  order  to  obtain  the  complex  matrix  representation  of  electric  vector  waves,  complexification  of  their 
real  form  is  needed.  Using  earlier  obtained  formulae,  in  terms  of  analytical  parameters  it  can  be  done  as 
follows: 


<'4„ 


k)or(j'.x) 


=  Er 


cosy  cos  {cot  +  (kz  +  5  +  s)} 
sin  y  cos  {cot  +  (kz-  S  +  <?)} 


■,r)°rO’,*) 

Similarly,  in  terms  of  geometrical  parameters  we  obtain 


=  Er 


cos  ye 
sin  ye 


< x,y)0T(y,x ) 
+j(S+£) 


±j{S-s) 


(3.33) 


J(tot+kz) 


( x,y)or(y,x ) 


I^it.z)  ] 

cos P  -sin p 

cos  a  cos  {cot +  (kz+  Vc)  j 

L  \(x,y)0T(,y,x)  | 

sin  p  cos  p 

sin  a  cos  {a*  +  (kz  +  v^))  J 

cos  a  cos  J3e+jv*  -  sin  a  sin  fie 


+J'vn 


cosasmpe+JVi  +  sin  a  cos  J3e 


+J'Vn 


=  £n 


+JZ 


cos  a  cos/?  +  y  sin  a  sin  /? 
cos  a  sin/?  ±  y  sin  a  cos/? 

It  means  that  for  electric  vectors 

E+(t,z)  =  E0ueji°*-V 

E~  (t,z)  =  E0u  *  eJ'(a*+kz) 
and  for  u  vector  expressed  by  its  column  form  u: 


{x,y)or(y,x) 


(X>y)°r(yx) 


(*,y)°T(y,x) 
j(cot+kz) 

,pax+kz) 


r  ^  t 

a 

!  r  nl 

a 

“=p-  ’>\ 

b 

•**r 

ii 

b 

'(x,y)  1 

;  aa  *  +bb*  =  1, 


0%*) 


=  u 


the  following  PP  column  unit  vectors  have  been  obtained  (compare  [3]): 


u 


(x,y)or(y,x) 


cos  ye 
sin  ye 


~j(S+E) 

j(S-e) 


(x.y)or(ys) 


cos  a  cos  /?  -  y  sin  a  sin  /? 
cos  a  sin  ft  +  y  sin  a  cos  p 


-jz 


(3.34) 


(3.35) 


(3.36) 


(3.37) 


(x,y)oT(ys) 
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Fig.  3.1.  Geometrical,  a,  P,  x,  and  analytical,  y,  5,  s,  angulai' 
pai  ameters  of  an  oriented  (right-handed)  polaiization  ellipse 
in  the  (y,x )  basis  of  the  reversed  order. 
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4.  Polarization  Sphere  of  Tangential  phasors 

4.  1.  The  Poincare  sphere 

Together  with  the  above  ‘amplitude’  representation  of  the  PP  unit  vectors,  also  their  ‘power’  or  ‘intensity’ 
representation  is  possible  leading  to  another  comparison  of  analytical  and  geometrical  parameters  of  polarized 
waves  though  without  the  phase  information.  The  so  called  normalized  Stokes  parameters  can  be  expressed  as 
three  components,  without  the  first  one,  of  the  previously  obtained  Stokes  four-vector  after  its  normalization: 


q  =  aa  *  - bb  * 
u  =  ab*  +ba  * 
v  =  j(ab*  -ba*) 


=  cos 2/ 

=  sin  2y  cos  28 
—  sin  2/  sin  28 


=  cos2acos2/? 
=  cos2asm2/? 
=  sin2a 


They  satisfy  the  normalization  equality 

q2  -f-u2  +v2  =  1 


(4.1) 


(4.2) 


These  parameters  can  be  considered  as  rectangular  coordinates  of  points  on  the  Poincare  polarization 
sphere  of  unit  radius  with  the  equator  (great  circle  for  v  =  0)  denotig  linear  polarizations,  and  with  the  poles  of 
circular  polarizations  (for  v  =  ±1 ) 

According  to  the  convention  applied  here  the  northern  (upper)  pole,  for  v  =  +1,  represents  right - 
handed  circular  polarization  and  the  southern  (lower)  pole,  for  v  =  -1,  the  left- handed  circular  polarization. 
That  corresponds  to  the  (y,x)  basis  of  the  reversed  order  and  to  the  assumption  commonly  being  applied  that  the 
second,  here  x-component,  leads  the  first  one  by  the  spatial  phase  angle  28  =  +n/2,  independently  of  direction 
of  wave  propagation. 

The  concept  of  the  Poincare  sphere  of  polarization  points  will  then  be  extended  to  the  polarization 
and  (spatial)  phase  sphere  ( the  PP  sphere)  by  inclusion  of  phase  information  when  introducing  the  tangential 
polarization  phasors. 

4.  2.  Tangential  polarization  phasors.  An  introduction 

Tangential  phasors  represent  polarization  helices  of  plane,  monochromatic,  completely  polarized  EM 
waves.  Such  helices,  considered  as  models  of  waves,  can  be  shifted  with  the  velocity  of  light  in  two  opposite 
directions  along  a  propagation  z-axis.  Spatial  phase  of  the  wave  can  be  defined  by  the  position  of  the  moving 
helix,  in  time  t  =  0,  versus  the  z-axis  coordinates,  independently  of  direction  of  wave’s  propagation.  The  double 
value  of  that  spatial  phase  has  been  represented  by  the  angle  of  phasor’s  orientation.  It  means  that  phasors 
rotate  in  time  with  angular  velocity  of  2co  in  two  opposite  directions  depending  on  direction  of  wave’s 
propagation. 

The  PP  sphere  will  be  considered  as  a  kind  of  the  two-folded  Riemann  surface.  The  concept  of  the 
ONP  PP  basis  will  be  introduced  and  the  orientation  of  their  phasors  explained,  together  with  the  rules  of 
phasors’  multiplication  and  addition.  Advantages  of  the  proposed  notation  will  be  shown  on  examples  of 
various  transformations.  In  the  Appendix  some  useful  formulae  of  spherical  trigonometry  of  special  value  for 
polarimetry  are  attached. 

Contemporary  theories  of  electromagnetic  polarimetry  usually  consider  polarization  and  phase  of 
waves  separately  [3],  [13],  [121],  That  is  entirely  impractical  way  in  cases  when  obtaining  special  canonical 
forms  for  transformation  matrices,  e.g.  for  Sinclair  or  Karnaugh  matrices,  is  desired  [69],  Then,  orthogonal 
polarization  bases  of  those  matrices  require  determination  of  specially  adjusted  phases  for  their  both  vectors. 

The  definition  of  phase  for  elliptically  polarized  waves  is  a  nontrivial  problem.  Polarization  and  phase 
(PP)  vector  approach  to  the  theory  of  polarimetry  proposed  by  this  author  introduces  one  unambiguous  space  of 
of  the  PP  vectors  for  both  opposite  directions  of  wave  propagation  (or  antenna  orientation)  as  regular  2-dim. 
complex  space,  and  establishes  one-to-one  correspondence  relating  all  its  vectors  versus  phasors  tangent  to  the 
polarization  sphere  considered  as  a  two-folded  Riemann  surface  in  the  3-dim.  real  Stokes  parameters’  space.  It 
means  that  the  same  direction  of  phasors  of  the  same  polarization,  but  tangent  to  two  different  branches  of  the 
surface,  corresponds  to  the  PP  vectors  of  opposite  phase.  In  such  a  sense,  the  phasor’s  direction  defines  an 
absolute  phase  of  the  elliptically  polarized  wave.  Its  numerical  value  depends  on  the  polarization  parameters 
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2E  S° ’ VVaveS  0f  the  same  absoIute  Phase>  but  of  different  polanzations  may 

^  t  ph,aSC  fact0rs  Mso  absolute  Phases  of  three  phasors,  which  are  not  tangent  to  the  sphere  alone 

fTl  nn  C3nn0t  **  311  CquaL  Those  difficulties,  in  analytical  expressing  the  absolute  phase  ted 

“on — * «*«  ^  — rc 

In  the  past,  different  authors  (e.g.,  see  [138])  used  tangential  phasors  to  present  the  phase  of  waves  but 

P  j  10  thC  3b0VC  exPlained  sense.  and  they  did  not  interpret  the  polarization  sphere  as 
the  two-folded  Raemann  surface.  Their  phasors  used  to  rotate  in  time  with  an  angular  velocity  co  instead  of  2n 
as  in  the  here  proposed  PP  vector  approach.  Such  doubled  angular  velocity  makes  the  phase  difference  between 
two  PP  voters  equal  to  one  half  of  their  phasors’  direction  angle  difference  It  enables  one  to  oreseni  Z 

Sy  ^fcdirLtrS  P°Ia^!IOnS’  and  *eir  sum'  ^  ProP^y  stated,  with  the  polarization  sphere, 

hernia  lnd  ph3Se  phasors’  e  g  ’  of  Iinear  Polarization,  and  their  sum  It  is  of 

sential  significance  for  establishing  geometrical  rules  of  phasors’  addition. 

4.  3.  Polarization  and  phase  sphere  as  the  two-folded  Riemann  surface 

In  erh^«men^  quesi!°n  iS  h0W  phaSOrS  should  0riemed  The  aim  of  introduction  of  the  tangential  phasors 
on  the  polarization  sphere  is  to  represent  the  phase  by  the  direction  of  the  phasor  That  is  why  the  nhasor’s 

frc^fthe^hpl1 10^  taniged  WhCn  Changmg  itS  Polarization  only  by  shifting  the  phasor  alonga  grlat  circle 
c  of  the  sphere  without  altering  its  phase.  When  moving  the  phasor  along  the  equator  of  linear  polarizations 
or  equivaJently,  when  rotating  the  sphere  about  its  polar  axis  together  with  the  phasor  under  c^sideration 

TJ  TbT £  3t  r6St’  ^  d0Ubk  r0tatl°n  iS  needed  t0  amve  a‘ the  same  poSSS  and 

p  se.  Tlus  is  because  after  the  first  full  In  rotation  one  arrives  at  an  ‘opposite  polarization’  (see  Fig  4  1)  if  the 

ptese  is  being  considered  constant  during  the  rotation.  The  need  of^e  second  ZtZ  toUUs 

sential  to  indicate  the  direction  of  rotation  which  brings  the  phasor  to  its  orthogonal  co-phasfd  position  (e  g., 

from  Iy  to  lx ,  and  not  to  -  lx ,  what  would  be  reached  when  moving  in  the  opposite  direction).  For  that 
reason  the  two  phasors,  ly  and  lx,  both  should  be  directed  along  the  equator  and  in  the  same  direction  as 

Pte0r  teing  a  sum  0f  Rro  i”  to 

It  will  be  natural  to  have  the  rule  of  addition  for  phasors  independent  of  rotation  of  the  PP  sphere.  So, 
a  phasor  of  the  right  circular  polarization,  which  can  be  obtained  by  addition  of  ly  and  lx  phasors  after 
their  rotation  with  the  sphere  by  the  n/2  angle  about  the  OQ  axis,  should  be  also  equal  to  the  similarly  rotated 

sum  of  ly  and  lx  phasors.  Indeed,  defining  the  unit  column  Jones  vectors,  /  and  1 x,  by  the  matrix 
equalities 


4  =Uy>h\  ly 

4=14.414 


with 


with  L  — 


(4.3) 


the  linearly  polarized  rotated  phasors  by 


«r  =lre~j/=[l  lx]u' 


«'  =lxe*J%  =  [/,,/,]» 


with  uY  = 

with  ux  = 


0 

0 


(4.4) 


sums  of  phasors  by 
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with 


/  =  — 
V  V2 


yfl  UR  =  U*  +Ux  =yfl[l  lx]nR  with  U* 


1 


4i 


-J/ 


and  the  rotation  matrix  bv 


c  = 


V5 


rw 

r 

O 

1 

1 

0  1 

O 

_ I 

!  +  /_ 

1 

o 

+ 

1 

one  arrives  at  the  expected  result  for  the  rotation  as  a  linear  operation: 


4luR  =  ur  +  ux  =  CL  +  CL  = 


+j% 


=  C(//  +  4)  =  C(V2^) 


•*5° 


(4.5) 


(4.7d) 


(4.6) 


What  follows  is  (see  Fig.4.2)  that  the  orientation  angles  of  the  rotated  ly  and  lx  phasors,  equal  to  +n/2  and 

-nil,  are  of  doubled  values  of  their  spatial  phase  delay  angles  +nA  and  -7t/4  respectively.  That  is  also  the 
general  rule  governing  relations  between  angles  of  phasor  direction  and  its  spatial  phase  because  it  remains 
valid  for  any  sum  of  phasors  and  any  rotation  of  the  PP  sphere. 

The  just  obtained  phasor  of  the  right  circular  polarization  is  not  in  phase  with  the  ly  vector  before  its 

rotation.  To  arrive  at  the  in-phase  phasor  of  circular  polarization  two  ways  can  be  chosen.  You  may  shift  ly 

along  the  great  circle  arc  to  the  north  pole  of  the  sphere,  or  you  may  rotate  the  previously  obtained  phasor  of 
circular  polarization  by  -n/2  angle  to  the  desired  position.  The  last  operation  makes  the  rotated  phasor  to  be 
advanced  in  phase  by  n/4.  Generally,  when  rotating  the  sphere  about  its  polar  OV  axis,  the  phasor  of  circular 
polarization  changes  its  phase  only  and  obtains  its  original  value  after  two  full  rotations.  Its  total  phase  change 
is  then  2n.  Phasors  of  elliptical  polarization  change  both  their  polarization  and  phase  when  rotating  about  that 
axis.  Then  after  the  next  2n  rotation  only  they  arrive  at  their  original  values. 

The  above  presented  rule  of  obtaining  the  original  value  of  phasors  can  be  generalized  to  rotations  about  any 
other  axis  of  the  sphere.  Thus,  the  PP  sphere  can  be  considered  as  the  two-folded  Riemann  surface  with  its 
branch  point  on  any  rotation  axis.  For  the  q,  u,  and  v  rectangular  coordinates  of  the  branch  point,  defined  by 
the  equalities  (4. 1),  the  rotation  of  the  sphere  by  the  2</>  angle  can  be  obtained  when  using  the  rotation  matrix  of 
the  form: 


C  =  C( q,u,v;  2<f>)  = 


cos^-  yqsin^ 
(v  -  yu)sin^ 


( — v  -  yu)sin^ 
cos^+  yq  sin^ 


(4.7) 


That  matrix  is  unitary  and  unimodular.  Therefore  it  depends  on  three  only  real  parameters  (see  also  (4. 14)).  So, 
any  ux  column  Jones  vector  representing  the  corresponding  phasor  can  be  found  to  be  after  the  rotation: 

U2=Cux  (4.8) 

Of  course,  U2  =  Ux  for  2^  =  0  or  ±An  ,  and  U2  =  —Ul  for  2 (p  =  ±2/r  . 

The  often  used  special  cases  of  the  rotation  matrix  (4.7)  are: 


cos(Z$  -sin^ 
sin^  cos^ 


C(0,0,l;2<z5)  = 


(4.7a) 
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C(O,-1,O;20) 


cos^  ysin^ 
jsmif)  cos  (f) 


rnnn,n_  fcos^-ysin^  0 

C(  1,0,0, 2^)  -  .  (4.7c) 

0  cos^  +  ysin^ 

The  last  one  for  2 <j>  ~  nQ.  is  given  in  (4.7d). 

The  following  example  shows  two  rotations  of  the  PP  sphere.  They  allow  to  obtain  the  right  circular  PP 
vector,  which  is  in  phase  with  the  horizontal  linear  n^ll  phase  vector.  The  first  rotation  changes  the  vector’s 
polarization,  while  the  second  its  phase  only  (see  Fig.4): 


UR'  =  C(0,-l,0;;r/  2)4  = 


1  1  7T1 


\j  llo. 


=  C(0,0,l;-x  /  2)ur  = 


in  n 


VTL-l  1JV2  \e*r/-\  (2\J 


4,  4.  The  orthogonal  null-phase  (ONP)  polarization  basis 

By  rotating  the  original  linear  polarization  basis  with  the  Poincare  sphere,  one  can  obtain  every  other 
orthogonal  basis  represented  by  two  colinear  phasors  tangent  to  the  antipodal  points  of  the  sphere.  Such  a  basis 
will  be  called  null-phase  because,  after  multiplication  of  its  both  vectors  by  the  same  phase  factor,  their  phasors 
usually  become  not  collinear. 

Worth  noticing  is  that  to  specify  any  ONP  polarization  basis  it  is  sufficient  to  take  its  first  vector  only, 
because  its  second  vector  is  automatically  defined  by  the  same  rotation  rule  as  applied  to  the  first  one. 

To  present  the  rotation,  the  previously  proposed  matrix  (4.7)  can  be  used  yielding  the  new  basis  vectors  of 
the  form: 

1  r'B  1 

11  ~  ^  ly  »  ~C  4  (4.11) 

When  using  simpler  expression  for  the  matrix: 


and  the  old  basis  vectors  as  in  (4.3),  the  new  basis  will  take  the  form 


with 

aB  =  cos^-y'qsin^  =  cosyB  e~J{sB+£B) 
bB  =  (v-y'u)sm^  =  sin  yB  e+j{sB~£B) 


(4.13) 


(4.14) 


For  any  desired  analytical  parameters  of  the  first  new  basis  vector  U  ,  the  above  equations  determine  both  the 
angle  of  rotation  2<p,  and  the  coordinates  q,u,v  of  the  sphere’s  branch  point  on  the  axis  of  rotation. 
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4.  5.  The  Hermitian  product  of  phasors 

The  desirable  property  of  phasors  is  the  possibility  of  their  addition  and  multiplication.  The  addition  is 
important  when  considering  interference  of  waves,  whereas  the  multiplication  allows  one  to  find  the  received 
voltage  for  given  phasors  of  the  receiving  antenna  and  incoming  wave.  The  multiplication  is  necessary'  also  to 
decompose  a  phasor  into  a  sum  of  two  other  phasors.  The  rules  of  these  operations  appear  to  be  independent  of 
any  rotation  of  the  polarization  sphere. 

There  is  a  very  simple  method  enabling  one  to  find  the  rule  of  multiplication  for  phasors.  At  first,  the 
fact  should  be  used  of  the  one-to-one  correspondence  between  phasors  and  PP  vectors  in  the  sense  that  the 
result  of  any  operation  for  the  PP  vectors  should  agree  with  that  for  phasors.  Then,  one  can  immediately  see 
that  very'  simple  rule  of  multiplication  applicable  to  any  two  phasors  on  the  equator  of  linear  polarizations 
remains  valid  also  for  any  other  pair  of  phasors  of  the  same  mutual  positions,  i.e.  for  phasors  obtained  from  the 
original  pair  by  any  rotation  of  the  polarization  sphere. 

Distinguishing  the  two  PP  vectors  of  linear  polarizations  by  upper  indices,  their  Hermitian  product  can  be 
presented  in  the  form 


uA  ■ uB*  =  uAuB  * 


=  [cos  y  A ,  sin  y  A  ]  exp(-  jsA ) 


COSy 

siny^ 


exp  (+jsB) 


=  cos (yA  -  yB)exp{-j(eA  - sB )} 


AB  _  /  2aa 

-  cos - e  1  B 

2 


(4.15) 


Here  AB  the  means  angular  distance  between  the  polarization  points  A  and  B  of  the  two  PP  vectors  and  2  A g 

is  one  half  of  the  angular  difference  in  orientations  of  their  phasors  on  the  equator  of  linear  polarizations  and 

A  B 

means  the  spatial  phase  delay  of  the  U  versus  U  vector. 

A  rotation  of  the  sphere  can  now  be  considered.  Using  the  rotation  matrix  C,  the  new  PP  vectors  will 
be  obtained: 


uA  =  CuA  and  uB  =  CuB 

Their  Hermitian  product  is  as  before  the  rotation: 

u  A  uB  *  =  uACC  *uB*  =  uAuB  *  =  cos—— 

2 


because  C  is  unitary,  satisfying  the  equality 

cc*  = 


1  0 
0  1 


(4.16) 


(4.17) 


(4.18) 


The  only  difference  is  that  the  detailed  result  will  be  given  by  a  more  complex  expressions.  They  will  be  found 
when  considering  the  general  forms  of  the  two  PP  vectors  in  their  Hermitian  product.  When  using  the 
analytical  parameters  of  the  vectors  one  obtains: 
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uA  ■ UB*  =  UAUB  * 


=  [conAe-,(sUs"\smrAe*Ilt"-^lcos,'Be*J(e'*‘‘> 

sinyBe  j(sa~E"^ 


(co s(yA  ~yB)cos(SA  -SB)-j cos(yA  +  yB)sin(SA  -SB)}e 


A  4-  VB  '\vn(RA  -Rb\\  0~KeA-sB) 


(4.19) 


AB  -/2/t1 

=  cos - e  J  “ 

2 

The  phase  delay  of  the  //^versus  U B vector  can  be  presented  successively,  using  formulae  of  spherical 
trigonometry  (see  Appendix  A  for  comparison),  as: 


cos(/A  +yB)^_,cA 


2 A*  =  sA-£B  +  arctan  ,  Vtan(<^  -  SB) 

cos (r  -r  ) 


=  sA-eB  +  5A-5B-\EYBA 


(4.21a) 


=  eA  -sB  +±[x-(A  +  B)] 


(4.21b) 


£  £  + 1  (Eyba  &yba  ) 


(4.21c) 


It  should  be  observed  that  for  phasors  located  outside  the  equator  their  phase  difference  depends  not  only  on 
their  e  parameters  but  also  is  enlarged,  e.g.,  by  a  quarter  of  the  difference  of  the  excesses  of  two  oriented 
colunar  spherical  triangles  XAB  and  YBA  (see  Fig.  4.3). 

The  magnitude  of  the  product  (4. 19)  can  be  found  by  applying  simple  trigonometric  formulae 


COS  a  , 

\  =  ^(l±cos2a) 

sin  a 


thus  obtaining 


cos(a  ±  p)  =  coscr  cos/?  +  sin  a  sin/? 


~=yJcos2  (yA  -  yB )  cos2  (SA  -8b)  +  cos2  (yA  +yB )  sin2  {SA  -  SB ) 


(4.22a) 


=  V"2  [1"^"  cos 2^^  cos2^e  +  sin 2/^  sin2yB  cos(2<^  -25B)] 


(4.22b) 


=  ^[l+qAqB+uAuB+vAvB] 


(4.22c) 


r[l+COS(AB)] 


(4.22d) 


The  rectangular  coordinates  of  the  two  polarization  points  A  and  B  appearing  in  (4.22c)  are  given  by  the 
formulae  (4.1).  &  3 
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The  just  obtained  expression  (4.22b)  in  comparison  with  (4.22d)  yields  the  well-known  formula  of 
spherical  trigonometry  for  the  YBA  triangle: 

cos(AB)  =  cos(YA)cos(YB)-f-sin(YA)sm(YB)cos7  (4.23) 


The  Hermitian  multiplication  of  the  PP  vectors  in  terms  of  the  geometrical  parameters  leads  to  similar 
results: 


uA  ■  uB  *  =  uAuB  * 


=  [cosaA  cos  -  j  sin  a  A  sin pA ,  cos  aA  sin  pB  +  jsinaA  cos j3B]e  x 

cos  aB  cos  Bb  +  j  sin  a  B  sin  Bb  .  ir» 
x  e  JX 

cos  a  B  sin  pB  -  j  sin  aB  cos  pB 

=  {cos(a'4  -aB)cos(pA  -  fiB)~  jsin(aA  +aB)sin(fiA  -  pB)}  e~JixA~xB) 

AB  _  f2  /t* 

=  cos - e  1  B 

2 


with  (see  Appendix  A): 

2 Aab  =  xA  ~  XB  +  arctan 


sin(«"4  +aB ) 
|_cos(a'1  -  aB ) 


ten(/?A  -  pB ) 


(4.24) 

(4.25) 


=  XA-XB+PA-PB  +i^RAB 

(4.26a) 

=XA~XB-U* -(A'+B')] 

(4.26b) 

=  X  ~X  -  4"(^RAB  ~  -^rab) 

(4.26c) 

and  with 


AR  l - — - — — - 

cos— =iJcos2(aA  -aB)cos2(JfA  -flB)  +  sm2(aA  +aB) sm2(flA  -  pB)  (4.27a) 

=  yJj[l  +  sm2aA  sin2«rB  +  cos2aA  cos2 aB  cos(2 pA  (4.27b) 

=  ^/j[l+qAqB  +uAuB  +vAvB]  (4.22c) 

=  VH1  +  C°S(AB)]  (4.22d) 


Additional  emanation  of  formulae  employing  analytical  and  geometrical  parameters  can  be  found  in  Fig  4.3. 
4.  6.  Decomposition  of  the  PP  vector  into  two  orthogonal  components 

The  just  described  Hermitian  multiplication  can  be  used  to  decompose  the  PP  vector  into  two  parts 
corresponding  to  any  desired  ONP  polarization  basis  defined  by  its  first  U  B  vector  as  follows 
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uA  =  (u 


AuB 


*)uB  +  (uAuBx* 


)« 


Bx 


AB 
2 


-cos - +sin— e  J2^uBx 

2 


(4.28) 


_  „A  B  .  iA  ,,Bx 

—  a  Bu  +  bBu 

All  column  u  vectors  without  the  lower  index  are,  as  before,  in  the  original  real  basis  of  linear  polarizations 
while  the  lower  and  upper  indices  of  the  a  and  b  components  in  the  last  equality  denote  phasors  of  the  ONP 
polarization  basis  and  of  the  vector  being  decomposed,  respectively.  The  same  rule  when  applied  to  the  column 
vectors  can  be  expressed  as  follows: 


with 


,.A  _  r  B  Bx  1  A 

u  -[u  ,u  J  uB 

„Ax  _  r  B  Jxi  Ax 

u  -[u  ,u  \uB 


1-  - 

A 

A 

a 

aB 

b 

B 

L  A 

hB  J 

1 

1 

* 

A 

1 - 

* 

1 

1 _ 

a  * 

B 

- 1 

* 

_ 1 

(4.29) 


(4.30) 


Now,  the  Cayley-Klein  rotation  parameters  a  and  b  of  the  PP  vector  u4  in  the  u8  basis  can  be  expressed  in  the 
form: 


aB  =cosyBe  rsb+4) 
bB  =  si nyAe+J{S*-s*) 


(4.31) 


The  correctness  of  the  decomposition  can  be  checked  easily  by  multiplying  both  parts  of  the  sum  by  the 

$  $  X  ”  * 

U  *or  U  *  term  and  observing  both  normalization  and  orthogonality  conditions: 

uB -uB*  =  uBx -uBx*=  1 

(4.32) 


«  U 


Bx  * 


=  U 


Bx 


U 


B  * 


=  0 


4.  7.  The  addition  of  phasors  on  the  PP  sphere 

The  sum  of  the  two  PP  vectors  of  different  polarizations  and  spatial  phases  will  be  considered  in  the  form: 

E^uC  =  EAUA  +EBUB  (4  33) 

Here  the  upper  indices  denote  the  phasors  of  the  three  PP  vectors,  and  E0  are  the  magnitudes  of  those  phasors 

or  the  corresponding  PP  vectors.  The  result  of  addition  can  be  found  by  decomposing  the  first  vector  into 
orthogonal  constituents  as  in  (4.28),  one  of  them  being  of  the  same  polarization  and  spatial  phase  as  the  second 
vector  of  the  sum: 


Ec0uc  =Et{aABuB  +bBuBx)  +  EBuB 
=  (EAaA+EB)uB+EAbAuBx 


(4.34) 


Now  the  resultant  intensity  of  the  wave  corresponding  to  the  above  PP  vector  can  be  found  as 
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Ic  =(E^uc).{El;ucY  =  {Ec0)2 

=  (EQAaAB  +  #  )(£X  +  e;  y *  +(EAbA  )(EQAbBA )  * 
=  IA  +IB  +2s]lAIB  cosyB  cos(<5^  + 

The  last  formula  can  be  rewritten  in  the  previous  notation  as 


with 

and 

with  the  evident  equalities: 
but 


(4.35) 


2 sjlAIB  cos^-co$2Aab 

(4.36) 

AB  A 

2 

(4.37) 

2  AAB=S*+ei 

(4.38) 

ri=rBA 

(4.39) 

2Aab=-ZAba 

(4.40) 

Now,  the  location  and  orientation  of  the  resultant  U  phasor  should  be  determined.  This  can  be  done  by 
inspection  of  the  ABC  triangle  on  the  PP  sphere  inside  the  small  circle  through  the  points  A,  B,  and  C 
(Fig.4.4).  The  ABC  circle  (with  the  C  point  on  it,  of  unknown  location  yet)  will  be  chosen  that  way  as  to  have 
the  phasors,  corresponding  to  the  U*  and  vectors,  tangent  to  the  circle.  This  can  always  be  done  by 
simultaneous  rotation  of  the  two  phasors  by  the  same  double  phase  angle  2  A. 


The  2 A  angle  can  be  found  from  simple  formula: 


2  A  =  5ab,-sab, 


(4.41) 


when  designating  by  UA  and  I/”  the  two  vectors  before  the  rotation.  The  problem  is  how  to  express  the 

A ' 

U  phasor  in  the  U  basis  to  obtain  the  angles  on  the  right  side  of  (4.41).  This  will  be  explained  later,  after 
introducing  the  change  of  basis  techniques  based  on  the  ‘polarization  phasor  notation’  discussed  in  more  detail 
in  the  next  sections. 

Starting  from  the  expression  (4.33)  one  obtains 

EqUC  =  ( Eaua  ■  uc  *  +Ebub  ■  uc  *)  uc 


.B' 


Having 


=  f E)  cos—e~12^  +  E)  cos^e-’2* 
V  0  2  0  2 


2  Aab  =  2  Aab,  =  2eB.  +2A  =  8ab.  +  eAB. 


u 


one  can  find  the  two  remaining  phase  difference  angles,  as  shown  in  Fig.  7: 


(4.42) 


(4.43a) 


2 AAC  =  2A%  -  A 


2AC, 


2Aab  -B  =  -2Ac 


(4.44) 


and  very  useful  geometrical  equality 
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resulting  from  (4.44),  because 


x~C+\E ^ 


-  ft - -  F' 

H  2  “^ABC 


(4.43b) 


24  +24=44  ~(A+B)  =  /r~C 

and 

A  +  B  =  tt-C  +  Eabc 

M  three  angles  of  the  spatial  phase  delay  should  be  of  the  same  stgn  according  to  the  arrows  on  the  great 
circle  arcs  joining  points  A,  B,  and  C,  and  indicating  directions  of  spatial  phase  delay.  These  angles  determine 
common  orientation  of  the  three  phasors  all  tangent  to  the  same  small  circle  of  the  sphere. 

““  ‘^.according  to  the  rule  accepted  here,  all  angles  of  rotation  to  the  left  are 

positive,  and  so  are  the  three  phase  difference  angles  as  well  as  the  two  spherical  excesses  shown  in  Fig.4.4. 

pother  important  rule  stems  from  Fig.  4.4  or  4.5.  The  polarization  point  C  of  the  sum  of  the  two  phasors  is 
phase”  defay  “  ®  A  61631  ^  ^  The  orientation  is  sho™  ^  ^  arrow  directed  towards  the 

However  the  caution  is  recommended:  the  rule  is  true  then  only,  when  the  right-elliptical  polarizations 
correspond  to  the  upper  part  of  the  polarization  sphere,  what  has  been  proposed  here.  As  mi  example 
00  ***  rale’  ^  locus  can  serve  of  the  right  circular  polarization  point.  It  is  on  the  right  side  (at  the 

and  diSSdX^^thTSf  senu;circlc  of  Imcar  Polarizations  beginning  at  the  vertical  polarization  point 
l*1*45  l,near}°  the  horizontal  polarization  point.  This  is  the  path  of  the  (spatial)  phase 

in  t£pp'ILe  °PP0S  i  ^eCU0!/  als0  ?0m  VerticaI  t0  honzontal  linear  polarization,  means  the  phase  advance 
on  the  PP  sphere  considered  as  the  two-folded  Riemann  surface. 

nnlJritJ ?Ct  l0Cati0n  °!  ^  C  point  can  be  found  when  demanding  mutual  cancellation  of  the  orthogonally 
polarized  Cx  components  of  both  interfering  waves.  The  following  equation  should  be  analyzed: 


0  =  (Efuc -uCx*)uCx  =  (EAuA  uCx  *+Ebub  uCx*)uCx 


=  +£»  sm e-J*4, >„c> 

2  2 


=  (E)  sin^-E)  sm^)uc* 

2  2 


The  solution  is 


4Acx  ~  ^4x  =  ±2^  with  4 4x=  0  and  4ftPc=  +2n 


t-^a  •  AC  B  BC 

E0  sin-^—  =  E0  sin-^-  (4.47) 

There  are  two  orthogonal  families  of  circles  on  which  the  C  point  can  be  located.  The  circles  of  the  one  of 
those  families,  determined  by  the  phase  difference  2  4  as  in  Fig.6,  are  passing  through  the  A  and  B  points.  If 

Iff  ffff  di8,erefI?Ce  is  f4aI  tof*°  or  71 111611  the  C  P0111!  is  located  on  the  AB  arc  or  on  the  remaining  part  of 
accoSS  "Cl  reSPeCtivel>'  »»««  My,  determined 

.  AC 


(4.48) 
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when  crossing  the  2  AA}j  =  const  circle,  finally  indicates  the  C  point  location. 


4.  8.  The  addition  of  n  phasors 


The  formulae  (4.34-36)  can  be  generalized  to  the  addition  of  n  PP  vectors  (phasors)  ; 

The  resulting  intensity  takes  the  form 

I  ~'YaIA‘  +  ^2 yJlA‘IAj  cos — - — —  cos 2 AaJ  ,  i,j  =  l,...,n 

i  i<j  ^ 

(4.49) 

with 

F  =(E?f 

(4.50) 

■< 

II 

■— > 

<  <N 

< 

(4.51) 

and 

(4.52) 

The  derivation  of  formulae  (4.36)  and  (4.49)  can  be  found  in  Pancharatnam’s  paper  [121],  but  without 
analytical  parameters  of  the  PP  vectors  involved. 
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Fig.  4.1.  Change  of  phasor  with  the  PP  sphere  rotation  about  its  polar  axis. 
Phasors  at  the  poles  are  changing  their  phase  only;  phasors  at  the  equator  are 
changing  their  polarization  only;  phasors  between  the  pole  and  equator  are 
changing  both  polarization  and  phase;  the  total  change  is  n  after  the  2n  rotation. 


Fig.  4.2.  Obtaining  same  rules  for  phasors’  addition,  independently  of  the  PP  sphere 
rotation  (here,  by  90°  about  the  Q  axis),  requires  change  of  each  phasor’s  direction  by 
the  double  value  of  its  change  of  phase  angle. 
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Fig.  4.3.  To  the  evaluation  of  the  spatial  phase  delay  of  phasor  if  versus  if , 
2Ai  ,  in  terms  of:  a)  analytical,  and  b)  geometrical  phasors’  parameters. 
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e 


Fig.  4.4.  To  the  explanation  of  the  C  point  location; 
of  the  two  phasors  being  added  must  vanish. 


result  of  addition  of  C'  (Cx)  components 


« 
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Couc 


A  =  2Aa-  2Aac 

2  Acg  +  2Aac  =  4 Aa  -  +  b) 

B  =  2Aa-2Acb 

=  n  -  C 

C  =  tv-2Aac  -2/fB 

•=>  - 

-  2^1  -  y 

► 

A  +  B  +  C  =  7r  +  Ejxq 

2Ab  =  n  —  C  +  y  E  ABC 

AAbc  =  2  5  c  +  2s B  =  -AAcb 

i.  ^ 

Fig.  4.5.  To  the  addition  of  phasors  A  and  B  resulting  in  the  sum  phasor  C 
(phasors’  magnitudes  not  shown).  Mutual  dependences  between  phasors’  phase 
differences  and  angles  of  a  spherical  triangle  ABC  are  presented. 
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5.  Rotation  Transformations  on  the  PP  Sphere 

5.  1.  The  polarization  phasor  notation 

Any  vector  is  fully  determined  having  components  in  a  well-defined  basis  and  established  rules  of 
transformation  of  those  components  under  change  of  the  basis. 

When  considering  the  PP  vectors  it  is  necessary  to  present  both  polarizations  and  phases  of  the  basis  vectors, 
otherwise  their  definition  would  be  insufficient.  The  ONP  polarization  and  phase  basis  discussed  earlier  will  be 
applied  here.  Its  first  vector  only  determines  the  whole  basis  completely.  That  results  from  the  uniqueness  of  the 
orthogonality  transformation  which  applied  to  the  first  basis  vector  produces  the  second  one  unambiguously. 

Having  the  PP  tangential  phasors  determined,  they  will  be  used  as  an  upper  and  lower  indices  of  the  PP 
column  vectors.  The  upper  index  will  represent  the  vector  itself  while  the  lower  will  denote  the  first  basis 
phasor. 

Also,  to  have  a  unified  designation  of  phasors,  the  linear  basis  vectors  will  be  denoted  by  if*  and  instead 
of  ly  and  lx  The  whole  basis  will  be  called  now  the  t/1  or,  simply,  the  H  basis.  Formerly  that  basis  was  called 
the  (y,x)  basis  of  reversed  order  of  its  vectors. 

In  the  proposed  notation  the  u4  vector,  represented  by  the  A  pohasor  on  the  PP  sphere,  and  the 
orthogonal  u4'  vector  can  be  written  as  follows: 


where  the  column  vectors  expressed  in  terms  of  their  analytical  parameters  are: 


-  A 

cos y^e  J(S"+C") 

cos  ye  i(S+s) 

-H 

Ph. 

sin  yAHe+J(S”~4) 

sin  ye+J(S~E)  _ 

~-b  * 

A 

1 

* 

1 

i _ 

-sin y*e  j{S”  £”) 

-sin ye  i{s  E) 

a  * 

H 

i 

£ 

* 

i _ 

COS  yf[e+j<'5»+e*) 

cos  ye+j{s+£) 

The  phase  delay  of  the  phasor  A  over  the  phasor  H  will  be  denoted  as 

2Aah  =  5ah+sa 


(5.1) 

(5.2) 


(5.3) 


(5.4) 


(5.5) 


what  is  numerically  equal  to  V .  The  two  phasors  in  the  angular  and  Stokes  coordinate  systems,  according  to 
the  proposed  polarization  phasor  notation,  are  shown  in  Fig. 5. 1. 


5.  2.  Rotation  matrix  and  the  change  of  basis  rule  for  phasors 

The  rotation  matrix  can  be  defined  when  expressing  the  same  PP  vector  in  two  different  ONP  polarization 
bases,  H  and  B,  and  using  the  equalities  (5. 1)  and  (5.2): 


uA  =[„"„"<]  uah 
=  ^Hsws  :  J  Mg 

[w  u  J |%  uH  J u 


(5.6a) 

(5.6b) 


(5.6c) 
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Comparison  of  (5.6c)  with  (5.6a)  yields  a  change  of  basis  rule  for  the  PP  column  vectors 

Now,  introducing  the  rotation  matrix  as 


r,  b 

Bx  1 

a 

-b  * 

[UH 

11 H  j  = 

b 

a  * 

one  finally  obtains  the  change  of  basis  rule  in  a  simple  form 

UA  _  /-> B  A 
"H  ~  '-  •//  UB 

from  which  the  following  rule  of  multiplication  for  rotation  matrices  results 


(5.7) 


(5.8) 


(5.9) 


/'■’A  _  s^B 

-  l  h  l  b 


because 


Of  course. 


C‘HC) 


CB„[4  «b\=[cbh«ab  c‘« 

["» "if] 


\,  B  Bx  1 

• 

o' 

ylB  UB  J  ~ 

1 

O 

i_ 

(~<B  r~tB  if.  _ 


1  0 
0  1 


and  unimodular: 


det  Cjf  =  +1 


(5.10) 


(5.11) 


(5.12) 


The  requirement  about  unimodularity  is  natural  because  three  real  parameters  sufficiently  determine  any 
rotation  of  the  polarization  sphere  of  tangent  phasors. 

To  have  the  engineering  notation  legible  enough  for  engineers,  the  converse  rotation  matrix  to  that  of 
(5.8)  should  be  of  the  form 


with 


or,  according  to  (5.11), 


f'H  _  F  H  „Hx  1 
t'B  ~  UB  I 

CH  -  CB  * 

^ B  ~  '-'H 


B 


o 

i 


(5.13) 

(5.14) 

(5.15) 


The  last  equality  follows  immediately  from  (5.10),  but  to  obtain  (5.13)  the  converse  analytical  parameters 
should  satisfy  the  condition: 


where 

4a*,=2^S+2«* 
4-4  =  2<S"  +2  s" 


(5.16) 


(5.17) 
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but  mill 


lr0  =  2y 


H 


The  following  ranges  of  angular  parameters  are  proposed  for  unambiguity  reasons 


and 

or,  instead. 


0  <  2  y  ^ 
-7t  <  28  <  n 

-2 n  <2e<2n 


-n  <2A<n 


(5.18) 


(5.19) 

(5.20) 


5.  3.  Change  of  polarization  and  spatial  phase  -  a  general  formula 
The  active  transformation  rule  can  be  found  by  inspection  of  the  equalities 


CBCHuA  -  C 

^HL  A  UH  - 


BuA 


'H  A 


(5.21) 


Denoting  the  rotation  matrix  CR  in  the  uH  basis  as 


p-'B  p^BpiH 

AM  ~ 

one  obtains  the  desired  active  transformation  presented  by  a  simple  formula 

(5.22) 

Also,  it  is  worth  noticing  that 

p<B  A  B 

u A,H  “II  ~  11 H 

(5.23) 

r*B  _  B  piB 

A  ~  '—A, A  ~  VA  B 

(5.24) 

Now,  the  general  rule  of  the  change  of  basis  for  rotation  matrices  can  be  found 


5.  4.  Change  of  basis  transformation  for  rotation  matrices  -  a  general  rule 

3  U  ^1  lC^VeiY.e ^  rdUniVerSal  meth0d  which  can  used  t0  develop  miscellaneous  transformation 
Ziln  in  ^e,unit  matnx  insertl0n  method’.  Always,  one  should  start  with  a  transmission 

S“g  unifmaytncS^U  matnCCS  equal  t0  the  unit  matrix  In  ^e  example  under  consideration  the 

~1  O' 

i  _  ^ a  ^ b  *  a- 

(5.25) 


0  1 


—  CH  cB  —  cB  *  r'H  * 
^ b  ^ h  -  l-/r  VB 


will  be  inserted  to  the  transmission  equation  representing  a  voltage,  Vr ,  received  from  the  incoming  wave  the 

min  H?1  and  Pha^e  °f  ivluch  Mil  be  transformed,  from  the  transmitted  T  to  the  scattered  5,  by  a  rotation 
matnx  determined  in  the  H  basis:  ’  3 


UR  us  *  — 
"H  uh  ~ 


UR  Cs 

“h  ^ r,r 


,T  * 


B  *rH  * 


=  K(c;c;)c^-(c;>c, 


=  uRCs  * 


{T*  = 
'  R 


,S  * 

'  B 


(5.26) 
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What  can  be  seen  from  the  above  formulae  is  the  needed  change  of  basis  rule  for  the  rotation  matrix: 

s~<S  _  fS  /-<B 
L  r,B  ~ 


5.  5.  Decomposition  of  the  3-parameter  rotation  matrices  into  products  of  1-paramater  rotation  matrices 

The  same  rotation  matrix  can  be  used  for  changing  the  vector’s  basis  (passive  transformation)  or  for  changing 
the  PP  vector  themselves  when  preserving  its  basis  (active  transformation).  In  both  cases  decomposition  of  the 
rotation  matrix  into  product  of  three  1-parameter  matrices  is  formally  the  same  but  corresponds  to  different 
relative  movements  of  tangential  phasors  on  the  Poincare  sphere  surface.  Directions  of  movement  are  reversed 
and  routes  changed  However,  the  decompositions  are  different  when  matrices  are  expressed  in  terms  of 
analytical  or  geometrical  parameters. 

1.  Analytical  parameter  case  (Fig,  5,2) 

Following  the  change  of  basis  rule  K  —»  K'  H"'—>  H  : 

,  K  _  fiH"'  f'K'  r'K.  ,.K  _/~’K  K  ,c  ~0. 

t-H"CKuK  -CHl(K  (5.28) 


or  the  change  of  polarization  and  phase 


,.k  _  rK  rL'  rH<  „H  -  rK 

14  H  ~  '-'L'.H  ^H' 


one  obtains 


CK  - 

W/  - 


cos/e~J^s+s)  -sin ye  J('S  £) 


smyeJ 


cos  yeJ 


J6  0  Tcos/  -sin/Te 


sin/  cos/  0 


rH'"~rK  cK'  -cL' 
lh  -ll\h 


rK  -rH' 

L K '  ~CH,H 


2.  Geometrical  parameter  case  (Fig.  5.3) 


Similarly,  following  the  change  of  basis  rule,  — »  /T '  — »  Z-  — »  //  : 


'-'H  ^  L  '-'K :nUK  ~('HUk 


or  the  change  of  polarization  and  phase,  H  — >  H'  —>  P  — >  K 
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H  LP,H('  ~Vhl.Hllli 


one  obtains 


CK  - 

L  H  - 


(cosacos/?  ysinasin/?)e  JX  (-cosasin/?  +  j  sma  cosP)eJX 
(cos  or  sin  /?  +  y  sin  a  cos  p)e~JX  (cosacos/?  +  jsmasmp)ejx 

co  sp  -sin/?T  cos  a  jsina~Te~,x  0  1 


sin P  cos/?J(_y'sina  cosa  o  e 


rL  -/-'K 
LH~lP,H 


rK"-rp 

L 


rK  _rH" 

L- k'"~L  h  jh 


5.  6.  Geometrical  form  of  the  PP  Sphere  Rotation  Matrix 

m f0T!f  f°r  thC  3CtiVe  transformation  of  the  PP  vectors  and  basis  transformation  of  the  rotation 
matrix  can  be  applied  to  present  rotation  of  the  PP  sphere  about  any  OA  axis  by  a  2/  angle  as  follows  (Fig.5.4). 

,p,  _  rPx  p  0  1  p 

uP~CP,AuA-y  0  (5.34) 

By  inspection  of  the  equation  (5.30)  one  can  see  that  the  only  changing  parameter  of  the  rotated  phasor  is 

-2d>A  +2 <f>  (5  35) 

Equation  (5.34)  is  in  the  .4  basis.  In  any  other  B  basis,  the  rotation  matrix  takes  the  form. 


fp\ i  _  r-'A 

l'P,B  ~ 


cos  (f>  —  y//j  si n  ^  (-//3  -  jn2 )  si n  P' 

_(,?3  ~  jn2)s\n<f)  cos <p  +  y/?,  sin (f>  pB 

=  C(n,2tf>)^B  =-C(n,20  +  27r)p\B 
=  CjjOT(n,  2<t>) 

Here,  the  unit  vector  n  is  directed  along  the  OA  rotation  axis.  Its  components  in  the  B  basis  are 

n\  q  A  cos  2  y  A 

n2  =  u  =  sin  2/ cos2<5 
ni  v  R  sin2rsin2J 

cos  2  y'g 

=  su\2yABcos2SAB 
sin2yA  sin 2SB 

The  obtained  formulae  correspond  to  the  earlier  presented  form  of  the  rotation  matrix  as  in  (4.7) 
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5.  7.  Comparison  of  Two  Forms  of  Rotation  Matrices 


To  obtain  the  axis,  n,  and  the  angle  of  rotation,  2 <j>.  realizing  the  change  of  polarization  and  phase,  B  — »  K 
(see  Fig.  5.4).  we  have  to  solve  the  matrix  equation 


C™T(n,20)  =  ClB=C,E 


,~j(S+£) 


,-]{$-£) 


sin^e+;(f>  £)  cosye+J{<s+£) 


Alternatively,  rotation  by  2<j>  about  the  -n  vector  realizes  the  change  of  basis  transformation,  K  — »  B 
according  to  the  equality 


___  nn  j  —  cm  v 

C$OT(-n,20)  =  CB=  r  x  r  .  =  Cf* 

sin ye*^6  s)  co sye+1{S+£) 


Taking  into  account  mutual  relations  (see  Fig.  5.5) 


rl=ri 


Sbk-4=  ±180°  +  (8kb  -  4 )  -180°  <  e*  <  180° 


0°  <  ybk  <  90° 

r>0  ^  S;B  ^  nnO 


<S£  =  ±90°  -  4  I  f  4  +  e?=-(4+4)  (-90°<s*<90° 

4  =  +90°-<5jJ  \s":  -  e“:  =  ±180°  1  (S'i,  -  si)  I  - 1  SO"  <  ei  <  ISC. 


one  obtains  the  following  (alternative)  expressions  which  have  to  be  computed  successively 

cos <f>=  cosyB  co^SB  +  4)  =  c°szf-  cq>4sbk  +  £•£-)>  0°<^<180° 

nx  s\x\(f>=  cos/5  sin^  +  4)  = -cosz^  sin^f-  +4) 
n2  sin  </>=  -  sin  y  B  sin^  -  ff)  =  sin  y  B  sin  (sB  -  sB  j 
n3  sin  <f>  -  sin  Zb  co s^Sb  -  sB  )  =  -sinz£  cos^£  -  sB ) 

The  inverse  formulae  present  angles  which  also  have  to  be  computed  successively: 


zf  -arc  cosyjcos2  (j>  +  nl  stn2  <p  , 

c-k  {  ■  ,  n\  sinZfl  coszn 

SB  =  arc  tan  sin^— — 1 - r-f- - ? - — _ 

V  cos^sinzs  +«3  sin^coszB 
_ sin^(r?j  stnz£  +"2  cosykB) 

oq  — Hr  L  bill  -  - - 

cos  SB  sin  2 yB 


=  arc  cos 


sin^(«,  sin z^  - n2  cosyKB) 
sin  <4  sin  2 yB 


0°<y§  <90° 


90°  <  Sr  <90° 


-  180°  <  <180° 
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5.  8.  Rotation  matrix  in  the  Stokes  parameters  space 

rotahon^alr^ccs1 "wfincT  ^  Kr°neCker  multiPlication  ar)d  applying  the  auxiliary  U  matrix,  for  the  amplitude 


10  0  1 


110  0 


Ztf=i7*(c„r®c£*y/=i  1  0  0  -'[jo  -**Lp'*  -*1fo  o  1  -J 

201  1  o  (,[/>  a*  J  [6*  a  j)H  0  0  1  J 

-°  J  ~j  0  J  1-10  0 


0  aa  *  -bb  *  ~(ab+a*b *)  j(ab-a*b*) 

0  ab*+a*b  (a2  +a*2-b2 -b*2)/ 2  j(-a2 +a*2 +b2  - b*2)/ 2 

0  j(ab*  -a*  b)  j(a2 -a*1  +b2 -b*2)/ 2  (a2  +a*2  +b2  +b*2)/ 2 


where,  for  the  Cayley-Klein  parameters: 


we  finally  obtain. 


a £  =  cosy  ^ 
bKH  =  sin  ykH 


qK  _  0  cos 2 y  -sin 2y cos 2s 

0  sin  2^  cos  2^  cos  2^  cos  2^  cos  2^- sin2£sin2£: 
0  sin  2^  sin  2(5'  cos2^sin2Jcos2^  +  cos2<5'sin2£> 

Similarly,  in  the  geometrical  form, the  rotation  matrix  is 


sin  2y  sin  2s 

-cos  2/  cos  2t^ sin  26--  sin2£cos2,? 
-  cos2  y  sin  28  sin  2s  +  cos  2£cos  2e_ 

(5.45) 


Dft0T ( n  2<f> )  =  ^  cos20  +  2 n\  sin2  <f  ~//3  sin  2<f  +  2nxn2  sin2  <p 
0  ;?3  sin 2^  +  2nxn2  sin2  <f>  cos 2^  +  2n\  sin2  <f 

0  -«2  sin2^  +  2/tI/?3  sin2  ^  sin2<f  +  2n2ni  sin2  <f 


n2  sin 2(f>  +  2a?[«3  sin2  (j> 
sin  2(f>  +  2/?2«3  sin2  tp 
cos 2 tf  +  2n]  sin 2  (f 


5.  9.  The  Unitary  and  Con-Unitary  Transformations 

modifmaItfon0f  1,3515  f0rmulaC  require  some  remarks.  Let  us  look  at  the  equation  (5.27)  rewritten  with  a  slight 


cl,  =(C)"c)„c,‘ 


(5.27a) 
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This  is  evidently  a  similarity  transformation  because  of  similar  form  of  the  two  change  of  PP  equations  with  the 
two  mutually  transformed  rotation  matrices: 


S  __  s^S  T 
U H  ~  T.H  l( H 

and  (5.47) 

"b  =  Ct  bhTb 

However,  transformation  matrices  in  (5.27)  are  also  unitary.  So.  we  have  to  call  the  (5.27)  transformation,  in 
that  special  case,  the  unitary  transformation. 

There  is  another  transformation  of  the  PP  vectors  that  exhibit  (other)  similarity  under  change  of  basis.  It  is 
one  which  transforms,  e  g.,  the  Sinclair  scattering  matrix.  There  is  an  essential  difference  that  can  be  observed 
when  comparing  these  two  kinds  of  transformations.  The  Sinclair  transformation  moves  the  PP  vector  of  the 
illuminating  wave  to  the  conjugate  complex  space  to  represent  the  CA  of  scattered  waves.  This  happens  because 
the  scattered  wave  propagates  in  the  negative  direction  of  the  z  axis  of  a  local  coordinate  system  of  the 
receiving  antenna.  So  its  complex  amplitude  should  be  expressed  by  the  conjugate  value  of  the  corresponding 
PP  vector  as  in  the  equation  (3. 1  lb).  In  the  proposed  polarization  phasor  notation,  the  two  analogous  amplitude 
scattering  equations  in  two  different  PP  bases  are: 


XrusH*  =  AHuTH 

and  (5.48) 

A.  uB  *  —  Ab  u  b 

with  Z/as  a  positive  real  number  depending  on  T  only,  and  not  on  the  polarization  bases.  The  corresponding 
change  of  basis  rule  for  the  Sinclair  matrices  is 

AB=CfBrAHC%  (5.49) 

It  could  be  named  the  ‘con-similarity’  transformation,  with  the  ‘con-’  prefix  for  the  ‘conjugate’  space  of  the 
scattered  PP  vectors.  However,  the  unitarity  of  transformation  matrices  again  should  be  taken  into  account.  For 
that  reason  the  name  of  the  ‘ con-unitary  ’  transformation  seems  to  be  more  adequate. 
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Fig.  5.2.  To  the  rotation  matrix  decomposition 
in  terms  of  analytical  parameters 


Fig.  5.3.  To  the  rotation  matrix  decomposition 
in  terms  of  geometrical  parameters 
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Fig.  5.4.  The  PP  sphere  rotation  about  the  OA  axi 
by  the  2  <f>  angle. 


Fig  5.5.  An  example  of  mutual  dependence  of  two 
tangential  phasors  angular  parameters  The  arrow 
on  the  grat  circle  arc  segments  indicate  direction  of 
the  spatial  phase  lag. 
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6.  Change  of  Phase,  Orthogonality  and  Spatial  Reversal  Transformations  on  the  PP 
Sphere 

There  are  two  fundamental  transformations  of  the  PP  sphere  of  tangential  phasors  on  itself  which  are 
independent  of  the  ONP  PP  basis  rotation:  change  of  spatial  phase  and  orthogonality  transformations. 

An  essential  difference  between  those  two  transformations  is  that  they  belong  to  two  different  classes. 
Change  of  spatial  phase  leaves  PP  vectors  in  the  same  complex  C2  space  while  orthogonality  moves  them  to  the 
conjugate  space,  similarly  as  reversal  transformation  does,  but  the  latter  is  basis  dependent. 

However,  there  is  another  important  common  feature  of  the  change  of  spatial  phase  and  orthogonality. 
They  both  do  not  change  the  PP  phasors’  direction  of  rotation  in  time,  unlike  the  reversal  transformation. 

Also,  it  should  be  mentioned  here,  that  all  these  three  transformations,  as  well  as  previously  described 
rotation,  have  one  common  essential  feature:  they  keep  magnitudes  of  the  PP  vectors  constant.  That  is  why  to 
all  of  them  the  ‘C’  symbols  will  be  ascribed  with  suitably  differentiating  indices. 

One  more  C-type  transformation  could  be  considered  but  it  will  never  be  used.  This  would  be  a 
transformation  which  moves  the  CA  vector  into  the  conjugate  space  leaving  its  phasor  unchanged,  but  rotating 
in  time  in  the  opposite  direction. 

The  change  of  spatial  phase  transformation  does  not  require  any  special  description.  It  just  rotate  all 
tangential  PP  phasors  by  the  same  angle  equal  to  the  double  phase  angle  of  the  PP  vectors. 


6. 1.  The  orthogonality  transformation 

The  orthogonality  transformation  could  be  presented  by  the  following  matrix  equation. 

uPx*  =  CxUP 

UH  ^ HUH 


with  the  orthogonality  matrix  in  the  H  basis 


Cx  = 

^ H 


0 

1 


-1 

0 


(6.1) 


(6.2) 


However,  performing  the  change  of  basis  suitable  for  transformations  moving  the  PP  vector  into  conjugate 
space: 


p-ix  _  s-iB  px  s~<  B 


a 

b  ‘ 

B 

'0 

-f 

a  -b* 

b* 

a  * 

H 

1 

0 

b  a * 

-ab  +  ab 
aa  *  +bb  * 


a 


-aa  *  -bb  * 

*  b  *  -a  *  b  * 


-  B 

"o 

-l 

-  H 

l 

0 

(6.3) 


we  can  observe  that  the  above  transformation  is  basis  independent  and  can  be  expressed  by  using  of  a  real 
matrix 


C 


0 

1 


-1 

0 


(6.4) 
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Therefore,  we  will  write  the  orthogonality  transformation  in  the  form 

=C*uPB\  and  I t£-=Cxu*‘*  =  C‘C*u'=-u'.  (6,5) 

By  moving  conjugation  to  the  right  side  of  the  equation,  in  comparison  with  (6. 1),  we  stress  that  the  orthogonal 
PP  vector  can  be  represented  by  the  tangential  phasor  of  the  same  kind  (rotating  in  the  same  direction  in  time) 
as  before  the  transformation,  and  of  the  same  phase,  as,  e.g.,  ly  and  lx  vectors  are  of  the  same  (null)  phase. 


It  can  be  shown  that,  in  any  ONP  B  basis,  P  and  Px  phasors  are  collinear  and  also  form  an  ONP  basis.  In 
order  to  prove  that  we  can  start  from  the  known  PP  change  transformations: 

uh  ~  Cb,h  uh  sPd  uh‘  =  CrZ,h  uh*  (6.6) 

It  will  be  sufficient  to  demonstrate  that  the  two  PP  sphere  rotations  used  above  are  identical.  Let  us  see  first  that 


r  Bx  ..Bxx  1 

'o 

yiB  uB  j  — 

1 

0 

and 


what  yields  the  expected  equality: 


f'B  —  r'Bx  *  _  s-ix 
^  Bx  ~  ~  ^ 


s->Px  _  fxPx  /~>H 
^ Bxji  ~  '-  Bx 


=(c;c^XcM) 


=  c;x  =  cx 


cH 

'-'B 


s~iP  f-iH  _  s-iP 
K-'H  '-'B  ~  B,H 


(6.7) 

(6.8) 


(6.9) 


6.  2.  The  spatial  reversal  transformation  and  the  direct  (one-way)  complex  voltage  transamission  equation 

Complex  voltage  received  by  an  antenna  from  a  wave  can  be  presented  by  the  following  Hermitian  product  of 
two  PP  vectors  expressed  in  the  antenna  local  xyz  coordinate  system  with  the  z-axis  oriented  out  of  the 
antenna: 

Vr=UA-UW*  (6.10) 

Here  constant  coefficients  of  less  importance  for  these  considerations  have  been  omitted.  As  usually,  the  upper 
indices  denote  phasors  tangent  to  the  Poincare  sphere  at  points  A  and  W,  corresponding  to  the  antenna  and 
wave  PP  vectors  respectively.  Introduction  of  the  Hermitian  product  of  the  PP  vectors  was  necessary  because  of 
opposite  orientations  of  the  receiving  antenna  and  the  incoming  wave. 

In  the  similar  form,  of  the  Hermitian  product  of  two  PP  vectors,  the  equation  of  transmission  between  two 
antennas  could  be  presented  Unfortunately,  however,  it  would  suffer  from  one  but  essential  inconvenience.  It 
would  not  reflect  the  reciprocity  of  transmission.  In  order  to  resolve  that  difficulty,  the  PP  vectors  of  the  two 
antennas  will  be  expressed  in  the  PP  bases  B  determined  for  their  own  local  right-handed  xyz  coordinate 
systems,  with  the  z-axes  indicating,  for  both  antennas,  their  directions  of  radiation/reception.  The  two  antennas 
will  be  assumed  ‘looking’  into  each  other  with  their  local  yz  ‘reference  planes’,  called  ‘horizontal’,  coinciding. 
Then,  the  ‘spatial  reversal’  matrix  can  be  introduced  that  will  reverse  any  of  these  two  local  coordinate  systems 
by  180°  rotation  about  its  x-axis,  called  ‘vertical’.  As  a  result,  complex  amplitude  vector  of  a  wave  radiated  by 
one  antenna,  determined  by  the  phasor  T,  can  be  obtained  in  the  local  coordinate  system  of  the  other  antenna, 
with  the  PP  vector  then  corresponding  to  the  phasor  7b: 

7b*  £0  T 

UB  K'BUB 


(6.11) 
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This  is,  alternatively,  the  conjugate  value  of  the  antenna’s  spatially  'reversed  PP  vector '  by  reversal  of  its  local 
coordinate  system,  or  the  conjugate  value  of  the  PP  vector  of  the  ‘ antenna  reversed'  versus  its  unchanged  local 
coordinate  system.  The  conjugation  tells  us  about  -z  direction  of  the  antenna  orientation,  or  the  transmitted 
wave  propagation,  as  has  been  proposed  in  (3. 1  lb).  Of  course,  the  reversal  matrix  will  be  subject  to  a  change- 
of-basis  transformation.  In  the  horizontal  H  basis  its  form  is  especially  simple, 


C°  = 


-1  0 
0  I 


(6.12) 


Now,  the  transmission  equation  can  be  obtained  in  the  form  compatible  with  the  reciprocity  principle  (see  also 
Fig.  6.  Id): 


Applying  to  (6. 12)  the  change-of-basis  rule,  we  obtain 

- c //'-//'-//  ~ 

with 

4  =  sin2/^ 
and 

w H  =cos2 yBH  cos2 5bh  cos2eBH  -sin2 8BH  sin2 eBH  -  j(cos2yBH  cos2 SBH  s\n2eBH  +sin2 8BH  cos2f 

(6A6) 

with 

detC"  =detC°  =-ww*-u2  =-l.  (6. 17) 

In  any  ONP  polarization  basis  the  spatial  reversal  matrix  is  symmetric  and  satisfies  the  equality 


,ro*  ~Ro  *  T 

B  UB  UB 

(6.13) 

-]B 

-W  U 

U  W  H 

(6.14) 

COS  24 

(6.15) 

C°C°*  _ 

^B^B  ~ 


1  0 
0  1 


(6.18) 


It  may  be  interesting  to  observe  that  for  the  right-circular  polarization,  RC,  defined  by 

2  8f  =  2/*c  =  -2ef  =  90° 
the  spatial  reversal  matrix  remains  unchanged: 


C°  = 

'-RC 


-1  0 

0  1 


=  c° 

'-/r 


(6.19) 


(6.20) 


similarly  as  for  all  in-phase,  with  H ,  basis  phasors  tangent  to  the  polarization  sphere  at  the  great  circle  25  - 
90°  .  These  basis  phasors,  rotated  by  the  2e  =  180°  angle,  are  eigenphasors  of  the  (6.20)  Sinclair  scattering 
matrix.  This  is  a  special  case  of  the  general  rule  stating  that,  e.g.,  in  the  H  basis,  the  spatial  reversal  operation 
changes  analytical  and  geometrical  parameters  of  the  PP  vector  as  follows: 

2St£  =  180°  -  28th  , 

2ccTH°=2aTH, 

and  any  PP  vector  with  analytical 

transformation.  Figs.  6.  la,b  present  all  those  dependences  for  polarization  phasors  in  the  linear  H  basis  (on  the 
Poincare  sphere  in  the  corresponding  to  that  basis  the  QUV  coordinate  system).  In  addition,  Fig.  6.1b  explains 
also  the  independence  of  the  received  voltage  phase  of  the  z-axis  reversal  by  rotation  of  the  xyz  coordinate 
system. 


2rTH°=2rTH,  24°  =180° -2  4  (6.21a) 

2/4°  =  -2/4 ,  24°  =  360°  -  24  (6.21b) 

parameters  2 <4  =  2<4  =  i90°  will  not  change  under  reversal 
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6.3.  The  transformation  changing  the  PP  vector’s  propagation  index 


One  more  C  transformation  can  be  considered,  changing  for  opposite  one  the  direction  of  propagation  without 
influence  on  the  polarization  and  spatial  phase.  This  is  the  only  exception  among  transformations  when  the 
domain  and  range  constitute  the  C2  space  of  the  PP  vectors.  If  applied  to  the  CA  vectors  it  would  cause  a 

transfer  to  the  conjugate  C2  space.  This  is  the  C(±)  transformation  which  changes  the  PP  vector’s  propagation 
index,  leaving  the  value  of  the  vector  unchanged: 


C(±)  = 


1  0 
0  1 


u 


p(+) 


=  u 


P(-) 


=  Ur 


(6.22) 


As  a  result,  the  phasor  of  the  transformed  PP  vector  (if  it  belonges  to  a  wave,  not  to  an  antenna)  rotates  in  time 
with  the  2  co  angular  velocity,  in  the  opposite  direction 

Though  the  phasor  of  a  wave  only  rotates,  the  propagation  index  of  an  antenna  is  also  essential  but 
only  when  considering  the  sign  of  temporal  phase  of  the  voltage  received  by  the  antenna  &om  a  wave.  That  is 
for  the  reciprocity  reasons.  It  is  not  important  which  phasor  of  the  two  under  consideration  represents  the  wave 
and  which  one  the  antenna.  The  sign  is  positive  (the  voltage  is  delayed  in  time)  if  direction  of  rotation  of  the 
phasor  with  the  minus  propagation  index  to  the  phasor  with  the  plus  index  is  counter-clockwise  (positive 
direction  about  the  PP  sphere  radius  to  its  piolarization  point)  because  the  two  phasors  tend  to  meet  The 
opposite  direction  means  the  voltage  advanced  in  time,  for  the  distance  between  the  phasors  is  growing.  So.  the 
spatial  and  temporal  phases  are  of  opposite  sign  for  phasors  with  minus  propagation  index. 

Using  the  PP  vectors  rath  their  propagation  indices,  instead  of  (3.11)  and  for  z-0  one  can  write 

=  (6.23a) 

and 

£-(/,0)  =  £o«-*  e“*  (6.23b) 

The  last  equality  just  explains  the  opposite  sense  of  rotation  of  the  transformed  polarization  phasor  in  time. 
Such  a  phasor  can  be  called  of  different  ‘kind’,  though  its  numerical  value  is  the  same  for  /  =  z  =  0. 

So,  depending  on  its  kind,  die  PP  vector,  or  the  polarization  phasor,  can  be  given  a  ‘propagation  index’ 
plus  or  minus,  indicating  direction  of  wave  propagation  or  antenna  orientation  along  the  z  axis,  as  well  as  the 
sense  of  the  wave  s  phasor  rotation. 


6.  4.  Four  types  of  scattering  and  propagation  (transmission)  matrices 

Taking  into  account,  according  to  (3.3),  the  dependence  of  the  unit  complex  amplitude  vector  on  the  sense  of 
the  propagation  z-coordinate  axis  (see  Fig.  6.2a),  and  the  following  earlier  presented  form  (5  48)  of  the 
amplitude  scattering  equation 

^  UB*  ~  Abub  (6.24a) 

we  will  apply  the  unit  matrix  insertion  (UMI)  method  by  inserting  the  unit  matrices  (6.18)  to  different  places 
in  the  amplitude  two-way  transmission  equation 

Vr=U*ABUTB  (6  24b) 


with  the  regular  Sinclair  scattering  matrix  AB  (we  shall  call  it  the  ‘SI  type’  matrix).  By  doing  so  we  arrive  at 
three  other  amplitude  matrices  and  the  corresponding  scattering  and  transmission  equations  (see  Fig.  6.2b-d): 


the  Jones  propagation  matrix  of  PI  type, 

A°b=C°b*A 


B  > 


Abub 


T..So 
B  > 


A!u 


V  =  uRo  *  A°  nT 

’  r  UB  AB  UB 


the  Jones  propagation  matrix  of  P2  type, 

0  A  —  a  *  . 
B  ~  ^B^B  > 


°ABulB°*  =  XrusB\  Vr=u*  °Ad  ut°  * 


(6.25) 


(6.26) 
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the  Sinclair  scattering  matrix  of  S2  type, 
°A°  -  r°  *  A  C°  *  ■ 

B  ~  '-'B 


°A°utb°* 


A 


T  So 
Ua  . 


V,  = 


rRo 


°A° 

A B 


To 


(6.27) 


These  matrices  and  equations  correspond  to  the  reversed  coordinate  systems  at  the  input,  output,  and  on  both 
sides  of  the  scattering  object,  succesively.  They  will  be  especially  useful  when  considering,  e  g.,  the  cascading 
connections  of  the  polarimetric  two-ports  [14],  The  reflectance  and  transmittance  amplitude  matrices  of  those 
two-ports  can  be  of  all  the  above  mentioned  types.  However,  in  order  to  take  full  advantage  of  such 
representations,  at  first  the  Poincare  sphere  geometrical  models  of  those  matrices  should  be  constructed, 
proceeded  by  their  decomposition  into  product  of  matrices  explaining  successive  transformations  of.  the  PP 
vectors  when  scattering. 


6.  5.  Summary  of  advantages  and  envisaged  applications  resulting  from  introduction  of  the  PP  vectors 

There  are  several  essential  advantages/applications  of  the  waves’  representation  by  the  PP  vectors  (or  tangential 

phasors),  e.g.: 

•  The  two  Jones  directional  vectors  (when  applying  Lueneburg’s  terminology  [107]),  i.e.  complex  amplitudes 
of  waves  or  complex  lengths  of  antennas  oriented  in  opposite  directions,  can  be  determined  by  one  only  PP 
vector  (its  direct  value  or  complex  conjugate)  what  results  in  using  the  same  orthogonal  null-phase  (ONP) 
PP  basis  and  its  transformation  or  spatial  basis  reversal  (for  the  xyz  coordinate  system  rotated  by  180° 
about  an  axis  perpendicular  to  the  z-axis)  independently  of  direction  of  wave  s  propagation.  It  simplifies 

considerably  presentation  of  transmission  equations. 

•  Sum  and  product  of  phasors  can  be  used  to  present,  on  the  PP  sphere,  results  of  waves’  interference  and 
values  of  complex  voltages  received  by  an  antenna  from  a  wave. 

•  When  considering  scattering  by  targets,  the  polarization  and  spatial  phase  of  both  the  incident  and  scattered 
wave,  and  of  the  receiving  antenna,  all  can  be  presented  by  phasors  on  the  same  PP  sphere,  what  will  allow 
for  a  geometrical  interpretation  of  scattering  and  two-way  transmission  on  that  sphere  as  its  phasors’ 
inversion,  rotation,  and  change  of  phase,  followed  by  multiplication  of  results  by  the  receiving  antenna 
phasor. 

•  Not  only  special  polarization  points,  but  also  special  polarization  phasors,  e  g.  eigenphasors,  can  be  found 
for  Sinclair  matrices  given. 

•  Convenient  notation  can  be  applied  which  uses  phasors  of  PP  vectors  and  PP  bases  as  upper  and  lower 
indices ,  thus  obtaining  simple  comprehensive,  and  easy  to  remember  formulae  for  transmission  equations, 
the  spatial  coordinate  system  reversal,  and  for  the  ONP  PP  basis  or  the  PP  sphere  rotation. 

•  Changing  phase  of  the  first  phasor  of  the  ONP  PP  basis  (together  with  automatic  opposite  change  of  phase 
of  the  second  phasor  in  order  to  keep  the  basis  null-phase)  will  be  of  fundamental  importance  when 
studying  polarization  properties  of  scattering  matrices.  It  will  allow  one  to  arrive  at  canonical  forms  of 
bistatic  (in  general)  scattering  matrices  with  a  minimum  but  sufficient  number  of  parameters  necessary  for 
polarimetric  considerations,  e  g.,  for  classification  of  targets. 
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Compare:  u ™  =  C*C*uB  =  -llB  with  uB°  =  C°D  *  CBuB  =  +uB 

Fig.  6.  la,b.  Mutual  dependence  between  phase  parameters:  (a)  analytical,  s.  and  (b)  geometrical,  7, 

of  the  u  and  u°  vectors. 

In  (b):  Phase  delay  A  of  the  received  voltage  does  not  depend  on  the  z-axis  reversal  by  the  coordinate  system 
rotation  (See  also  Fig.  6. 1c.  for  the  sign  of  A  dependence  on  directional  upper  indices  of  polarization  phasors) 


Fig.  6.  lc.  Determination  for  the  received  voltage  its  phase  lag,  A,  or  phase  advance,  -zL 
by  inspection  of  the  polarization  phasors  shifted  parallel  to  a  common  polarization  point  P. 
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7.  Scattering  and  Propagation  Matrices 

The  same  scattering  phenomenon  can  be  described  from  two  points  of  view.  Historically  the  first  one 
corresponding  to  the  so  called  forward  scattering  alignment  (FSA)  or  ‘wave  coordinate  system’  is  usually 
being  apphed  m  optics.  In  radar  transmission  it  is  being  used  mostly  to  determine  the  change  of  polarization 
and  phase  of  a  wave  propagating  through  the  surrounding  medium  to  and  from  an  observed  target  Polarimetric 
properties  of  that  medium  are  determined  in  the  FSA  by  the  Jones  or  Mueller  matrices.  Another  point  of  view 
corresponds  to  the  so  called  backward  scattering  alignment  (BSA)  or  ‘antenna  coordinate  system’  It  is 
especially  useful  when  analyzing  the  change  of  polarization  by  an  observed  object  itself.  Sinclair  and  Karnaugh 
matrices  are  then  in  use  to  describe  polarimetric  properties  of  that  target  Though  scattering  in  the  two 

1S  ^  S3me’  ?e  two  1X511115  0f  vriew  impose  different  interpretations  of  polarimetric  signatures 
obtained  for  matrices  w  the  two  alignments.  On  the  other  hand,  because  of  dealing  with  the  same  scattering 
phenomenon,  an  exact  relation  between  the  Jones  and  Sinclair  matrices  exists  and  will  be  presented.  Obtaining 
aligxunerTtLatl°n  ^  ^  130851,316  when  appIyin2  the  spndal  reversal  transformation  joining  matrices  in  the  two 

In  order  to  gain  geometrical  representation  of  scattering,  vectors  of  incident  and  scattered  waves  as 
well  as  the  receiving  antenna  vector,  should  be  presented  on  one  Poincare  sphere.  For  that  reason  all  matrices 
and  valors  used  m  one  transmission  equation  will  be  expressed  in  the  same  precisely  determined  orthogonal 
null-phase  (ONP)  polanmetnc  basis.  Such  a  basis  will  be  represented  on  the  Poincare  sphere  by  two  collinear 
polarization  phasors  tangent  to  the  sphere  at  its  antipodal  points.  And,  what  should  be  stressed,  that  basis  will 
be  exactly  the  same  for  illuminating  and  scattered  waves  independently  of  the  alignment  used,  FSA  or  BSA 

o  arrive  at  such  representation  of  scattering,  a  concept  of  polarization  and  spatial  phase  (PP)  vectors 
tor  antennas  and  waves,  different  from  complex  antenna  heights  (CH)  and  complex  wave  amplitudes  (CA)  will 
be  applied.  It  will  be  based  on  time  reversal  symmetry  of  Maxwell  equations  and  their  solutions,  and  on  precise 
relation  of  these  PP  vectors  versus  each  local  spatial  coordinate  system:  for  illuminating  waves,  scattered  waves 
and  for  a  receiving  antenna. 

„  .t,  I11?356  °^ing  th?  Sinclair  scattering  matrix,  the  last  two  spatial  coordinate  systems  are  identical 

with  the  first  one.  When  applying  the  Jones  propagation  matrix,  they  are  reversed  by  180°  rotation  about  an  axis 
perpendicular  to  direction  of  propagation  and  to  a  chosen  ‘horizontal’  reference  axis  Therefore  the 
corresponding  PP  vectors  depend  on  the  reversal  (by  rotation)  of  a  local  spatial  coordinate  system  and’such 
reversal  is  the  only  reason  for  a  difference  between  Sinclair  and  Jones  matrices. 

.  PP vectors  of  antennas  and  waves  also  will  be  represented  by  tangential  phasors  on  the  Poincare 

sphere.  Mutual  locations  and  orientations  of  the  antenna  and  wave  phasor  with  respect  to  a  basis  phasor  define 
elements  of  the  corresponding  antenna/wave  PP  column  vector. 

_  „  Spatial  reversal  matrices  determining  relations  between  Jones  and  Sinclair  matrices  as  well  as  between 
Mueller  and  Karnaugh  matrices  depend,  what  has  been  stressed,  on  the  orthogonal  polarimetric  bases  used.  It 
has  been  observed  that  different  kinds  of  orthogonal  bases  are  in  use  for  different  applications.  Usually  the  ONP 
PP  bases  present  the  best  choice.  However,  bases  with  their  both  phasors  rotated  by  90°  seem  to  be  more 
adequate  for  meteorological  applications.  For  instance,  they  have  been  used  in  the  McCormick’s  works.  Here 
derivation  of  reversal’  transformations  joining  vectors  and  matrices  in  the  two  alignments  has  been  presented 
based  on  the  radar  transmission  equations. 

For  Sinclair  and  Jones  matrices,  describing  the  same  physical  phenomenon  of  nondepolarizing 
scattering  two  different  Poincare  sphere  models  are  proposed.  The  Sinclair  matrix  has  been  decomposed  into  a 
product  of  two  operations  of  inversion  and  rotation  of  the  Poincare  sphere.  For  the  Jones  matrix  model  another 
Sinclair  matrix  has  been  applied  followed  by  additional  orthogonality  transformation.  Such  difference  in 
construction  of  the  two  models  can  best  explain  diverse  physical  interpretations  of  their  operation. 

,  P,m,tcf  are011111  of  simPle  formulae  and  the  Poincare  sphere  geometrical  models  of  scattering  matrices 
can  be  obtained  when  applying  to  radar  polarimetry  the  PP  vector  approach,  based  on  the  time-symmetry  of 
Maxwell  equations  and  followed  by  the  polarization  phasor  notation  which  uses  phasors  as  upper  and  lower 
indices  for  vectors  and  matrices. 

Bef°re  approaching  presentation  of  scattering  and  propagation  matrices  short  summary  of 
fundamental  transformation  matrices  wifi  be  attached  and  their  meanings  explained.  Then  the  two  ‘elementary’ 
transformations  will  be  presented  by  which,  or  by  their  special  forms,  all  others  can  be  expressed. 

7. 1.  Setting-up  of  fundamental  transformations 

The  following  set  of  four  transformation  equations  completes  the  u  vector  definition.  A  general  rule  is  that  the 
domain  and  range  of  all  these  transformations  are  CA  vectors  expressed  by  the  corresponding  PP  vectors.  In 
such  a  sense  we  can  speak  about  the  following  transformations  of  the  PP  vectors: 
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•  Scattering  transformation  in  the  BSA,  with  scattering  (Sinclair)  matrix  A  (of  the  so  called  SI  type), 
transforms  the  PP(+)  unit  vector  u  of  an  incident  wave  into  another,  scattered  wave  PP(-)  unit  vector  u'  with 
real  nonnegative  coefficient  A: 

PP(+ )  PP(-) 

Au  =  hi'  *,  alias  Au^  -  X  u'~  *  ,  X  gR+  (7.1) 

CA(+)  'c40-T 

The  A  matrix  should  be  determined  for  local  spatial  coordinate  systems  of  the  two  PP  vectors,  u  and  u  ’,  of  the 
incident  and  scattered  waves.  Both  the  A  matrix  and  u  vector  should  be  expressed  in  a  common  ONP  PP  basis, 
what  results  in  the  «’  vector  also  in  that  basis,  i.e.  the  basis  identically  determined,  like  the  u  vector,  versus  its 
local  spatial  coordinate  system. 

Conjugate  value  of  the  scattered  unit  PP  vector  means  the  unit  CA  vector  of  the  scattered  wave  moving  in  the 
negative  direction  of  the  propagation  axis  in  the  BSA. 


•  Orthogonality  transformation  of  the  PP  vector,  u  ->  ux ,  also  results  in  a  conjugate  value  of  the  orthogonal 
PP  vector: 

PP{+)  PP(-) 


C*u  =  u **,  alias 


Cx  u+ 


u 


or 


CA(+)  CA(- )  . 

pp(-)  pp(+y 

s-iX  -  *  X+ 

C  u  *=  ii 

CA(-)  C4(+) 


cy 


'0 

-f 

„  X 

1 

* 

1 

I _ 

1 

0 

a  * 

,  uu  *-  0. 


(7- II) 


This  is  compatible  with  the  statement  for  scattering  in  the  BSA  because  the  received  voltage  expressed  by  the 
equation  like  (3.8),  for  mutually  orthogonal  receiving  antenna  and  incoming  wave,  will  vanish  only  for  their 
opposite  ‘orientations’,  accounted  for  in  the  Hermitian  product.  There  is  no  change  of  basis  under  the 
orthogonality  transformation. 


•  Rotation  transformation  in  the  PP  (C2)  space  will  be  defined  for  three  different  (in  general)  PP  column 
vectors  u,  u  ’,  and  u"  as  follows: 


Cu'=u" 


C- 


f  xl 

a  -b* 

"l 

o" 

\u  u  ]  = 

,  CC*  = 

L  J  S 

b  a* 

0 

1 

detC  =  +1. 


(7.  Ill) 


No  conjugation  of  PP  vectors  is  experienced  because  rotation  in  the  PP  space  does  not  change  the  direction  of 
wave’s  propagation. 


•  Spatial  reversal  transformation  rotates  the  antenna/wave  or,  equivalently,  the  spatial  coordinate  system  by 
180  in  the  R 3  space  about  an  axis  perpendicular  to  direction  of  propagation.  In  both  cases  it  changes  the  PP 
vector  of  the  antennaAvave  which  becomes  oriented  in  the  opposite  direction  along  the  propagation  Oz  axis: 


with 


C°u-u0*,  alias 


or 


pp(+ )  pp(-) 

C°t  ,  =  u°~  * 

CA{+)  CA(-) 

PP(-)  PP(+) 

c°  *  Jr  *=u°\ 

CA{~)  CA(+) 


detC0  =  -1,  C°=C°=C 


-1  0 

0  1 


C,  C°Cc 


1  0 
0  1 


(7.  IV) 
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Here  C  is  a  complex  matrix  defined  in  any  ONP  PP  basis  to  which  it  is  transformed,  by  using  the  rotation 
matrix  C,  from  the  simplest  real  form  in  the  horizontal/vertical  linear  polarization  basis. 

The  following  essential  feature  of  definition  of  the  reversal  transformation  should  be  observed:  the  PP  vector 
of  an  antenna  changes  when  its  spatial  local  coordinate  system  reverses  (by  rotation)  against  the  antenna  This 
is  because  the  polarization  and  phase  is  always  determined  in  its  local  spatial  coordinate  system,  and  never 
changes  when  antenna  rotates  together  with  that  system.  So,  no  matter  what  is  reversing,  the  antenna  or  the 
coordinate  system,  the  PP  vector  of  the  antenna  always  undergoes  the  same  change. 

It  is  worth  noticing  the  following  dependencies  between  matrices  C*,  C,  and  C° : 

CXC=C*CX  and  CXC°=C°*CX  (7.l) 

..  four  transformations,  (I)  -  (IV),  represented  by  the  matrices  A,  C*  C,  and  C° ,  form  a  comer  stone  for 
the  PP  vector  approach  to  the  theory  of  radar  polarimetry  together  with  an  ‘polarization  phasor  notation’ 
explained  in  Chapter  5.  All  other  transformation  formulae  can  be  obtained  by  using  those  four  only. 


7,  2.  Two  Elementary  Transformations 


For  purposes  of  representation  of  scattering  on  the  Poincare  sphere,  the  normalized  inversion 

matrix  A0n  can  be  introduced  instead  of  A,  more  elementary’  than  the  Sinclair  matrix,  realizing  the  following 
inversion  transformation: 


where 


* 


aINV 

10n 


-U-yV 
-1  +  Q 


1  +  Q 

U-yV 


det^  =1-(Q2  +  U2  +  V2)<  1 


(7T) 

(7.2) 


in  which  the  Q,  U,  V  values  are  coordinates  of  the  ‘inversion  point’  inside  the  Poincare  sphere  of  unit  radius 
The  Sinclair  scattering  matrix  can  then  be  presented  in  the  form: 


Here 


A  =  ej4C 


(7.3) 


and 


£  =  -argdet  A, 


cr0  =  SpanA  +  2\detA\, 


(7.4) 


denotes  the  radius  of  the  Poincare  sphere  model  of  the  scattering  matrix  A.  Of  course,  the 


“n  “atnx  depends  on  the  ONP  PP  basis,  contrary  to  the  othogonality  matrix,  the  transposed  version  of 
which  presents  its  special  case  for  the  inversion  point  in  the  center  of  the  sphere. 

Al^  &e  spatial  reversal  matrix  can  be  presented  as  a  product  of  simpler  matrices:  of  conjugate 
rotation  and  transposed  orthogonality  multiplied  by  -j  phase  factor.  In  that  form  it  resembles  the  Sinclair 
scattering  matrix  and  can  be  considered  as  that  matrix  for  the  free  space.  Its  inversion  matrix  is  the  inverse  (the 
transposed  version)  of  the  orthogonality  matrix: 


C° 


-1  o' 

0  jl  0  f 

0  1 

=  -j 

J  oJ_ — 1  0 

=  -jCKur  *(1X],7T)AINV(C°)  =>  Am'(C°)  =  Cx  (7.3’) 


Taking  all  that  into  account  one  can  see  that  all  polarimetric  matrices  can  be  expressed  by  a  product  of 
only  two  elementary  matrices  of  rotation  and  inversion  with  a  complex  number  factor. 

What  can  be  seen  from  the  above  approach  to  the  theory  of  radar  polarimetry  is  that  an  efficient 
reduction  in  number  of  basic  formulae  has  been  obtained  owing  to  expression  of  complex  wave’s  amplitude  and 
complex  antenna  height  vectors,  equipped  with  their  directional  indices,  by  the  PP  vectors  numerically  identical 
for  both  directional  indices. 
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7.  3.  The  Poincare  sphere  of  tangential  phasors  and  the  ONP  PP  basis 

In  order  to  construct  the  Poincare  sphere  model  of  a  Sinclair  matrix  for  bistatic  scattering,  it  is 
necessary  to  present  that  matrix  in  its  characteristic  coordinate  system  (CCS)  in  Stokes’  parameters  space, 
corresponding  to  some  characteristic  ONP  PP  basis. 

Any  ONP  PP  basis  is  formed  by  two  orthogonal  PP  vectors  mutually  related  by  the  orthogonality 
transformation  (7.II).  In  the  polarization  phasor  representation  they  will  be  shown  on  the  Poincare  sphere  as  the 
ordered  pair  of  two  collinear  phasors  tangent  to  the  sphere  in  two  antipodal  points  [3],  It  is  evident  that  only  the 
first  vector  of  the  basis  should  be  determined  because  the  second  one  can  be  found  using  formula  (7. II).  Let 
those  phasors  and  the  corresponding  unit  PP  vectors  be  denoted  by: 

B<f>ub  and  Bx  cp  ub*  (7.5) 

and  let  such  basis  be  denoted  by  its  first  phasor  B.  Then,  any  other  PP  vector,  corresponding  to,  say,  P  phasor, 
can  be  expressed  by  its  unit  column  PP  vector  in  the  ONP  PP  basis  B  in  a  matrix  form  as  follows: 

=[«*«*>£  (7.6) 

where  the  unit  column  PP  vector  itself  will  be  determined  by  Cayley-Klein  parameters  a  and  b,  expressed  by 
halves  of  Euler  angles  between  tangential  phasors  on  the  Poincare  sphere:  of  that  PP  vector,  and  of  the  first 
vector  of  its  ONP  PP  basis  (Fig.  7. 1): 


a 

p 

COS  ye  Bs+e) 

b 

B 

s\ny,e+1<'6~e^ 

(7.7) 


7.  4.  The  Stokes’  four-vector  of  complete  polarization 

The  corresponding  unit  Stokes  four-vector  will  be  found  according  to  (2.4)  and  (3.3 1)  or  (5.37)  as 

1  T 

cos2r 

(7.8) 

sin  2 y  cos  IS 
sin  2y  sin2£ 

thus  presenting  rectangular  coordinates  of  the  polarization  P  point  in  the  four  Stokes’  parameters  space,  on  the 
polarization  four-sphere  of  unit  radius. 


p;=u* 


(Ug  0  u 


p  —  ^ 


7.  5.  About  different  orthogonal  PP  bases  -  The  collinear  and  parallel  phasor  bases 

The  ONP  PP  bases  can  be  called  the  bases  of  collinear  phasors.  Another  often  used  is  the  basis  of 
parallel  phasors.  This  is  a  different  class  basis  which  can  be  obtained  from  the  ONP  PP  basis  not  by  its  rotation 
but  by  multiplication  of,  e.  g.,  its  second  (orthogonal)  vector  by  +j  or  -j  factor  (the  corresponding  basis 
transformation  matrix  is  of  determinant  equal. to  plus  or  minus  j,  accordingly).  There  is,  however,  a  problem 
about  location  of  sum  of  the  new  basis  phasors.  There  was  no  such  problem  for  the  ONP  PP  basis,  for  which  the 
sum  of  its  phasors  was  also  collinear  and  always  shown  by  the  arrow  of  its  first  phasor.  Simple  rule  can  be 
proposed  for  the  parallel  basis  phasors:  if  the  second  vector  of  the  original  ONP  basis  has  been  multiplied  by  -j 
(+/),  then  the  sum  of  the  new  basis  phasors  is  on  the  right  (left)  site  of  the  first  phasor  of  that  basis,  e.  g. 
(Fig  7.2), 
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r  r  Rxi  i  1 
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~^\UH  ~ JUH*\ 


i  n  i 


vectors  of 
colli  near 
phasors 


2  \J  ~J 

- v - - 

vectors  of 

parallel 

phasors 


Z  =  V2  =  yfi  UH„  . 


vector  of  the  sum 
of  basis  phasors 


7.  6.  Opposite  orders  of  the  ( H,V)  or  (V,H)  linear  bases 


When  using  the  (H,  V)  or  (V.H)  ONP  PP  bases  (H  -  horizontal  linear,  V -  vertical  linear)  there  is  always 
a  doubt  about  the  order  of  basis  vectors.  Altogether  four  possibilities  exist  for  choosing  the  horizontal/vertical 
linear  polarization  basis: 


(7.10) 


The  above  Jones  or  PP  column  vectors  may  correspond  to  the  following  linear  bases: 

(H,V)o(x,y),  (H,r)o(y,x),  (V ,  H)  <=>  (x,  y),  and  (V,H)  o  (y,x).  (7.11) 

Recognition  of  the  order  of  basis  used  by  an  author  is  necessary  to  identify  handedness  of  polarization  on  the 
Poincare  sphere. 

7,  7.  Phasors  in  bases  of  the  opposite  order 

Basis  phasors,  and  all  other  phasors,  if  referred  to  the  basis  of  the  opposite  order,  should  be 
represented  on  the  Poincare  sphere  as  oppositely  oriented. 

If  the  original  (x,y),  alias  X,  ONP  PP  basis  will  be  rotated  to  the  position  of  the  (a,b)y  alias  A,  basis 
then  bases  of  the  opposite  order,  called  (y,x),  alias  Y”,  and  (b,a),  alias  B”,  will  be  represented  by  their  first 
phasors,  Y  ’and  B”,  oriented  oppositely  to  Y  and  B  That  is  in  agreement  with  the  known  relations  between 
basis-dependent  polarization  parameters  for  mutually  reversed  basis  order. 

There  are  two  main  transformations  governing  the  PP  column  vectors  expressed  in  the  orthogonal 
bases  of  opposite  order  (not  necessarily  the  ONP  PP  bases): 

P  P ..  0  ll  p 

UA  ->  Wo..  =  \u\ 


p  P" 

uA  -> = 


0  -1 


valid  also  in  the  opposite  direction’  (all  double-primed  phasors  can  be  exchanged  for  non-double-primed  and 
vice  versa). 

7.  8.  Amplitude  Equations  of  Scattering  and  the  Two-Way  Transmission 

The  scattering  transformation  in  the,  e.g.,  horizontal/vertical  H  basis  can  now  be  written  according  to  (I)  as 

AHUTH=XTUSH*  (7.13) 

and  the  received  voltage,  after  (3.8)  and  (7. 13),  can  be  given  by  a  Hermitian  product 

Vr  =  Atu£us„  *  =  u^Ahuth  (7 .14) 

This  is  a  simplified  two-way  (radar)  transmission  equation  presented  in  terms  of  polarimetrically  essential 
parameters  only. 
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7.  9.  Change  of  Basis  Transformation 

Let  the  characteristic  basis  of  the  scattering  matrix  be  denoted  by  phasor  K  symbol.  In  order  to  transform 
equation  (7. 14)  to  that  basis  the  following  rotation  matrix  will  be  used 


f  K 

_  Kx  1 

a 

-b  * 

[W// 

uH  J  = 

b 

a  * 

-iK 


,  with  Cj?  —  Cv  *  and  C5  C ?  = 


H 


1  0 
0  1 


(7.15) 


CK  uH 


u 


K 


A k  -  0/  ah  ch 


Change  of  basis  rules  with  that  rotation  matrix  are  [2], 

and 

So,  for  transformation  to  the  K  basis,  one  obtains 

Vr  -  ATu^af]  *  =  Atu*Ck  Chk  *ush*~  Atu*usk  * 
Vr  -  uhAhuh  =  uHCHCK  AhC^C^uJ{  =  u£ A Ku\ 


or 


(7.16) 

(7.17) 

(7.18) 


7.  10.  Sinclair  to  Kennaugh  matrix  transformation 

The  received  power  can  be  found  in  terms  of  a  Kennaugh  matrix,  ,  in  a  K  basis,  say,  determined  as  follows: 

Pr  -  Vr  <S>  Vr  *  =  (tiK  Ak ( uK  Aku %  )  * 

=  (u?  ®  Uk  *>u  *0 (Ak  ®  Ak  *)UU  *  (  utk  0  utk  *) 

■  V  .  J 

K  *  (7.19) 


= 

=  crTP^P®  with  crT  =  (AT )2  and  =  U  *(  0  *) 


Elements  of  the  Kennaugh  matrix  will  be  denoted  in  a  way  used  by  Perrin  [126]  and  van  de  Hulst  [83],  but  with 
a  slight  modification  resulting  from  another  alignment  (BSA),  in  comparison  with  the  FSA  applied  by  those 
authors.  In  effect,  the  following  forms  will  be  obtained  for  Kennaugh  matrices  in  the  polarization  phasor 
notation,  in  the  H  (horizontal /vertical  linear)  and  K  (characteristic)  bases: 


ai  bj  b3  b5 

a,  bj  b3  b5 

K*  = 

Cj  a2  b4  b6 

C3  C4  a3  b2 

>  - 

b,  a2  b4  b6 
-b3  -b4  a3  0 

(7.20a, b) 

_C5  C6  C2  a4_ 

H 

-b5  -b6  0  a4 

K 

Elements  of  those  matrices  will  be  presented  in  terms  of  elements  of  the  following  Sinclair  A  matrices  in  both 
bases  (exact  relations  between  AH  andyf*  matrices  can  be  found,  e.g.,  in  [53]): 


Ah  - 


A 

A 


A  = 


2  jB2 


A 

~B]  -  jB2 


A 


An 


CCS 


(7.21a,b) 


Here:  AjH  e C1 ,  AlCCS  and  BiCCS  eR  ',  and  in  the  CCS:  A2  >  Ax  >  0 ,  B2  >  0,  and  Bx  >  0  but  only  if 
B2  =  0  (for  unambiguity  of  the  characteristic  basis,  K).  In  the  H  basis,  the  one  digit  lower  indices  of  the 
scattering  matrix  elements  are  taken  after  van  de  Hulst  [6],  It  has  been  done  for  simplifying  the  notation,  but 
also  with  one  essential  difference.  In  the  proposal  offered  by  van  de  Hulst  his  transformation  matrix  was 
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designed  for  the  FSA.  Here  the  BSA  has  beenchosen,  which  is  more  convenient  for  symmetry  reasons  in  the 
case  of  backscattering. 


Relations  between  elements  of  the  (20a)  and  (21a)  matrices,  in  the  H  or  in  any  other  ONP  PP  basis, 
will  be  presented  in  terms  of  the  following  real  valued  expressions  (also  after  van  de  Hulst),  for  i  ,k  =  1,  2,  3’ 
and  4i 

Mk  =  AkAk  * 

S/a  =  Ak  -~(AA  *+AA  *) 

2  (7.22) 


In  terms  of  those  expressions,  the  KH  matrix  as  in  (20a)  takes  the  form  (compare  [6],  [1],  and  [5]): 


K//  = 


2(^2  +  M3  +  M4  +  My)  \{M2  -  M3  +  M4  -  My) 
\{M2  +Mj  -M4  -  My)  \{M2  -M3  -  M4  +  My) 


S4i  +  $ 


13 


M2 


’13 


£>42  +  A3 


D42  D 


13 


^32 

+  S 14 

A2 

+  Dy4 

A  2 

-*14 

Aj2 

-A  4 

*34 

+  *12 

Dy2 

+  A4 

A2 

“A4 

*34 

“  *12  _ 

H 

(7.23) 

’ - >  "  amuiai  van  uc  nuibi  s  iormuia  is  ror  tne  Distatic  propagation  Pi- 

type,  or  Mueller  matrix  obtained  for  the  corresponding  Jones  matrix. 

In  case  of  symmetrical  Kennaugh  matrices,  its  diagonal  elements,  denoted  as  in  (7  20a)  satisfy  the 
linear  equation  3 


a,  =a,  + 


a3  +a, 


(7.24) 


Elements  of  the  K*  matrix  (7.20b),  determined  in  the  characteristic  coordinate  system  (CCS) 
corresponding  to  the  characteristic  ONP  PP  basis  K,  will  be  given  directly  by  the  (7.21b)  matrix  elements: 

with  nine  different  elements: 


ai  =  j(^2  +  A2)  +  Si  +  b2  >  0, 

a3  =  A1  A2  —  Bl  -  B2, 
a4  =  -Ay  A2  -  By  -  B2  <  0, 

bi  =  l{A2  ~  Ax)  >  0, 
satisfying  the  linear  equation 

a2  =  a,  +  a3  +  a4 


b3  “  B]^A2  Ay 
b4  =  By(^A2  +  Ay 

b5  =  ~B2(A2  +4)^0,  (7.25) 

b6  -  -B2[a2  -  Ay )  <  0. 
b2  =  0 

(7.26) 


They  are  mutually  related  by  the  folloeing  equation  known  as  conditions  for  preservation  of  complete 
polarization  of  the  scattered  wave: 


a,a2  +a3a4  =bf 
aia3  +a2a4  =  -b3-b* 
a,a4  +a2a3  =  -b*  -b4 


(7.27a) 
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a  2  =  b2+b2+b2+b;: 


a?~a2  =bf  +b52+b; 
af-a^b^+b^+b2 


(7.27b) 


b,(a,  -a2)  =  b3b4  +b3b6 
0 -  b3b5  -  b4b6 
b,  (a,  +  a3)  =  b,b4 
b4(a,  +a4)  =  b,b3 
b,(a,  +a4)  =  b,b6 
b«(a,  +a3)  =  b,b5 


(7.27c) 


An  additional  remark:  The  above  presented  and  commonly  accepted  form  of  the  Kennaugh  matrix  is  not  the 
only  one  possible.  Its  another  version  was  recommended  by  Kennaugh  himself  in  his  Reports  [95],  Istead  of 
(7. 19),  an  equivalent  procedure  can  be  applied  for  expressing  the  received  power: 

Pr  -  Vr  <S>Vr*  —  (uK  AKUg  )  <8>  (Uf?  Ag-Ug  )  * 


=  07"  ®,7"*)UU*(^  ®^*)U*U(  4  ®4*> 


(7.19’) 


_  niR  \s<  p'T 

-  r  K 

=  vTP'Rk  K 


with  <t t=(At)2  and  P'^=U(?/j 


The  unacceptable  consequence  of  such  approach  are  negative  values  of  25  and  2  a  angles  for  the  positive  fourth 
V  component  of  the  new  Stokes  four-vector  because,  customarily,  positive  V  values  correspond  to  the  upper 
part  of  the  Poincare  sphere.  Of  course,  the  right-handed  circular  polarization  would  be  obtained  for  the  upper 
pole  of  the  sphere  when  applying  the  ‘natural’  (x,y)  basis,  what  probably  was  the  purpose  of  the  Author.  Also, 
in  the  new  (precisely:  original)  Kennaugh  matrix  the  following  elements  of  it  will  change  their  signs: 

^5  >^6  >^2  >  c5>c6>c2  (or  ^-elements  only  for  symmetrical  matrices,  because  in  his  reports  Kennaugh 
considered  symmetrical  matrices). 

7.  11.  Change  of  Alignment:  from  the  BSA  to  FSA 

When  applying  the  reversal  transformation  to  the  transmission  equation  (7.18),  the  Jones  propagation  matrix 
A° ,  in  the  FSA,  can  be  immediately  determined  as  dependent  on  the  Sinclair  A  matrix. 

K  =  «K  AKul  =  (Q  Q  *)Ak  ul  =  *  A°kUTk  (7.28) 


A°  _  no  *  A 
-  '-K  nK 


/~<o  _  s-iK  r*o  s~iK 


Also  the  Mueller  matrix,  K° ,  can  be  found  when  using  procedure  similar  to  that  of  (7. 19): 

Pr=  Vr®Vr*  =  (ut*A°uTK)®(u?*A°uTK)* 

=  (u£°  *  ®u£°  )UU  * (A°  0  A°  *)UU  *(uTK®uTK*) 


=  F?K«P l 
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K£r  -U*(j4£  0^*)U  =  D^rKAr  where  D£.  =  U(C£  *)U 


In  the  H  basis, 


-1  0 


dj=u(c;®c;*)u= 


So,  from  (7.20b)  we  obtain 


-c. 


-Ca  -a, 


In  any  other  ONP  PP  basis  B,  the  spatial  reversal  transformation  matrix  in  the  Stokes  parameters 
becomes 


and  finally 


10  0  1' 
J_  1  0  0-1 

2  0  110 

_0  -j  j  0 


D0B=U{C°®C°B*)U 


w  *  u 
u  w 


1  1  0  O' 

B  0  0  1  -j 

H  0  0  1  j 

1-10  0 


-ufw  +  w*> 


jufw  -  w*) 


0  -ufw  +  wV  u2-^-fw2+w*2>  irw2-w*2; 

_0  jufw-w*)  ^(w2-w*2;  u2+ifw2+w*2; 


In  special  cases  of  B  -  H  or  B  -  RC  (right-circular  and  co-phased  with  H,  represented  by  the  parallel  phasor) 
when  u  —  0  and  w  —  1,  we  obtain  the  previously  presented  form, 


n° 

uHorC 


10  0  0 

0  10  0 

0  0-10 

0  0  0  1 
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Fig.  7.1 .  Tangent  phasor  P,  its  angular  coordinates  in  the  ONP  polarization  basis  B, 
and  the  corresponding  rectangular  coordinate  system  QB  UB  VB 
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Fig.  7.2.  An  example  of  formation  of  the  parallel  phasor  basis. 
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8.  The  Poincare  Sphere  Analysis 

8.  1.  Scattering  as  inversion,  rotation,  and  change  of  phase 

In  the  //basis,  the  expression  for  the  bistatic  scattering  Sinclair  matrix  can  be  presented  in  the  form 


(8.1) 


where  elements  of  the  matrix  are  numbered  according  to  the  notation  proposed  by  van  de  Hulst  [83], 

The  Sinclair  matrix  can  be  decomposed  into  a  product  of  the  inversion  (dephased  and  normalized)  and  rotation 
matrices,  and  of  two  scalar  factors:  the  radius  k  of  the  Poincare  sphere  model  of  the  matrix,  and  the  exponential 
absolute  phase  factor: 

Aff=k  CpH  *  A0nffe^  (8.2) 


where  the  subscript  ‘On  ’  means  dephased  and  normalized  value  of  the  inversion  matrix  corresponding  to  the 
unit  radius  of  the  Poincare  sphere  model  of  the  matrix.  The  radius  of  the  model  before  normalization  is 


k  - 


(8.3) 


It  is  called  also  the  ‘stress’  of  the  matrix,  after  Krogager  [102],  The  square  of  the  Poincare  sphere  diameter 
(before  normalization)  can  be  defined  as 


c7q  =  SpanA  4-  2|  det  A\ 
and  the  absolute  phase  of  the  matrix  is 


1 

£  =  —  arg  det  A 


(8.4) 


(8.5) 


Span  and  determinant  of  the  matrix  are  both  independent  of  the  PP  basis.  Therefore  the  name  of  the  basis, 
usually  presented  by  the  lower  index,  has  been  omitted  here. 

General  idea  of  such  decomposition  for  nonsymmetrical  scattering  matrices  has  been  propesed  by 
Karnaugh  in  [96], 


The  matrix  CfH  means  rotation  of  the  PP  sphere  placing  some  P  phasor  to  cover  with  the 

characteristic  basis  K  phasor  ,  the  rotation  being  expressed  in  the  H  basis.  However,  such  a  matrix  describes 
rotation  all  tangential  phasors  on  the  Poincare  sphere  by  an  angle  2  <f>  about  an  axis  along  the  sphere  unit  vector 
n.  Therefore,  also  another  symbol  for  that  matrix  can  be  used, 

CfT{n,2^CfT  (8.6) 

and  the  Sinclair  scattering  matrix  can  take  the  form: 

Aff  =C£or  *  Albert ,  (8.7) 

Inversion  always  reverses  direction  of  propagation  versus  the  z  axis  and  therefore  produces  the  conjugate 
inverted  PP  vector.  That  requires  an  application  of  a  conjugate  rotation  matrix  which  is: 


s-iROT  jk  s~i  ROT 

CH  =  CH 


*  (n,20) 


cos^  +  jnx  sin^ 
(«3  +jn2)s\n(f> 


(-«3  +  jn2 )  sin  (f> 
cos  (f>-  jnx  sin^ 


J  H 


(8.8) 
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Here  (f>  is  one  half  of  the  rotation  after  inversion  angle,  and  components  of  the  unit  n  vector  of  the  rotation  axis 
are  along  the  Qw  ,  Uw,  and  axes.  The  form  of  the  above  expression  remains  unchanged  for  any  other  ONP 
PP  basis  B. 

That  conjugate  rotation  matrix  can  be  presented  in  terms  of  elements  of  the  Sinclair  matrix  A  (in  any 

ONP  PP  basis).  The  derivation  starts  with  determination  of  the  dephased  matrix  Ae~^  and  gives  the  following 
result: 


1  l(Ae~j4)cx  +Cx(a 

_  1 

A3e  &  ~  A4  *eJt 

-A2e~H 

1 

Kb 

* 

1 

^-\{Ae  )L  +C  [A  e  ) 

Axe~ ^  +  A2  *  eJ ^ 

~A4e~ ^ 

+  Aj  * 

(8.9) 


One  can  easily  check  that  this  is  really  a  rotation  matrix  by  just  comparing  mutual  dependence  of  its  elements 
with  those  defined  in  (III).  Then,  the  inversion  matrix  can  be  found  immediately  when  using  the  equation  (8.7): 


a2a3  *+a4ax  * 

-M2  -  M4-\&q\A\ 


M3  +  Mx  +|  det  A\ 
-A3A2  *-A,A4  *_ 
(8.10) 


And  again  one  can  check  that  this  is  an  inversion  matrix  because  for  the  inversion  I  point  coordinates  inside  the 
sphere  of  diameter  -J<J0  are: 


h 


(8.11) 


^ro~yjcro 

Taking  b,  values  for  /  =  1,  2,  3,  from  expressions  (7.20a),  (7,22)  and  (7.23),  one  can  find  that 

-U-yV  -—+  q"11 


aT  = 


-^~  +  Q  U-y'V 


(8.12) 


—  J  o’  n 


is  exactly  equal  to  (8. 10). 


8.  2.  Propagation  as  Lorentz  transformation,  rotation,  and  change  of  phase 


Similar  considerations  conducted  for  the  Jones  propagation  matrix  of  the  form 


A0  -  C°  *  A  = 


iC  r'R°T  a  lor 


with  (in  any  ONP  PP  B  basis): 


(~<0  _  B 

'-B  ~  ^ H 


c 

-1  0 
0  1 


C] 


H 


(8.13) 

(8.14) 


A 


LOR 

0 


=|argdet  A°  = 


(8.15) 


lead  to  the  following  results: 
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=-L|/^)+c*(r  *<?'**  )cxJ 

_J_|~ A°e~J?  +  A°  *  ej4°  A°e~jr  -  A°  *eJ4° 
[a'a \e~i?  -  Aj  *ejr  A°e-jr  +  A2°  *  ejr 


=  jCxC°CROT 


.LOR  _  ~j?  r'ROT  *  A0 


=  -J=L*°  *+CxA°Cxe-2jr]A° 

V^o  1  ] 

=  ' M\  +  M4°  +| det  zl3° ,4°  *  +  A? A°4  * 

_  Al Al  *+A°4A?  *  M3°  +  M,°  +| det  A\ 

=  CXA™'' 


=  iV^-Q  -u+y'v 
-u  -  jv  |V^+Q 


=  J&o 


8.  3.  Jones  matrix  in  the  horizontal/vertical  linear  basis 

When  changing  the  alignment  from  BSA  to  FSA  in  the  H  ONP  PP  basis,  the  obtained  Jones  matrix, 
called  also  the  propagation  amplitude  matrix,  is  of  the  form 

A°  =  CxCROT*A0^e^/2>  (8.19) 

with 


Amv  _ 

^0  H  ~ 


0  ajnv 


and  with  another  rotation  matrix 


CROr*  =  CROr 


preceded  by  the  orthogonality  matrix  and  followed  by  the  same  inversion  matrix. 

Simple  derivation  of  that  dependence  can  be  based  on  the  original  definition  of  the  Jones  matrix: 

A°h  =  C°hAh  -  C°hCxCxA„  =  CXCICXA„ 


H ^ 


- -jC'UC°C'C(H  *)<V<  =  C*AP 

Above  have  been  determined:  the  new'  rotation  matrix,  and  the  new  absolute  phase  angle,  £?  -  £  -  7dl\  the 
inversion  matrix  of  the  newly  defined  another  Sinclair  scattering  matrix,  Af° ,  has  not  been  changed. 


The  two  Sinclair  matrices  have  different  characteristic  bases,  K  and  K°,  and  different  angles  and  axes 
of  rotation  after  inversion: 


cos  tf)'  =  -n2H  sin^ ; 


0<  2 <j>'  <  In  , 


(8.22) 
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n\ 


1U 


H 


n3  sin  <j) 
CO  S(f> 
-nx  sin  <f> 


'I -n~  sin  <p 

The  new  rotation  matrix  differs  from  the  previous  one  by  an  additional  rotation  by  180°  about  the  \JH  axis. 


(8.23) 


8.  4.  Decomposition  of  the  Sinclair  matrix  into  product  of  matrices  in  the  characteristic  ONP  PP  basis 

Especially  simple  formulae  for  the  rotation  and  inversion  matrices  of  the  Sinclair  matrix  decomposition  in  the 
characteristic  K basis  result  from  expressions  (7.20b),  (7.21b),  and  (7.25),  from  which  one  obtains: 


with 


a,  -rROT  *  A -  yj°-  o  Amv 

*k-vk  aok  e  ,  aok  -—^-A0nK 


Z  =  Zo+M-,  to  =  ~  arg(z!2  Ax  +  B\  -  B\  +  j2BxB2  ) 


CCS  ’ 


a0  - 1^2  +  A\  +  2 (Bx  +  B2)  +  2 iJ(a2  Ax  +  Bx  -B2j  +  4BXB, 

Cg0T  *  =  CgOT  *  (n,2<p)  - 


(8.24) 


(8.25) 


(8.26) 


CCS 


cos  (f>  (~n3  +  jn2 )  sin  <f> 

(n3  +  jn2 )  sin  <p  cos^ 


Jat 


2BX  cos<^0  +  2 B2  sin£0  ~(A2  +  Ax) cos£0  +  j(A2  -  Ax) sin£0 

(A2  +Ax) cos^0  +  j(A2  -Ax) sin£0  2JB1cos£0  +2 B2  sin£0 


lees 


and 


jINV  _  1 

"0  K  -~r= 


OTc 


B, M2  -  A, ) -  JB, (A,  +  A, )  _  1(^2  _  Ai } 

2  2 

(^2  ~  Ax  )  —Bx  (A2  —  Ax )  -  jB2  (A2  +  Ax ) 


\<yr 


*3+ A  ^f-*i 

-U  -  jV 

~-bx  -b,+jb5 

K 

U-yV 

CCS 


(8.27,  8.28) 


(8.29,  8.30) 


1 K  ;  2  r0=J^0 


Geometrically,  the  rule  of  inversion  can  be  best  explained  when  considering  the  operation  in  the  equatorial 
plane  of  linear  polarizations  (see  Fig.  8. 1).  That  rule  remains  unchanged  after  any  rotation  of  the  ONP  basis, 
similarly  as  the  form  of  equation  (8.30)  or  (8. 12)  does.  Fig.  8.2  presents  an  example  of  inversion  and  rotation  in 
the  simplest  case,  of  monostatic  scattering. 

As  seen  from  the  above  formulae,  the  rotation  after  inversion  axis  in  the  CCS  is  in  the  =0  plane. 
The  rotation  axis  components  are  «i  =0,  and  n3  >0  The  rotation  after  inversion  angles  are: 

0<2<f><  180°  for  U^<0,  and  180°  <2<f> <360°  for  U^>0 


(8.31) 
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In  the  Stokes  parameter  space  the  corresponding  rotation  and  inversion  matrices  are: 


1 


ao  (tf,  +a0) 


prINV 

Kk  - 


1 


(«1  +ao) 


«o(«i  +ao) 

0 

0 

0 

«i(«i  +«o) 
-*i(«i  +«o) 

— *3  (flj  +  a0 ) 
-*5(«i  +a,o) 


0  0 
*?  ~a2(a]  +a0)  b4(a4-a0) 

b 4  (a4  -  a0 )  -b\  -  a3  (a,  +  a0 ) 

_*6(a3  ~  ao) 


*6(*3  ~a0) 


-hh 


*3*5 


*i(«i  +  ao ) 


-bl  ~a4(ax  +a0) 

(8.32) 

*s(ai  +£7o) 
-*1*5 


"*3*5 


*3(<*i  +«o) 

A2  -tf0(al  +°o)  -*1*3 

"■*1*3  ~~*3  -  ^0  (fll  +  ^0  ) 

-*1  *5  — *3*5  -*52  -  ^0  (*  1  +  «0  ). 

(8.33) 

The  amplitude  and  power  expression  for  the  inversion  matrix  in  terms  of  Kennaugh  matrix  elements  or  I  point 
coordinates  are  true  for  any  ONP  PP  basis,  not  only  for  the  characteristc  basis  K  .  Therefore,  e  g.,  for 
coordinates  of  the  inversion  point  in  the  linear  H  basis 


(8.34) 


K 


Q 

I 

-1 

V 

u 

_ 

*3 

1 - 

V 

Hi  2  r0=\/<To 

\l&0 

*5 

H 


we  obtain 

t rINV 

kh  - 


Q2  +  U2  +  V2  +^- 
4 


-Q2  +  U2  + V2--^- 
4 

-2QU 

-2QV 


-Va( 

2QU 

2  ,  xt2  cr0 


q  -  ir  +  v 

-2UV 


-yjcr, 

-2QV 

-2UV 

Q2  +  U2  -  V2  -  -^2- 


H 


(8.35) 

Having  egressions  for  rotation  and  inversion  matrices  in  the  Stokes  parameter  space,  w'e  can  present  also  in 
that  space  similar  decomposition  of  the  (power)  scattering  matrix.  In  any  ONP  PP  basis  B  we  obtain: 


with 


zr  _  r\  P  zrlNV 

KB  -  uk,bkb 


dp  -  db  np  -  nB  np nK 

UK,B  -  UKUB  -  UKUKUB 


(8.36) 

(8.37) 


All  special  polarization  points  are  symmetrically  located  versus  the  CCS  coordinate  planes  and  axes 
(see  Chapter  9  and,  e.g.,  [45],  [77]).  Of  special  interest  is  the  eigencircle  on  the  Poincare  sphere  model  of  the 
scattering  matrix.  It  is  determined  by  the  crossection  of  the  sphere  with  a  plane  through  the  inversion  I  point 
and  perpendicular  to  the  rotation  after  inversion  axis.  It  contains  two  eigenpolarizations:  one  of  them,  situated 
closer  to  the  inversion  point,  is  repelling,  whereas  another  one  is  attracting  the  scattered  polarization  point. 
Therefore,  the  eigenpolarization  point  which  is  located  farther  from  the  I  point  is  polarimetrically  more  stable 
and  also  corresponds  to  a  greater  scattered  intensity. 
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8.  5.  Comparison  of  polarimetric  transformations  for  the  two  alignments 

Polanmetnc  signatures  for  SAR  objects  can  be  considered  as  various  dependencies  of  the  received  part 
of  scattered  power  on  transmit  and  receive  polarizations.  Therefore,  special  polarization  points  of  scattering 
matrices  in  the  two  alignments  should  be  examined.  b 

Change  of  the  alignment  has  no  influence  upon  the  scattered  polarization,  though  components  of  the 
PP  vector  m  the  reversed  spatial  coordinate  system,  being  always  related  to  that  system,  are  different.  Also  the 
scattered  power  cannot  change  with  the  alignment.  This  is  in  agreement  with  the  equality  of  the  inversion 
matnces  for  the  two  alignments  in  the  same  ONP  PP  basis.  They  depend  on  the  coordinates  of  the  same 
inversion  point  and  the  scattered  power  is  proportional  to  the  square  of  the  distance  between  the  incoming 
polarization  point  on  the  Poincare  sphere  and  the  inversion  point  inside  that  sphere. 

However,  injwo  different  characteristic  bases,  corresponding  to  two  Sinclair  matrices  for  the  two 
alignments:  A,  and ,4  as  in  (8.21),  there  are  two  different  inversion  matrices  (not  only  the  rotation  matrices) 
it  results  in  two  sets  of  special  polarization  points  of  the  two  Sinclair  matrices  which  differ  in  mutual  positions. 
Moreover,  because  of  the  extra  orthogonality  transformation  that  follows  the  Sinclair  scattering  in  the  Jones 
propagation  transformation,  physical  interpretation  of  those  polarizations  should  be  changed.  And  so:  the  CO- 
POL  NULLs  become  eigenpolarizations,  as  their  antipodal  points,  which  therefore  do  always  exist  in  the  FSA 
(co"Sto  what  is  teiHg  observed  in  the  BSA).  Also  X-POL  NULLs  (eigen-polarizations)  of  the  Axo  matrix  in 

ltS  vST^^^CTCr0SS?°larized  versus  the  incident  polarizations  in  the  FSA.  And  these  polarizations,  similarly 
as  X-POL  NULLs  in  the  BSA,  do  not  always  exist  in  the  FSA 


Fig.  8. 1 .  The  inversion  transformation  on  the  PP  sphere  of  the  unit  radius  in  its 
equatorial  plane  (for  the  inversion  point  on  the  U#  axis,  U#  >  0  and  2 STH  =  0 ). 
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Fig.  8.2.  Phasor  of  incident  wave  transformation 
when  monostatic  scattering: 

1  -  2  inversion,  2-3  rotation,  3-4  change  of  phase. 
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9.  Poincare  Sphere  Geometrical  Model  of  the  Scattering  Matrix 

9.  1.  Special  incident  polarization  ratios 

In  terms  of  canonical  parameters  (7.21b)  ,  some  special  incident  polarizations  of  the  bistatic  scattering  matrix 
can  be  found  in  a  simple  form.  The  polarization  ratio  corresponding  to  the  PP  tangent  phasor  T,  presented  in 
the  K  basis,  will  be  denoted  by 


t 

Pk 


-V  =  tan  y\ 


,n«TK 


av 


(9.1) 


It  can  be  shown  (see,  e.g.,  [14]  and  [45])  that  neglecting  the  phase  term  £  of  the  PP  vectors  of  incident  waves, 
some  special  polarization  ratios  for  those  waves  can  be  expressed  by  solution  of  a  quadratic  equation  with  three 
complex  coefficients  RX,R2, and R, : 


RzP1  -2Rxp-R3  =  0 


(9.2) 


Special  polarization  ratios  will  then  be  presented  in  the  form 


T  T  R\  +  \l  /) 

Pk  =  — - - 

R2 


and  the  polarization  ratios  of  the  orthogonal  polarizations  by 


(9.3) 


Txx,T2x  _ 

Pk  ~ 


Ry  *+Ja*  1 


R2  * 


PkJ 1  * 


with 


A  =  Ry  +R2R3 


(9.4) 


(9.5) 


Rectangular  coordinates  of  the  corresponding  polarization  points  can  be  found  from  the  equalities  (9.6): 

_  1  -PP* 

Q  .  * 

1  +  pp* 
p*+p 


1 +  PP* 

j 


(9.6) 


P*~P 

\  +  pp* 


Using  the  above  presented  formulae  with  the  coefficients  given  beneath,  the  polarization  ratios  (9.3)  can  be 
found  for  the  following  special  incident  polarizations  Tx  and  : 


-  polarizations  M  and  N,  of  maximum  and  minimum  scattered  power,  with  the  coefficients 

r,=}(a;-a?) 

these  polarizations  are  mutually  orthogonal  and  situated  at  the  end  points  of  Poincare  sphere  diameter  through 
the  inversion  point  I, 


(9.7) 


-  ‘CO-PLO  Nulls’,  Oi  and  O2 ,  producing  the  orthogonally  polarized  scattered  waves,  with 
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Rt=  0 


(9.8) 


(9.9) 


#2=2  A,;  R3=-2Az, 

what  results  in  an  especially  simple  formula 

p°F 

V  Ai 

these  polarizations  are  represented  by  points  on  the  Poincare  sphere  which  are  in  the  QrV„  nlane 
symmetrically  located  against  the  Q*-  axis  in  its  negative  part, 

-  ‘ eigenpolarizations ’  E,and  E2  ,  with 

Ri  =  8, (A,  +A,),jB2(A2-A,)  =  -R1  * ;  <910) 

these  polarizations  are  represented  by  points  symmetrically  located  against  the  Q*-  =0  plane  (they  exist  only 
when  A  >  0 ),  3 


-  ‘mutual’  polarizations  E|  and  E'2 ,  with 

#1  =j(A22 -A,2) 


R2  =B2(A2-Al)-jB1(A2  +Ai)  =  R3  *  ■  (911) 

the  points  of  these  polarizations  are  in  the  Qr=0  plane  (they  exist  when  eigenpolarizations  disappear  and  also 
whenzl>0), 

-  polarizations  K  and  L,  mutually  orthogonal,  corresponding  to  maximum  and  ‘saddle’  received  power  when 
using  same  polarized  transmit  and  receive  antennas,  with 

#i  =  Al  -a* 

T}  f\  _  r»  *  K  T  (9.  12) 

K2  -V  -Kj*,  resulting  in  pK  =  0  and  pK  -  oo; 

^briguity°lariZati0n  rati°’  corresponding  t0  the  characteristic  polarization,  can  be  obtained  after  resolving  the 

Some  of  these,  and  other  special  incident  polarizations,  can  be  presented  by  even  simpler  formulae  when  using 
elements  of  the  Karnaugh  matrix  in  its  canonical  form  (in  the  CCS).  Also  geometrical  model  of  the  scattering 
matnx  may  be  better  understood  if  presented  in  terms  of  those  elements.  Therefore,  it  is  of  interest  to  arrive  at 
the  canonical  forms  for  both  Sinclair  and  Kennaugh  matrices. 

9.  2.  Transformation  of  the  Sinclair  matrix  from  linear  to  the  characteristic  basis 

The  change  of  basis  will  be  done  in  two  steps.  In  the  first  step,  polarization  only  of  the  basis  will  be  changed  by 
the  use  of  the  following  matrix  (as  usually,  indices  of  the  matrices  are  related  to  their  elements  and,  in  this  case 
to  their  angular  parameters): 


Cr  = 


\e~iS  0  _ 

K ' 

cos/ 

-sin/ 

K' 

'e“  0  ' 

1 

o 

_ 1 

H 

sin/ 

cos  / 

H 

| 

o. 

1 

1 _ 

(9.13) 


thn^f  H 10  K>  P°sition  parallel,  preserving  its  phase  (Fig.  9.1).  After  transformation,  the 
matnx  (8. 1)  will  take  the  form 


-  r* 


c  a  rK  - 

'-'H  ~ 


i 

1 

K)  ^ 

_ 1 

A 

K' 

rA  3 

4'J 

(9.14) 
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In  the  next  step  the  phase  only  of  the  basis  will  be  changed  using  the  matrix 


CK  = 

'-'ff' 


,-jiS+e) 


0 

j(S+E) 


(9.15) 


to  arrive  at  the  final  canonical  form  (7.2  lb)  of  the  matrix  in  its  characteristic  K  basis: 


-  Ck'^K'Ck'  - 


~>K 


d2  +  jB2 

L-A  ~  2  \ 


AM 


(9.16) 


CCS 


The  first  step  follows  the  transformation  rule  proposed  in  [14],  adopted  to  obtain  the  result  (9.14).  The 
characteristic  polarization  ratio  in  the  H  basis,  of  the  form  like  (9.3), 


ff  „ 

Ph=P- 


r,  -Jr?  +r2r2  * 


R, 


(9.17) 


will  be  obtained  with: 


■^i  ~  A2HA2H  *  AmA 


iff 


B-Z  ~  ^lff  (^3 ff  *  +  -^4ff  *)  ^2 ff  *  (-^3 ff  +  ^4 ff  ) 

The  end  result  of  the  two  steps  for  R2  ^  0  is  as  follows: 


(9.18) 


^  2  “  +  (^3H  +  ^4 H  )P  +  ^IHP2  )  ^  0  +  PP *) 

A  3  =  l~^2 HP  *  +^3 H  ~  ^4HPP  *  +A ff  Pi  /  (1  +  PP*) 

"4  i  =  M2//P*  ~(^3H  +  -^4ff  )P*  +Aff  ]/  (1  +  PP*) 

/i  =  ^-(arg^,2  +  arg^,I) 

26  h  =  argp 

ff  (919> 

2/#  =2arc  tan  |p| 

2 =  yCarg^’j-arg^'j  )-2<?£ 

^2  =  -^2CCS  =\^2  l> 

^1  -  ^1CCS  =M'l  I, 

Bi  +  JB2  =  (Bl  +  jB2)ccs  -  A  3e  ^ 

What  should  be  observed  here  is  an  ambiguity  in  determination  of  the  canonical  phase  p  and  the  rotation  angle 
2eH  ,  because  it  is  always  possible  to  add  2tt  to  the  argument  of  A[  or  A'2  ,  thus  changing  the  canonical 
phase  and  the  rotation  angle  by  n.  In  order  to  omit  such  an  ambiguity,  an  additional  requirement  will  be  stated: 

B2  >0,  or  Bx  >  0  if  B2  =  0,  with  A2  >AX  >0  (9.20) 

The  above  requirement  should  be  satisfied  also  for  R2  =  0,  in  which  case  the  whole  procedure  becomes 
simpler  but  direct  inspection  of  the  change  of  basis  equation  of  the  form 
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A  =CK  A  CK  - 


~BX  ~jB2 


B\  +JB2 

A 


(9.21) 


with  the  rotation  matrix  (5.30)  is  necessary. 

All  formulae  remain  valid  also  in  the  case  of  symmetrical  matrices  (monostatic  scattering)  with  an  evident 
simplification:  A'  =  0. 


9.  3.  Poincare  sphere  geometrical  model  of  the  bistatic  scattering  matrix 

ir0m]he  aIJ0We?  *egiT  for  the  Aversion  point  location  described  in  Section  C,  main  parameters  of  the 
model  are.  diameter  of  the  sphere,  as  well  as  axis  and  angle  of  rotation  after  inversion 

The  best  starting  point  to  the  model  analysis  is  the  power  scattering  equation  in  the  characteristic  K  basis 


K,P;=<rTP; 

corresponding  to  the  amplitude  scattering  equation 


(9.22) 


AKul  =X*usk  * 


(9.23) 


with  a  real  coefficient 


a 


=  (aT)  =  ai  +biqJS  +b3u 


lK  +b5vA' 


(9.24) 


presenting  scattered  power  for  the  unit  incident  power. 

From  the  equality  (9.24)  an  essential  dependence  can  be  found  of  the  scattered  power  crron  the  (IT)  the 

^Cl^‘5tni”ver^0np0inl  1  “  polarization  point  T,  if  the  square  of  diameter  of  the  Poincare 

sphere  model  of  the  scattering  matrix  will  be  chosen  as  (see  [45]): 


a0=  SpanA  +2|det  A\  =  2(a, +a0) 

where 

a0  =  |det  A\  =  ./af  -b* 

and 

b„  =  bf  +bj  +bj 

At  first  we  observe  that  from  (9.26)  -  (9.27)  we  obtain 

L  2 

=  y  SpanA  =  + 

4 


(9.25) 

(9  26) 

(9.27) 

(9.28) 


Then,  for  the  coordinates  of  the  I  point  inside  the  sphere  of  the  radius  equal  to  -yja0  /  2 


"Q" 

u 

i 

-i 

I - 

V 

b3 

V 

^ ro ~ ^ <r0 

sl°0 

_b5  _ 

(9.29) 


we  have  the  square  of  the  (IT)  distance 
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(it)2  =  ^-q  I-Qi  + 

.  Z  y  Z 


according  to  (9.24). 

This  is  exactly  the  result  known  for  the  monostatic  scattering  when  the  diameter  of  the  sphere  is  equal  to  the 
trace  A2  +  Ax  of  the  scattering  matrix  in  its  real  diagonal  form.  However,  it  should  be  observed  that  such  a 

trace  is  also  equal  to  the  square  root  of  (9.25).  Hence,  the  same  formula  (9.30)  is  applicable  in  both  monostatic 
and  bistatic  scattering,  what  was  also  shown  in  [45], 

9.  4.  The  allowed  region  for  the  inversion  point  inside  the  Poincare  sphere  model  of  the  scattering  matrix 

There  is  an  allowed  region  inside  the  Poincare  sphere  in  which  the  inversion  point  I  can  be  located  (outside  that 
region,  elements  of  the  Kennaugh  matrix  would  become  complex).  The  permitted  coordinates  of  that  point 
inside  the  sphere  of  unit  radius,  in  the  CCS,  are  in  the  ranges: 

-1  <  Q  <  0 

-J-Q-Q2  <U<  J-Q-Q2 


0< V<^-Q 


/(Q2+U2)(l-Q2)-  j  X_J|l  for  V  >|Uj 


l-Q-Q 2  -U2 


forV<|U| 


One  part  of  that  allowed  region  is  inside  an  upper  half  (see  Fig.9.2)  of  a  ‘small  sphere’  of  radius  equal  to  1/2, 
having  its  diameter  coinciding  with  the  Poincare  sphere  radius  directed  along  the  negative  part  of  the  OQ/t 
axis.  Moreover,  there  is  another  part  of  that  allowed  region  w'hich  is  above  the  small  sphere  but  below  a 
boundary  surface  formed  by  the  hyperbolic  curves,  in  Q  =  const  planes,  determined  by  the  limiting  V  values  of 
the  upper  part  of  the  last  equality  in  (9.31)  with  the  I  point  coordinates  as  in  (9.32), 

Q1  by  (Al~A2)^° 

u  =  —  b3  =—  2By(Ay-A2)  (9.32) 

-  -Ir;/-0=i  2B2yA2+Ayj>0 

These  curves  are  tangential  to  the  small  sphere  in  V  =  jUj  points. 

The  just  mentioned  boundary  surface  corresponds  to  such  Sinclair  matrices  for  which  the  real  part  of 
determinant  of  their  canonical  form  (9. 16)  with  ty  =  0  is  equal  to  zero: 


R=A2A,  +B? -B\  =0 


There  arc  two  branches  of  that  boundary  surface,  corresponding  to  plus  and  minus  U  values.  They  are  crossing 
along  a  quarter  of  the  Poincare  sphere  great  circle  U  =  0  (for  Q  <  0  and  V  >  0).  For  I  point  on  the  Poincare 
sphere  surface  the  whole  determinant  of  the  scattering  matrix  is  zero. 

When  Q  =  0.  the  allowed  region  is  on  the  positive  V  semiaxis  only.  When  both  U  and  V  equal  zero,  i.e.  the 
inversion  point  is  situated  on  the  Qf:  axis  (in  its  negative  part),  then  the  Sinclair  matrix  is  symmetric, 
corresponding  to  monostatic  scattering. 
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9.  5.  Reconstruction  of  the  amplitude  scattering  matrix  for  given  coordinates  of  the  inversion  point  in  the 
CCS 

Having  coordinates  Q,  U,  and  V  of  the  inversion  point  I  in  the  allowed  regions  inside  the  Poincare  sphere  of 
unit  radius,  in  the  CCS.  it  is  possible  to  reconstruct  the  whole  Sinclair  scattering  matrix  of  strength  k  in  the 
characteristic  K  basis.  Elements  of  the  matrix  will  be  expressed  by  the  use  of  some  auxiliary  parameters! 


S  =  2{ax  +|7?|)  =  k2Sn ;  k  = 


s„=  2  1  +  Q2  +  U2  +  V2  +y  1-(Q2  +u2  +  V2)]2  -(2UV/Q)2 


t  =  V/Q  =  b3/b1 


e--Q/y~-bx/b5>  0  (9.37) 

There  are  two  solutions  possible:  I  and  II.  Solution  I  is  for  the  whole  allowed  region.  It  depends  on  the  t 
parameter: 


,  _V±2(b;  +  bl)  S„+4Q(l  +  ,ri 

Al\~  -  —  -  -  K — _  , - =-  >0 


2V5Vb2+b2 


2JS^l  +  r 


(9.38a) 


2^b;+b?  2\i+/j 


(9.38b) 


-b5  b2  +  b2  ,„Tr  1  +  t2 

T\-r-st2Vhr 20 


(9.38c) 


Solution  II  can  be  obtained  only  for  a  part  of  the  allowed  region,  above  the  small  sphere,  i.e.  when  V  >  |U|  and 
V  >-Q  -Q--U'.  So,  in  that  part  of  the  region,  both  solutions  exist.  Solution  II  will  be  expressed  in  terms  of  the 
e  parameter: 


2^b2  +  b2  j  +  bxS  4V(e2  +\\±eSn 
A2.i=~ -  =k >0 


2JTVb2+b2 


2JS„  yje2  + 1 


(9.39a) 


(9.39b) 


-b5  I  S  i  $ 

2  \lbf+b2  2V+I  ~° 


(9.39c) 


In  terms  of  canonical  elements,  solution  I  is  when 


R  =  A2A,+B,2-B2>0  or  S  =  (A2  +  Ax)2  +  4B2  > 4£2  |Q|(1  +  f2) 


(9.40a) 
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and  solution  II  is  when 

R  =  A2Al+Bf -B%<  0  or  S=(A2  -  At)2  +  4B2  <4k2V(e2  +1)1  e  (9.40b) 


In  case  of  the  equality,  common  solution.  I  and  II,  exists. 

9. 6.  Reconstruction  of  the  canonical  Kennaugh  matrix  from  elements  of  its  first  row 

The  Kennaugh  matrix  in  canonical  form  depends  on  four  real  parameters  only,  as  its  Sinclair  counterpart  does 
when  neglecting  the  phase  factor.  Therefore,  having  four  elements  of  its  first  row  it  is  possible  to  restore  the 
whole  matrix.  Again,  as  in  the  case  of  reconstruction  of  the  Sinclair  matrix  from  coordinates  of  the  inversion 
point  I,  two  solutions  are  possible.  This  is  because  of  the  dependence  of  three  first  row  elements  on  these 
coordinates: 


V 

Q 

I 

Q 

b3 

u 

_ 

- 2k 2 

u 

_b5  _ 

2 

V 

K;  r0=l 

V 

K 

(9.41) 


Introducing  magnitude  of  the  real  part  of  determinant  of  the  canonical  Sinclair  matrix  with  p  =  0  in  the  form 


R\=\AtAx+Bl-Bl\= 


(9.42) 


and  using  equalities  (7.27)  we  obtain: 


ai(bi  -b3b2)±b?(b2 -\>\)\R\  _Ql(e2  - 12)±{\- e2t2)\R\ 

(b2  +  + 1>5  j  (\  +  t2){e2  + 1) 

-a1b;±b?|j?|_-g1r2±|/q 
3  b2  +  b3  1  +  t2 

_-a1b?+bJ|fl|_-tf1+<?2|.K| 
b2+b2  ~  e2+l 


(9.43a) 


(9.43b) 


(9.43c) 


bib. 


ai±l-R|  _  «i±l^l 


b2  +b 


=  t- 


1  +  t  ^ 


>6  =bjb 


ai~H^i  _  ai+l^l 
5  •  2  ,  .2 


b[+b'5 


ei  +1 


b2=0 


(9.43d) 


(9.43e) 


The  double  signs  in  the  above  equalities  (9.43)  correspond  to  solutions  I  and  II,  respectively. 
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Having  the  CCS  coordinates  of  a  P  phasor 

qJ=cos2yJ=M± ZW*. 

a  o  (a  1  +ao) 

<  =sin2^cos2<yJ  =  -4^4  ~a0) 

a0(ai  +  a0) 

v£  -  sin  2 ypk  sm  25  P  =  MaJ^_ao)  >  0 

ao(al  +  ao) 

Which  rotated  after  inversion  hikes  K  position,  we  can  find  in  terms  of  elements  (96)  direction  of 
axis  as  a  ratio  of  its  unit  vector  components  (n2  along  the  UA-  axis  and  n3  along  VA- ,  n\  +  n*  =  1 ) 

tan  25l  =  - -  - il? ^  2t  +  0  ■ 1 0(ao  +1^1) 
fh  ai±|^|  (2/e)  +  e(&0±\R\) 


the  rotation 


a,  -  a. 


a4  -a0 


n 3  >  0, 


»2>0,  0<2t<n  and  2fS  =  2)-£  for  B,  a 0,  i.e.  f>ol 

»2<0,  n<2<f><2ir  and  2^2n-2YrK  for  B|<0,  i.e.  ,<o[(°£2r^ 


and  the  2^  angle  of  rotation  about  that  j 


cos2ypK  =  cos  2<j) 

_  2a,f2  -e2(|if|2+a,an)(4/  <70)  + 2(i  - 

2a0(l  +  /2)(e2  +1)  " 

_  a3a4  ~  aoa2  _  2bf-a2<r0 
ao(ai+ao)  a0cr0 


allowed^egiom  ^  ^  USCfil1  WhCn  con5ldermS  SP^131  cases  of  the  I  point  location  at  the  boundaries  of  its 


9.  8.  Special  polarization  points  in  terms  of  canonical  Kennaugh  matrix  elements 

fo^rr,^^  —red  ^wer  correspond  fhe 

r  -]HN  r 

q  b, 

±i  , 

U  b  63  (9.47) 


Hence,  values  of  those  maximum  and  minimum  scattered 


powers  are 


Z.  H.  Czyz,  ONR-Report-3  (Final  Version)  April  1,  2001 


77 


CTKtN=a1±b0  (9.48) 

Equations  (24)-(27)  are  in  their  form  independent  of  the  polarization  basis,  but  in  the  K  basis  there  is  the 
following  worth  noticing  dependence  between  polarization  points  of  illuminating  (M,N)  and  the  corresponding 
scattered  ( M',  N' )  waves 


Coordinates  of  the  CO-POL  Null  points  are 


Oi.O, 

1 

;  ^ 

fi 
_ 1 

q" 

— b 3  / b4 

A\  A2 

u 

0 

rr 

0 

V 

K 

T  1-  a  4  +a3 

+2^1  AXAZ 

_  \  a,  +a3  _ 

Ax  +A2 

Scattered  wave  polarizations  are  orthogonal,  and  scattered  powers 


V  ai+a3 


=  b;+(b1±FFa)‘ 


Coordinates  of  eigenpolarizations  are 


u 


These  polarizations  can  exist  only  when  b  b4  +  b  l .  The  scattered  powers  are 


o-E‘’E>  =^2+^b]-b\-bl 

When  eigenpolarizations  do  not  exist,  then  mutual  polarizations  points  appear  of  coordinates 

0 _ 

-btb4  ±b6V^b?  +b^  +b^ 

~bjb6  +b4^-b2l  +b24  +b26  _ 

0 

cos  2  SE[’E'2 
sin  2SE'’E'2 


i-  -i 

e;,e- 

q 

1 

u 

—  - 

V 

b  4  +bg 

K 

(9.49) 


(9.50) 


(9.51) 


(9.52) 


(9.53) 


(9.54) 


and  the  corresponding  scattered  powers  are 
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A7  +  (#1  +  JB2 )  exp(j2Sh[’E'2 ) 2 


(9.55) 


with 

A2  =  yjj-(  a,  +a2)  +  b1 , 

5,  +y52  =  [b3  +  b4  -y(b3  +b6)]/(2z(2), 
A  =  (a3  -a4)/ (2A2). 

Polarization  points  of  the  characteristic  basis  have  components 


q 

K,L 

±r 

u 

= 

0 

V 

K 

0 

(9.56) 


(9.57) 


corresponding  to  scattered  powers 


crK,L  -  a,  ±b,  (958) 

Simple  geometrical  constructions  can  be  presented  indicating  special  polarization  points  in  the  CCS  for  the 
inversion  points  given  (see  [45]  and  [46]). 

9.  9.  Scattering  matrix  synthesis  for  special  polarizations  given 

Such  a  synthesis  can  easily  be  performed  in  the  characteristic  coordinate  system  in  which  determination  of 
special  polarization  points  requires  minimum  parameters  to  be  specified  [55], 

For  example,  only  three  parameters  are  necessary  to  determine:  CO-POL  nulls  (one  parameter),  and 
polarization  point  M  of  maximum  scattered  power  (two  parameters).  Choosing  these  parameters: 

^  <  0,  u  ,  v  <  0 ,  we  arrive  at  the  desired  Sinclair  and  Kennaugh  matrices: 


Q°b 

I  M  O 

i  2q“ 


.  M 


(l-q°) 


-q 

.  M 


L  q 


ir+Jv 


-q 


jy 


•0  +  q°) 


and  Kk  of  the  form  (7.20b)  with  elements: 


a,  =  -qMb() 


o  1 

q 


-a, 


qMb0 


-q 


o  a. 


(9.59) 


a4  - -qMq°b0 -ax  (9  60) 

bi  =  qMb0 
b3  =  uMb0 
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where 


b5  =  vMb0 
b6=-vMq°b0 


a,  -  — -  +  — 

4  crn 


a  -  r2j2  +  4^1  +  r2jc  -  Srd 
1  +  +  2  (c  +  /) 


b«  =  T- 


r  = 


i-q° 

l  +  q° 


c  =  d\  + 
d  =  d\-d\ 

dt  = 

1  2qM 

^=V  T-^T 

2q 

t  -  V/-2  +c2  +  2rc/ 


The  same  parameters  can  serve  to  compute  the  angle  of  rotation  after  inversion  and  the  direction  of  the  rotation 
axis: 

,2  „ 2  .  //-i „  i  „  2  - 


cos2^  = 


c2  -r2  +  (2c-l-r  )(//2) 


n2  v 


M 


/2  +  (2c  +  l+r2)(//2) 

2 

c  +  /  -r 


(<°) 


(9.61) 


-u 


.  M 


c  +  t  +  r 


Worth  noticing  is  the  following  dependence  for  parameters  of  eigenpolarizations  in  the  CCS  if  the}’  exist: 


u11  =  uM  / (qMq° ) 


vMq°/qM. 


(9.62) 


9.  10.  Geometrical  model  of  the  Jones  propagation  matrix. 

One  of  possibilities  of  the  Jones  matrix  analysis  is  its  presentation  as  a  product  of  the  Lorenz  and  rotation 
matrices.  The  Lorenz  matrix  can  be  treated  as  the  inversion  followed  by  the  orthogonality  transformation,  i.e. 
inverse  transformation  to  the  inversion  through  the  center  of  the  Poincare  sphere.  Moreover,  the  Poincare 
sphere  can  be  replaced  by  Wanielik’s  ellipsoid  ([45],  [138])  in  order  to  present  magnitudes  of  scattered  powers 
proportional  to  the  distance  from  one  focus  of  the  ellipsoid  (coinciding  with  the  center  of  the  auxiliary 
polarization  sphere)  to  its  surface. 

However,  in  order  to  obtain  a  geometrical  model  of  the  Jones  propagation  matrix  in  the  form  most  convenient 
for  presentation  of  special  incident  polarization  points,  the  reasonable  solution  is  to  use  an  SI  type  scattering 
matrix  defined  in  the  linear  //basis  as 


a™  —  r° 

A  H  ~  '-'H 


(9.63) 
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followed  by  the  orthogonality  transformation.  Then,  instead  of  the  known  expression  for  the  Jones  matrix  in  the 
//basis: 


a°h=c°hah=  1  0  A  A 

L°  UlA  A]h 


one  obtains 


0  _l  A  A 

A°=CXA*°  =  4  1 

1  0  Az  A3 


What  has  to  be  observed  is  a  straightforward  relationship  between  the  Sinclair  matrices  in  the  two  above 
equations  with  the  rows  simply  interchanged. 

Of  course,  the  Poincare  sphere  models  of  these  two  Sinclair  matrices  differ.  Only  the  sphere  diameters 
are  equal  to  each  other.  For  example,  the  fork  angles  differ,  what  can  be  seen  immediately  when  inspecting  the 
corresponding  null-polarization  ratios:  for  the  AH  matrix. 


P0'1  = 


-{Ai  +  A4)  +  ■J(Ai  +  A4)2  -4 AxA2 

2  A, 


and  for  the  A^°  matrix, 


(A i  +  A2)  +  ^(Al  +A2)2  -4 A3Aa 


The  fork  angle  of  the  first  matrix  becomes  zero  when  its  two  null-polarizations  coincide  for 


and  then,  in  general. 


(A3  +A4)2-  4 AXAZ 


(A,  +  A2)^4A3A4  (9  69) 

what  means  that  the  fork  angle  of  the  second  matrix,  with  fork’s  prongs  pointing  to  two  different  null- 
polarizations,  is  different  from  zero. 

A  simple  example  can  show  how  the  two  models  depend  on  each  other.  Consider  the  free  space  scattering 
matrix  of  the  well  known  form: 


Arr  =C°  = 


-1  0 


and  the  corresponding  Jones  propagation  matrix  of  the  free  space  becomes  an  identity: 


A°  =  CXCX 


what  ought  to  be  expected. 
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Now,  an  analysis  of  special  polarization  points  of  a  propagation  matrix  becomes  very  simple,  as  for  the 
corresponding  scattering  matrix.  The  structure  of  the  new  scattering  matrix  A*°  in  its  characteristic  K°  basis, 

usually  different  from  the  K  basis  of  the  previous  scattering  matrix,  is  exactly  the  same  as  of  the  At:  matrix. 
The  only  difference  is  in  the  physical  meaning  of  special  polarization  points  because  of  an  additional 
orthogonality  transformation  for  the  propagation  matrix.  So,  null-polarizations  of  the  A™  matrix  become 

eigenpolarizations  of  the  propagation  matrix,  and  vice  versa.  Therefore,  eigenpolarizations  always  exist  in  the 
FSA  and  COPOL  nulls  may  not  appear,  contrary  to  what  is  being  observed  in  the  BSA  Only  incident 
polarizations  for  the  maximum  forward  scattering  (or  transferred)  waves  remain  unchanged,  though  they  take 
different  positions  in  the  characteristic  coordinate  systems  (CCSs’)  corresponding  to  the  K  and  K°  phasors. 
Mutual  positions  of  these  two  phasors  can  be  found  from  the  equality 


u 


K° 
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a 

r 

a * 

b * 
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a 

b 

K 

-b 

a 

H 

b 

* 


u 


K° 

H 


(9.73) 


expressed  in  terms  of  the  Cayley-Klein  parameters: 


a  =  cosy  e  -/(5+e) 
b  =  sin  y  ej(5~E) 


(9.74) 


for  halves  of  the  known  2y,  25, 2s  Euler  angles  of  the  two  phasors  in  the  H  basis. 

The  A  xo  matrices  represent  classical  examples  of  the  bistatic  scattering  matrices  and  their  geometrical  models 

can  appear  especially  useful  when  considering  synthesis  of  forward  scattering  matrices  for  desired  polarimetric 
properties. 


9.11.  Concluding  Remarks 

A  PP  vector  approach  to  the  theory  of  coherent  bistatic  radar  polarimetry  has  been  based  on  application  of 
matrix  calculus  in  the  two-dimensional  complex  space  of  polarization  and  phase  vectors.  Owing  to  that 
approach  it  was  possible  to  obtain  simple  canonical  forms  of  bistatic  scattering  matrices  and  their  Poincare 
sphere  geometrical  models.  Such  models,  demonstrating  the  way  of  polarization  and  phase  transformation 
when  scattering,  may  become  useful  in  various  practical  applications  like  target  recognition  and  classification, 
or  polarimetric  analysis  of  microwave  networks.  They  can  also  be  used  to  synthesize  scattering  or  propagation 
matrices  of  desired  polarimetric  properties. 

Introduction  of  several  new  concepts  appeared  useful  in  application  of  matrix  calculus.  There  were  concepts  of: 

•  moving  helix  model  of  the  monochromatic  EM  plane  wave  and  its  spatial  phase, 

•  conjugate  PP  vectors  representing  CAs’  of  waves  propagating  in  ,,-z  direction”, 

•  polarization  sphere  of  tangential  phasors  (representing  the  PP  vectors)  as  a  2-folded  Riemann  surface, 

•  addition  and  multiplication  of  phasors, 

•  the  ONP  polarization  basis  defined  versus  local  spatial  coordinate  system  with  its  ‘horizontal’  reference 
plane, 

•  polarization  phasor  notation  presenting  the  unit  column  PP  vectors  and  matrices  in  the  ONP  bases, 

•  the  ‘spatial  reversal’  as  another,  after  rotation,  the  change  of  basis  operation , 

•  the  characteristic  basis  of  a  bistatic  scattering  matrix  or  its  CCS, 

•  decomposition  of  a  bistatic  scattering  matrix  into  product  of  an  inversion  and  rotation  matrices, 

•  3  coordinates  of  the  inversion  point  and  three  basis  rotation  angles  as  two  kinds  of  parameters  specifying 
geometrical  models  of  scattering  matrices, 

•  two  scattering  and  two  propagation  types  of  amplitude  matrices, 

•  geometrical  models  of  propagation  matrices  without  employing  the  Lorentz  transformation. 

It  is  hoped  that  here  presented  theory  will  serve  as  an  extension  of  the  pioneering  fundamental  work  of  Huynen 
[85]  from  mono-  to  bistatic  scattering,  following  suggestions  contained  in  short  communication  published  by 
Kennaugh  [96]  whose  fundamental  concept  of  the  inversion  point  was  an  inspiration  for  this  author  to  further 
developing  the  Poincare  sphere  models  of  scattering  matrices. 
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Fig.  9.1.  To  the  two  step  procedure  of  obtaining  the  characteristic  K  basis: 
H  ->  K'  (change  of  polarization),  and  K'~*  K  (change  of  phase). 


Fig.  9.2.  The  allowed  regions  for  the  inversion  point  I  inside  the 
Poincare  sphere.  Shadowed  areas  are  in  the  crossection  of 
those  regions  by  a  plane  perpendicular  to  the  QK  axis. 
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10.  Special  Polarizations  of  the  Bistatic  Scattering  Matrix  in  an  Arbitrary  ONP  PP  basis 
10.1.  Polarizations  M  and  N  of  the  maximum  and  minimum  scattered  powers 


For  the  scattering  equation 


K/fPo*  = 


at  W  b3  b5 

"  1  ~ 

"  1  " 

c,  a2  b4  b6 
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the  normalized  total  scattered  power  (corresponding  to  the  unit  incident  total  power)  is 

a  =a1  +blHqH  +biHuH  +b5HvH 

Consider  the  last  three  terms  in  (10.2)  as  the  scalar  product  of  two  vectors: 

T  T  T 

•  one  with  components  q  H ,  u  H ,  vH  ,  of  the  unit  magnitude,  and 

•  another  one  with  components  blH ,  Z>3//  ,b5H ,  of  the  magnitude  (compare  (E.6g)) 


bo  -  (V by  +  by  +  b5  )H  -  (yj Cy  +  c3  +  c5  )H 


(10.1) 


(10.2) 


(10.3) 


One  can  see  immediately  that  maximum  and  minimum  scattered  powers  correspond  to  the  following  full,  unit 
Stokes  four-vectors  (with  the  first  total  power  component  equal  to  unity  in  case  of  the  completely  polarized 

■wave), 
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(10.4) 


The  corresponding  (also  full,  unit)  four-vectors  of  the  scattered  waves  can  be  found  when  introducing  (10.4)  to 
(10.1)  as  illumination,  and  making  use  of  second  equalities  of  each  set.  (E.6g),  (E.6a),  (E.6f),  and  (E.6d),  for 
the  successive  components  of  the  resulting  four-vector,  thus  obtaining: 
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(10.5) 


Maximum  and  minimum  normalized  total  scattered  powers  are  then: 

a  =  a}  +  b0  =  <t 

_ „  u  —min 

< 7  -  aj  —  b0  =  a 


(10.6) 


The  last  equality  undoubtedly  suggest  the  necessary  condition  for  physical  realizability  of  the  Kennaugh  matrix 
in  (10.1): 
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Complex  polarization  ratios  for  those  four-vectors  are: 


„m,n  _  b3 h  + 
Ph 


and 


_  c3 H  +  JC5H 

Ph 


ci  h  —  b0 


(10.8) 


what  can  be  found  by  applying  fundamental  formulae  (derived  in  Appendix  O)  for  mutually  orthogonal 
polarizations: 

u  +  jv 

(10.9) 


P  = 


1  +  q 


and 


x  _  -f  u  +  y'v 
P  P*~  l-q 


for  q2+u2  +  v2=l. 


Complex  ratios  for  M  and  N  polarizations  can  be  expressed  also  in  terms  of  the  Sinclair  matrix  elements  when 
applying  to  (10.8),  for  instance,  some  formulae  from  sets  (E.4)  and  (E.5a-c).  However  those  expressions  are  not 
such  simple. 


10.2.  CO-POL  nulls,  O,  and  02 


In  this  case,  it  is  more  convenient  to  use  the  Sinclair  matrix  elements  and  to  solve  the  quadratic  versus  p 
transmission  equation  in  any  ONP  PP  basis  H  of  the  form: 


1 


obtaining  the  simple  end  result, 
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(10.10) 


"(A h  +  A4H)  +  yj(A3H  +  A4H)2  -4 AmA. 
2  A 


2  If 


(10.11) 


11// 


Expressions  for  unit  Stokes  vector  coordinates  of  those  points  are  much  more  complex  and  will  be  not  presented 
here.  They  can  be  found  when  applying  formulae  inverted  versus  (10.9),  namely: 
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1  +  pp* 


1  -  pp* 

P*+P 

j(P*~p) 


(10.12) 


Also  the  normalized  total  scattered  powers  is  much  more  convenient  to  present  in  terms  of  the  Sinclair  (or 
Kennaugh)  matrix  elements  in  another,  characteristic  ONP  PP  basis  K ,  as  in  (9.5 1). 


10.3.  Eigenpolarizations,  Ei  and  E2  and  their  spatial  phases 

Also  eigenpolarizations,  when  expressed  in  an  arbitrary  ONP  PP  basis  H,  it  is  much  more  convenient  to  find  in 
terms  of  the  amplitude  scattering  matrix.  Demanding  to  obtain  identical  incident  and  scattered  unit  PP  vectors 
we  have  to  solve  the  scattering  equation 


AHUEH"E'  =A(u$’E>y 

with  X  real  and  nonnegative.  Looking  at  the  equation  conjugate  versus  (10. 13) , 

F  *(»!'•*■)* =K,A 

one  can  see  that  an  action  of  the  AI{  *  matrix  on  two  sides  of  equation  (10. 13)  leads  to 

/iHUH  —  Z  UH 


(10.13) 


(10.14) 


Introducing  notation 


(10.15) 
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and 


we  obtain 


and  the  characteristic  equation 
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Mm 


-A  A  * 
—  A  A  ^ 


w. 


M2H  +  A4HA3H  * 


-  Mm  +  A2HA4H  * 
Rl=Wl-W2 

R-2  ~  2(AlHA3H  *  +A3HA2H*) 
R3  =  2(A2HA4H  *  +A4HAXH  *) 

A  —  Rx  +  R2Rt, 


A  A  *  — 


W2 

Rj !  2 


R2  12 
Wx  _ 


W2  -  A2 
R,/2 


-A4  -  Tr(AHAH*)A2  +  &q\AhAh  * 

=  a4  -  (W,  +  W2), l2  +  w{w2  - \R2R,  =  0 


with  eigenvalues 

=l(Wl+W2)  +  y/ A 

and  with,  applying  notation  as  in  (E.4)-(E.6), 


(10.16) 


(10.17) 


(10.18) 


(10.19) 


A  =  (Tr(AHAH*)Y  -(2|det^|)2 

=  (MX  +M2  +2 S34)l  -  4[MxM2  +M2M4  -2Ke(AxA2A2  *  A4*)\H  (10.20) 

=  (al  +  a2H  +  a3//  +  a4//)  ~4(a1-b0). 

The  value  of  A  is  real,  but  also  should  be  nonnegative  because  2?  is  real.  Therefore,  an  important  conclusion 
follows  that  the  Sinclair  matrix  AH  may  have  no  eigenpolarizations  (for  negative  A  values).  That  fact  can  best 
be  observed  on  the  Poincare  sphere  model  of  that  matrix  (see  Appendix  J).  The  necessary  and  sufficient 
conditions  of  eigenpolarizations  existence  are  inequalities 


Tr(AHAH  *)  -  2|  det  AH  [  >  0 

(10.21) 

or,  equivalently, 

■ai  +  a2 H  +  a3 H  a4 H  ~  "  ^0  —  0- 

(10.22) 

From  the  homogeneous  equation,  for  instanc 

W2  -  A2  +  pR2 12-0, 

(10.23) 

the  complex  polarization  ratio  follows: 

e,,e,  _  Rx  +v/A 

H  R2 

(10.24) 

The  normalized  total  scattered  powers  are,  according  to  (10.19), 
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aEuE2  =A2  =  1(W1+W2)*<JA 


tOi  +a2H  +aw  +a4„+V(ai  +a2//  +  a3„  +a4//)2  -  4(af  -bj)). 


(10.25) 


Also  spatial  eigenphases,  accompanying  eigenpolarizations  according  to  the  scattering  equation  (10.13)  with 
real  A,  can  be  determined  for  known  complex  polarization  ratios  as  in  (10.24).  For  that  purpose  the  PP  vector 
representing  eigenpolarizations  with  their  spatial  phases  will  be  presented  in  the  form  like  in,  e  g.,  (7.7): 


e„e2  _  cos  ye 


,-pS+E) 


sin  ye+KS  E)  R 


=  cos yV1  [tanrej2S  exp [-jtf  +  e)*'*  ] 


■  COS/x1^2 


exp  (~jv%'El) 


With  that  column  vector  the  first  component  of  the  matrix  equation  (10.13)  reads 

(A2 h  +  A3HPEHEl)exp(~jvEHE2 )  =  AEi,E2  exp(+  ■jv%’E' ) 
where  from  the  following  values  of  eigenphases  can  be  obtained: 

exp(+y2pj‘^ )  =  -^~(A2ff  +  A3HpY2 ) 


(10.26) 


(10.26a) 


o  _ o .  I'H'i »^2  <^E.,E2  E. ,E, 

Z£h  ~2vh  ~2°h  ,  with  2Sh'’  2  -  argp^1’  2  . 


(10.26b) 


10,4.  Polarizations  Xi  and  X2,  orthogonal  to  eigenpolarizations,  and  their  spatial  phases 
Sometimes  polarizations  orthogonal  to  eigenpolarizations  can  be  of  interest.  Their  polarization  ratios  are 


x„x,  _  -1  _«i«±Va 

"  z?!'3’  *  A  * 


(10.27) 


Their  spatial  phases  can  be  found  from  the  orthogonality  transformation  equation 

u£l'Xl  =Cx(u^l’El)* 


cos rxH"X2  1  exp(-j(S  +  s)^j"X2 )  =  l"°  l]cosyEH'’E2\  1  1  " 

IPJh  L1  °J  L  P*\h 


from  which,  taking  into  account  that 


exp  (+K8  +  s)h'Ei) 


(10.28) 


cos  YXH"Xl  =sin  yY2,  cot^2  (peh^2  )*  =  exp(-y2^^ ),  dx'’x>  =-90°  +S%’E> 


it  follows  from  the  first  component  of  (10.28)  that 


(10.29) 
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exp -  90°)) exp {-jexH"Xl )  =  exp(-j(SFH"El  +  sEH"El )) 


or,  finally, 


4'-x*  =-9o°-4‘^. 


(10.30) 


10.5.  Polarizations  K  and  L,  characteristic  for  the  scattering  matrix,  and  their  spatial  phases 

These  characteristic  for  the  Sinclair  and  Karnaugh  matrix  polarizations  and  spatial  phases  have  been  derived 
in  Appendix  G.  The  aim  of  introduction  of  such  PP  vectors,  corresponding  to  the  tangential  polarization  (TP) 
phasors  and  denoted  as  K,  was  to  obtain  in  the  ONP  PP  basis  K  a  very  simple  form  of  the  bistatic  scattering 
matrices,  Sinclair  and  Karnaugh  (see  (7.21b)  and  (7.20b).  Obtaining  of  such  a  form  of  those  matrices  was 
necessary  to  construct  their  geometrical  Poincare  sphere  models  enabling  one  to  easily  observe  mutual  locations 
of  all  special  polarization  points  (see  Appendix  J)  and  to  discover  the  possibility  of  a  special  classification  of 
bistatic  scattering  matrices  of  nondepolarizing  (‘point’)  targets  (see  Appendix  I).  Such  classification  is  based  on 
the  inherent  features  of  those  matrices,  invariant  versus  the  ONP  PP  bases  transformations. 

See  also  formula  (10.41)  in  the  next  Section  for  rectangular  coordinates  of  K  and  L  points,  formulae 

(9. 17)  or  (G.  15)  for  pfj ,  and  formulae  (9. 19)  or  (G.5)  for  the  double  spatial  phase  argument,  le^  ,  uniquely 
determining  also  2s^j  =  —180°  —  2sf{  (compare  with  (10.30)). 


10.6.  Recapitulation  of  the  results  obtained 

The  considerations  just  performed  indicate  the  possibility  of  expressing  complex  polarization  ratios  of  special 
polarizations  through  three  complex  in  general  parameters,  RX,R2,R3 ,  appearing  in  a  square  equation 


R2p2  ~  2RlP  -R3=0 


(10.31) 


and  being  functions  of  the  Sinclair  matrix  elements.  With  those  parameters,  complex  polarization  ratios  of  pairs 
special  polarization  points,  Tj,T2  ,  and  their  orthogonal  versions,  T,X,T2X  ,  can  be  presented  in  any  ONP 
PP  basis  H  as  follows. 


where 


rRx  +VX' 


T.,T, 

Ph  = 


t„t2 


H 


T,x,T,X 

Ph 


Rx  *  +Va^ 


r3* 


T..T, 


H 


A-Rx  +  R2R3. 


(10.32a) 


(10.32b) 


Cartesian  coordinates  of  those  points  in  the  Stokes  parameter  space  can  be  found  with  the  aid  of  formulae 


with 


L 

R  qN 
Im  N 


L  =  R2R2  *-KK* 
M  =  R2R2  *+KK* 


N  =  2R2  *K 


(10.33) 


(10.34) 


and 
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K  =  Rx  +  VA 

AX*  =  *  +|AfF2 Re(A,  *  Va  ) 

|A|=  VSTl4  +1*2*3 12  +2  Re[(Aj  *) : 2  R2  R3  ] . 


The  following  parameters  determine  special  polarization  points. 


•  M  and  N=Mx: 


Rt  =  )(A2A2  * -A, A,  *  +AtA4  * -A, A,  *)--b, 
R2  =  -(A,At  *  +A,A2  *)  =  *,*  =  -b,  +  yb„ 


•  O]  and  02: 


•  E!  and  E2 : 


•  X]  =  EiX  and  X2  =  E2x : 


*1  —  A  3  A4 

*2  —  2AX ,  A3  =  ~2A2 , 

rx  =  axax*-a2a2  *+a3a4  *-a4a3  * 

R2=2(AxA3*+A3A2*) 
R3=2(A2A4*+A4Ax*),  A>0 

Rx  —  A2 A2  *~AxAx  *+A3A4  *-A4A3  * 
R2  =  -2 (AxA4  *  +A4A2  *) 

R3  =  -2(A2A3  *  +A3Ax  *),  A  >  0 


(10.36) 


(10.37) 


(10.38) 


(10.39) 


•  K  and  L=Kx  : 


Rx  =A2A2  *-AxAx  * 

R2  =  -Ax (A3  *+A4*)-A2*(A3+A4)  =  R3*. 


(10.40) 


It  should  be  remembered  that  in  case  of  polarizations  M  and  N,  it  is  not  advisable  to  use  formulae 
(10.36).  Instead,  simpler  formula  (10.4)  is  more  convenient. 

Simple  formulae  determine  also  rectangular  coordinate  of  points  K  and  L  in  terms  of  parameters  in 

(10.40): 


q" 

K,L 

*, 

u 

_  ±1 

-KeR2 

Va 

V 

H 

Im  R2 

with  A  as  in  (10.32b). 


(10.41) 


It  is  worth  noticing  that  the  polarization  ratios  p  can  also  be  obtained  by  solving  the  problem  of 
eigenvector/eigenvalue  for  the  Graves  matrix  [79]  of  the  form 

Gtf  =7(4f  *+2h*Mh+Ah)  =  ±(Ah  *  Ah  +  Ah  *Ah+Ah  *Ah+Ah  *Ah)  (10.42) 

Solving  separately  eigenproblems  of  the  four  above  presented  products  of  matrices  one  obtains  in  succession  the 
polarization  ratios:  pf('E' ,  pfj  ,N  ,  p^’N ,  pf^’X'  ■ 
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11.  Constant  Received  Power  Curves  on  the  Poincare  Sphere 

In  the  English  language  literature  there  is  a  lack  of  publications  treating  that  very  useful  ‘geometrical’ 
presentation  of  scattering.  Basic  concepts  can  be  found  in  technical  reports  of  Kennaugh  [95]  (1952),  in 
Russian  book  on  ‘Polarization  of  Radar  Signals’,  chapter  9,  written  by  D.B.  Kanareykin  [94]  (1966),  and  also 
in  the  Polish  paper  presented  by  this  author  [41]  (1970).  But  still  attempts  can  be  met  of  researchers  trying  to 
find  the  most  convenient  ways  to  draw'  on  the  Poincare  sphere  the  curves  of  constant  co-polarized  received 
power  scattered  backwards  from  nondepolarizing  targets  (see  for  example  J.  Yang  [142]  (1999)).  It  is  believed 
that  formulae  presented  beneath  will  be  of  some  help  also  for  those  intending  to  solve  similar  problems  for 
partially  polarized  returns. 

Application  of  the  here  presented  formulae  is  envisaged,  e.  g.,  for  estimating  ranges  of  the  allowed 
deviation  of  elliptical  polarization,  in  monostatic  radars,  from  its  optimum  values  designed  for  efficient 
cancelling  the  rain  clutter  (compare  Z.  H.  Czyz  [39]  (1967)). 


11. 1.  The  CO-POL  channel  (the  case  of  completely  polarized  scattering) 

To  analyze  the  equipower  curves  on  the  Poincare  sphere  it  is  advisable,  without  loss  of  generality,  to  transform 
(rotate)  the  coordinate  system  of  three  Stokes  parameters  to  the  characteristic  coordinate  system  (CCS)  of  the 
Kennaugh  matrix  under  consideration.  The  CCS  corresponds  to  a  characteristic  orthonormal  polarization  basis 
K  in  which  the  Sinclair  matrix  has  the  most  simple  diagonal  form, 


(  [a7 

o" 

.  ] 

2 

eJ" 

0 

A, 

CCS  J 

|L  v 

1  J 

A2  >  Ai  , 


(11.1) 


K 


with  real  positive  A2,AX,  and  p  .  The  corresponding  Kennaugh  matrix  is  also  very  simple,  and  the  resulting 
equation  for  the  received  power  in  the  CO-POL  channel  is 


with 


and 


^c(q,u,v)  =  -[l  q  u  v]A. 


or, 


A2+A2 


a ! 

b, 

0 

0  “ 

T 

ai 

0 

0 

q 

0 

0 

a3 

0 

u 

0 

0 

0 

[ 

r*l 

$ 

1 

K 

V 

=  ”{«i(l  +  q2)  +  26iq+a3(u 
2  A2 


!)l 


a3  -  A2Ax  ; 


q2  +  u2  +  v2  =  1  . 


K 


a , 


«3  =bf 


(11.2) 


(11.3) 


(114) 


The  last  equation  determines  the  Poincare  sphere  of  unit  radius  in  the  CCS,  while  the  Pc  (q,  u,  v)  =  const. 

expresses  a  more  complex  surface  of  rotational  symmetry.  Its  axial  crossection  presents  the  Cassini  oval  with 
focuses  at  the  CO-POL  Null  points.  For  Pc  =  0  it  reduces  to  two  points,  its  focuses.  For  the  double  CO-POL  Null 
and  non  vanishing  Pc>  the  surface  becomes  just  a  sphere.  This  is  in  agreement  with  the  Kennaugh’s 
‘geometrical’  formula  for  the  CO-POL  received  power  and  can  be  explained  as  follows. 

Let  us  introduce  the  geometrical  model  of  the  Kennaugh  symmetrical  matrix,  in  the  CCS,  which  has 
the  form  of  the  Poincare  sphere 


with  the  radius 


x2  +  y2  +  z2  -r2; 


r  = 


x  =  rq,  y  =  ru,  z-rv 


A 2  +  Aj 


(11.5) 


2 


(116) 
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and  the  x,y,z  coordinates  of  the  CO-POL  Null  points:  0!  2  (- e ,  0,  +  d) ,  where 

d  =  ^A2A] ,  e  =  -^— — L;  </2+e2=/-2  (n.7) 

For  transmit/receive  polarization  corresponding  to  a  point  P(x,  y,  z)  on  the  model’s  sphere,  the  received  power 
can  be  expressed  by  the  equation 


pc(p)  =  ^(x,y,z)  =  ^-[a1(r2  +  x2)  +  261rx  +  a3(y2  -z2)J 

i  “  (11.8a,b) 

=  ^j{(r2  +  +  *2)  +  4^2x  +  ^2(y2  -  z2)} 

In  such  a  model  the  x,y,z  coordinates  of  the  CO-POL  Max  and  CO-POL  Saddle  points  are  M(l,  0,  0)  and 
N(- 1 ,  o,  0),  respectively ,  the  x,y,z  coordinates  of  the  X-POL  Max  points  are  C 12  (0,  0,  ±r),  and  the 
x,y,z  coordinates  of  the  X-POL  Saddle  points  are  D ,  2  (0,  +  r ,  0) . 

There  is  also  another  very  important  point  inside  the  model,  the  so  called  inversion  point,  I,  of  x,y,z 
coordinates  I(-e,  0,  0)  .  For  any  incident  polarization  represented  by  a  P  point  on  the  model’s  surface  the 

received  power  in  the  matched-pol  channel  is  equal  to  the  total  scattered  power,  i.e.,  to  the  square  of  the  (IP) 
distance: 

^=0P)2.  (11,9) 

For  instance, 

Pcmax  =(IM)2  =  z422,  (11.10) 

and 

^saddle  =  (IN)2  =  A]  .  (11.11) 


The  I  point  enables  one  to  find  immediately  the  scattered  polarization  point  S.  That  can  be  done  by  inversion  of 
the  P  point,  through  the  I  point,  back  to  the  model’s  surface,  and  by  rotation  of  the  inverted  point,  with  the 
sphere,  by  180  about  the  z  axis.  The  Pc  power  can  then  be  determined  when  multiplying  the  scattered  power  by 
the  square  of  cosine  of  half  an  angle  between  the  transmit/receive  antenna  polarization  point  P  and  the  scattered 
polarization  point  S  (see  also  formula  (4.15)  and  the  Appendix  C): 

n(P)  =  (IP)Jcos2y. 

Kennaugh  has  shown  (see  also  Appendix  D)  that 

Prm-(0iP)2x(02P)2 

'  (2r)2 


(11.12) 


(11.13) 


For  any  point  P  in  the  CCS,  not  necessarily  on  the  model’s  surface,  the  Pc  (P)  =  const,  equation  determines 
the  rotational  surface  with  an  axial  crossection  of  the  form  of  the  earlier  mentioned  Cassini  oval,  with  focuses  at 
Oi  2  points.  The  exact  equation  of  that  surface  in  the  pz  cylindrical  coordinate  system  is 


[p2  +z2]2  +2 c/2[/?2  — z2]=  c4  -c/4 

p1  -  (x  +  e)2  +y2 


(11.14) 


with  a  constant 
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c4=(0,P)2  x(02P)2=4rV„(P) 


(11,15) 


Crossections  of  those  surfaces  with  the  Poincare  sphere  determine  the  curves  of  constant  received  power. 
Simple  formulae  present  projections  of  those  curves  onto  the  coordinate  planes  xy  and  xz.  Projection  onto  the  yz 
plane  gives  more  complex  curve  and  will  be  not  presented  here. 

The  xv  plane 


For  z2  =  r2  -  X2  -  y2 ,  we  obtain  the  following  equation  of  ellipses  as  projections  of  constant  CO-POL 
power  curves  onto  the  xy  plane 

r2(e  +  x)2  +d2y2  -  —  .  (11.16) 

4 


Their  semi-axes,  a  and  b,  can  be  found  as  follows: 


(11.17) 


The  xz  plane 


Similarly,  taking  y2  =  r2  -  x2  -  z2  ,  we  obtain  a  set  of  hyperbolae  as  projections  of  the  constant  CO-POL 
power  curves  onto  the  xz  plane: 


(ex+rf-d2  z2 


(11.18) 


Parameters  a  and  b  of  those  hyperbolae  can  be  found  similarly: 


4e " 


f  2 

2 

( 

r 

x  +  — 
V  ) 

4c/2z2  .  ! 

r 

x  +  — 

L  e ) 

a  =  ■ 


b  = 


2e '  2d 

The  asymptotes  of  those  hyperbolae  are 


a 


.2  ’ 


P  V 

Z  =  +-(*  +  —) 

a  e 


(11.19) 


(11.19a) 


It  is  worth  noticing  that  those  asymptotes  are  tangent  to  the  great  circle  of  the  polarization  sphere  at 
the  points  Oi  and  O2.  They  are  crossing  on  the  x  axis  at  a  point  I’  of  coordinate  x  =  -  (r2  le).  It  means  that  I 
and  I’  points  are  ‘mutual  reflections’  in  the  sphere  surface. 


11.  2.  Computational  formulae  in  terms  of  the  relative  power  level  (the  completely  polarized  scattering 
case) 

The  parameter  of  constant  level  of  the  received  signal  versus  (^>c)max  =  ^2  can  computed 


from  the  formulae 
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L  =  Pc[db\=  lOlog 


V), 


=  201og^f  >  0, 


where 


Pc  C- 

=  (A2  +  A,  )JPC,  =2 :r(r  +  e)  =  (A2  + A,  )A2 

Hyperbolae  and  ellipses  for  given  L  are  the  following  functions  of  x : 


z(L,x)  =  ± 


(ex  +  r2)2  -  — 


with 


r(r  +  e) 


y(L,x)  =  ± 


V 


-r2(e  +  x): 


Uog-1(Z,/20)7 


Ellipses  can  be  presented  also  in  cy  lindrical  coordinates  by  the  formula 

c2 
P  = 


2-y/i 


2  2  ■  2 

r  -e  sin  cp 


(11.20) 


(11.21) 


(11.22) 


(11.23) 


(11.24) 


where  the  <p  angle  is  being  taken  from  the  xz  plane. 


11.  3.  The  case  of  CO-POL  returns  from  a  partially  depolarizing  backscatterer 

Considerations  of  this  Section  show  how  the  partial  polarization  arises  when  incoherent  superposition  of 
scatterings  from  non-depolarizing  targets,  An  example  has  been  presented  of  the  most  simple  case  of  the 
partially  depolarizing  scattering  matrix  which  can  be  decomposed  into  a  sum  of  two  only  nondepolarizing 
matrices  (usually  the  sum  of  three  non-depolarizing  matrices  is  needed  to  present  the  partially  polarized 
backscattering).  Such  example  represents  a  simplified  model  of  the  rain  scatterer  consisting  of  vertically 
oriented  spheroidal  drops  of  different  oblatenesses  depending  on  their  sizes.  It  may  be  used  for  estimating 
(‘underestimating’)  the  depolarization  of  a  wave  illuminating  the  rain  cloud.  (To  represent  another  limiting 
case,  of  ‘overestimation’  of  the  phenomenon  of  depolarization,  can  serve  the  cloud  of  raindrops  oriented 
stochastically.) 

In  the  case  of  such  a  simple  partially  depolarizing  backscatterer.  its  Kennaugh  scattering  matrix  in  the 
CCS  has  the  form 


BOO 
A  0  0 

0  c  0  <U25) 

0  0  -c 

the  elements  of  which  are  governed  by  the  inequality  relation 

A2>B2+C2,  (11.26) 

indicating  that  the  condition  of  retaining  complete  polarization  may  not  be  fulfilled  (only  the  equality 
corresponds  to  the  previously  analyzed  nondepolarizing  scattering).  Geometrical  model  for  such  a  scattering 
matrix  has  been  presented  in  Fig.  11.1,  showing  its  crossection  by  the  plane  y  =  0.  It  can  be  considered  as  an 
‘incoherent  sum’  of  two  models  in  the  same  CCS  and  of  the  same  diameter, 


K  *  = 


A 

B 

0 

0 


2r  =  VA  +  C  , 


(11.27) 
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but  of  two  different  inversion  points,  I(1)  and  I(2),  and  the  corresponding  two  pairs  of  the  CO-POL  Null  points, 
0 12  and  0  j*2  .  These  models  correspond  to  two  nondepolarizing  (Sinclair)  matrices  in  the  CCS, 


Am  _  4°  o 

ccs  ~  0  A{1) 

L  u  A\  Joes 


(  =  1,2 


(11.28) 


creating  the  above  defined  Kennaugh  matrix: 


k *  =  0(4&  ®  4L  *>u + u(4J>  ®  4t>  *)u 


(11.29) 


Elements  of  those  Sinclair  matrices  in  terms  of  elements  of  that  Kennaugh  matrix  can  be  found  to  be 

4(1)  =  .  1  (A-B  +  C-Va2 -(B2 +C2)) 

2VA  +  C 

A[ 2)  =  .  1  .  ( A  -  B  +  C  +  J  A2  -(B2  +C2)) 

2VA  +  C 


45°  = 


(A  +  B+C  +  VA2  -(B2  +C2)) 


2v  A  +  C 

1 


(A  +  B+C-VA2  -(B2  +C2)) 


(11.30) 


Introducing  parameters: 


c\  =  (OjI}P)2  x  (Of  P)2  =  (2r)2  Pcw  =  (A  +  C)Pc(1) 
c24  =  (Of  P)2  x  (Of  P)2  =  (2 r)2  />c(2)  =  (A  +  C),Pc(2) 


(11.31) 


c4=i(c14+c24) 


(11.32) 


we  obtain  the  following  formula  for  the  total  co-polarization  received  power: 


Pc=Ul  <1  u  vlrK 


tk  q 


(11.33) 


P™+P}2) 


2c4  =  2c4 
(2/')2  _  A+C 


Having  constant  Pf  and power  curves  as  crossections,  with  the  sphere  X2  +y2  +  z2 
elliptical  cylinders 

r2(e\  +x)2  +d2y2  =  ~~ 


r2,  of 


(11.34) 


2  ,  j2.,2  _  c2 


r  (e2  +  x)  +d2  y 


(11.35) 
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or  hyperbolical  cylinders 


(c,x+r2)2  -</,V  =  ~ 


[e2x  +  r2f  -d} 


(11.37) 


we  can  find  the  corresponding  curves  for  the  constant  total  power,  Pc.  Denoting  (see  Fig.  11.1): 

d2=±(d2+4)=^ 


'2  _  W„2  ,  „2v_  A-C 


r=Het+el): 


e  =  j(ei  +e2)  = 


2VA  +  C 

2  /r>  2  ,  /-i2  ■ 


(11.38) 


A  -  (B  +  C2) 

W  =  <?!  ~  ^  - - - - 

V  A  +  C 

and  performing  addition  of  expressions  for  the  corresponding  cylinders,  we  arrive  at  similar  cuves  for  the  total 
received  power.  They  are  also  ellipses: 


4  2  2 

c  ~r  w 


or  hyperbolae 


r2(x  +  ey  +  d2 y2  = - >  0 

4 


fa  +  —-r2  -  d2z2  = - 


4  4/- 


(11.39) 


(11.40) 


though  slightly  modified.  In  terms  of  the  Kennaugh  matrix  elements  they  are  - 
ellipses: 


(A  +  C)(x  +  -7JL- )2  +  2Cy2  =c4-A2  ~  (B2+C2) 
2VA  +  C  4 


and  hyperbolae 


(A-C)(x  +  ^A  +  C)2  -2Cz2=c*-AMB2+C2)  A+C 
2(A  -C)>  4  A-C 


The  above  equations  yield 


4ax  =  ^  V2  +  4(r  +  e)z  ]  =  i(A  +  B)(A  +  C), 
Cmin  ~r2W2  =-j[A2  -(B2  +C2)] 


(11.41) 


(11.42) 


(11.43) 


We  observe  that  the  minimum  received  power  is  non  vanishing  now,  corresponding  to 


n  .  2cL  W2  A2-(B2+C2)  „  „  ,  ,  , 

- 2(A  +  C) - ’  forx  =  -£?’  y  =  0  andz"=r2-e\  (11.44) 


and  the  maximum  received  power  is 

2cjx  _  y,2 
cmax  (2r)2  2 


+  (e  +  r)2  =  A  +  B;  forx  =  r  and  y  =  z  =  0. 


(11.45) 
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Expressing  the  equation  for  projection  of  the  curve  of  constant  received  power  onto  the  xy  plane  of  the  CCS  in 
the  form  of  an  ellipse 

(x  +  e)2  y2 

V  (1146) 


b2  a2 

we  arrive  at  its  great  and  small  semiaxes:  . _ _ 

f~4  2.  .2  /  a  .A  A  2  .  /r>2  .  rsl  - 


:4-a2  +(b2  +c2; 

4(A  +  C) 


c4  -r2w2 

a~\ 

1  4  d2 

h  -  I 

c4  -  r2w 2 

i 

4  r2 

and  their  ratio 


Similar  dependencies  for  hyperbolae  are: 


a_r__  (A+C) 
b~d~\  2C 


(X  +  V>2  z2 


3  Tc4f2-r4w2  h2_Tc4f2~r4w2  a  _ 
a  4  f2d2  ’  4/4 


Here  the  upper  signs  correspond  to  the  hyperbolae  above  the  asymptotes 


b  d 


(11.47) 


(11.48) 


(11.49) 

(11.50) 


/  .  r2 
z  =  ±±-(x  +  e—) 

d  f 


(11.51) 


(for  their  positive  z  values)  which  always  cross  the  x~  +  z2  —V2  great  circle.  They  become  tangent  to  it  for  w 
=  0  what  means  the  case  of  nondepolarizing  scattering  considered  earlier.  Those  asymptotes  correspond  to  the 
parameter 

=  r^A»-(  B*tCXA±C  (11.52) 

asympt  y  2  4  A  -  C 

It  is  interesting  to  observe  that 

„4  r  ,  /a  ,  dva  .  rw 


(11.52) 


max  i  ,  4 
4  1 

“'min 


r  +  g)  -2(A  +  B)(A  +  C) 

w  J  A2  -(B2  +C2) 


gmax  „  r2 
c4  /2 

asvmpt  J 


(11.53) 


11.  4.  Computational  formulae  in  terms  of  the  relative  power  level  for  partially  polarized  backscattered 
returns 

Curves  of  the  constant  received  power  can  be  computed  also  in  terms  of  the  power  level  using  formulae  similar 
to  (11.22): 

IZ 4  37 ~T~ 


y(L,x)  =  ±- 


l^(e+xf+^ 


(ellipses) 


(11.22’) 
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z(L,x)  =  ±- 


L  r  e  2  2  r4w2  c4 
(A  +  ~r2)2+—~ — 
'  f  4  f2  4 


(hyperbolae). 


c4  r2  [w2  +  4(r  +  e)2  ]  (Pc)  c4 

T  =  ^log-(£/10)  ’  i=^]=10log^=101og%>0.  (11.23’, 


See  Fig.  11.1  for  a  numerical  example  of  the  asymptotes  of  hyperbolae  of  the  constant  received  power  level 
curves  projected  onto  the  zx  CCS  coordinate  plane. 


11.  5.  The  received  power  in  the  X-POL  channel  (the  completely  polarized  backscattering  case) 

The  Px  =C,  or  constant  X-POL  power  curves  on  the  Poincare  sphere  model  of  the  symmetrical  Sinclair 
matrix,  can  be  found  when  applying  a  similar  procedure. 


Starting  from  the  expression  for  the  X-POL  received  power: 

ax  bx  0  0  TV 

d  /  x  1  n  t  bx  a,  0  0  q  l 

^*(q,u,v)  =  -  1  -q  -u  -v  1  1 

2  J  0  0  a3  0  u  2 


„  VVWVI 


0  0  0  -a. 


2  2  V  4  > 


(l-q2)-V^i(u2-v2)U^{(/-2+e2)(l-q2)-V(u2-v2)} 


Px{x,y,z)^-~\-(r2  +e2)x2  -  d2 (y2  -  z2)  +  r2 (r2  +  e2)};  d2  =r2 -e2. 


(11.54) 


(11.55) 


one  obtains  the  equation  of  hyperboloids,  with  parameter  Px  changing  from  0  to  r2 
(for  x2 +y2 +z2  <r2),i.e., 

one-sheeted  hyperboloids  of  the  form: 


a 2  b 2  b 2 


2 Px  <  r2  +e' 


(11.56a) 


or  two-sheeted  hyperboloids  of  the  form: 


with  parameters 


x2  y2  z2 

2  ~  U  +  IT  =  1  for 
a  b2  b2 


\r2  +e2  -2 Px 
r2  +  e2 


and  b  =  r. 


2 Px  >  r2  +e' 


| r2  +e2  -2 Px 

2  2 

r  -  e 


(11.56b) 


(11.57) 


where  alb  <  1,  and  with  O:  being  always  the  axis  of  symmetry. 

The  following  projections  of  lines  of  crossections  of  those  hyperboloids  with  the  Poincare  sphere  onto 
the  coordinate  planes  may  be  of  interest. 
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The  xz  plane.  Substituting  y2  =  r  2  -  x2  -  z2  in  the  above  formulae  we  obtain  hyperbolae  in  the  xz  plane, 


The  xv  plane.  Substituting  z2  =  r  2  -  x2  -  y 2 ,  we  obtain  ellipses  in  the  xy  plane, 


r2x2  +d2 y2  =  r2(r2  -  . 


(11.58) 


(11.59) 


;.  Similarly,  substituting  x2  =  r2  -  y2  -  z2 ,  we  obtain  other  ellipses,  in  they-  plane. 


e2y2  +r2 z2  =a*2/5x  . 


(11.60) 


11.  6.  The  curves  of  equal  CO-POL  and  X-POL  received  powers 
Starting  from  the  above  derived  formulae: 


Pc(x,y,z)  =  -~^(r2  +e2)x2  +  4er2x  +  d2(y2  -z 2"j  +  r2(r2  +e2)J  (ll,8b) 

Px(x,y,z)  =  -^-{-(r2  +e2)x2 -d2(y2 -z2)  +  r2(r2  +<?2)}  (11.55) 


and  comparing  both  expressions 


Pc  (x»  y> z)  -  (x,  y,  z)  => 

■{r2  +e2^jx2  +4er2x  +  d2(y2  -z2^  +  r2(r2  +e2^  =  -(r2  +  <?2)x2  -d2(y2  -  z2J  +  r2(r2  +e 2) 


we  obtain  the  desired  equation  for  those  curves, 


{r2  +e2)x2  +2er2x  +  d2(y 2  -z2j  =  0 


(11.61) 


which  depends  on  two  parameters:  r  and  e  (cf  -  r2  -  e2 ),  and  is  independent  of  the  received  power  level.  It  may 

2  2  2  2 

be  interesting  to  find  projections  of  those  curv  es,  for  r  =  x  +  y  +  z  ,  onto  the  coordinate  planes  xy,  yz 
and  xz,  as  presented  beneath. 

2  2  2  2 

The  yz  plane.  For  x  =  r  —y  —  z  ,  we  obtain 


(r2  +  e2)(r2  -  y2  -  z2)  +  2er* p  -  y2  -  z2  +  </2(y2  -  z2)  = . 


(11.62) 


2  2  2 
r  -  y  -  z  = 


j(r2  +e1\r2  -  (y2  +  z2))}1 2  +  jrf2(y2  -  z*f  +2 rf2(r2  -tV)(r2  -(/  +  z2))(y2 

(2qr2j  ^ 
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■{('■2  +e2f(r4+  y4  +z4  +2yV  -2r2y2  -2rV)  +  rf4y4  +  d4 z4 -2d 


4  2  2, 

y  z  + 


+2rV2(r2  +  e2)y2  -2rV2(r2  +  e2)z2  -2 d2{r2  +  e2)y4  +  2d2  (r2  +  e2)z4}: 


and  finally, 


~  \y  |  (/•2+g2)2-2c/2(r2+g2)  +  c/4  y4+  (A-2+e2)2+2i/2(/-2+e2)  +  i/4  z4 + 


+2  (r2+e2)2-,/4  yV  + 


+2r2{(r2  +e2)[c/2  -(r2  +e2)]  +  2eV2Jy2-2r2|(/-2  +e2)\d2  +  (a-2  +  e2)]-2eV}z2  +r4d4 J  =  0 


4^2y2  +r2z2J2  -4r2(e4y2  +r4z2)  +  r4d4  =  0. 


(11.63) 


2  2  2  2 

For  z  =  r  -  x  -  y  ,  we  obtain  the  equation  of  an  ellipse 


(x-*°)2  i  y2  i 
a2  b2 


(11.64) 


e  dr2 +d2 

2-  a=  2  ’  * 


r2=d2+e2,  -  = 

a  r/ 


(11.65) 


It  is  worth  noticing  that  for  e  =  0  (tf  =  r  ),  and  x  =  0,  we  obtain  x0  =  0,  and  a  =  b  =  — 

V2 

Y 

For  d=  0  (e  =  r),  and  x  =  0,  we  have  a  =  -x0  =  —  (compare  same  results  for  the  xz  plane). 
The  xz  plane.  For  y2  =  r2  -  x2  -  z2 ,  we  obtain  hyperbolae: 


_l^_*0y+£ 

a2  ~  c2 

with  upper  signs  for  d>  e,  lower  signs  for  d  <  e,  and  with 


(11.66) 


r 2  ryj\ d  -e‘ 

xn  = - ,  a-— - 


r^\d  -e  |  2  ,2  2  c  e 

c  = - TT - ;  r  =d  +  e2,  -  =  (11.67) 

a  d 
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x0  r  r 

It  is  worth  noticing  that  for  e  — >  0 ,  d  — »  r  ,  - - >  —  1  and  c  — »  —  the  result  is  z  — »  ±  —== ,  for 

a  2  V2 

any  |x|<  r  denoting  the  crosscction  of  the  sphere  with  two  parallel  (asy  mptotic)  plates. 

r 

For  d  =  0  (e  =  r ),  and  x  =  0,  we  have  a  =  -x0  =  —  and  z  =  0 ;  in  that  case  the  resulting  curve  is 
the  great  circle  in  the  x  =  0  plane. 

The  above  presented  results  can  be  explained  most  simply  when  analyzing  the  geometrical  model  of 
the  scattering  matrix  and  the  ‘geometrical’  formulae  for  the  received  power: 

op  opx 

Pc(P)  =  (IP)2COS2—  and  Px(P)  =  (IP)2cos2~-  (11.68) 

Here  Px  means  the  polarization  point  of  the  receiving  antenna,  antipodal  to  P.  One  can  immediately  see  that 
the  obtained  curves  of  equal  CO-POL  and  X-POL  received  power  correspond  to  equal  anglular 

distances,  SP  =  SPX,  for  scattered  polarization  points  S,  obtained  for  incident  polarization  point  P  after 
inversion  and  rotation  of  the  polarization  sphere. 


11.  7.  The  case  of  the  bistatic  scattering 

The  problem  has  been  solved  for  symmetrical  Sinclair  and  Kennaugh  matrices.  In  cases  of  bistatic  scattering 
we  deal  with  nonsymmetrical  matrices.  In  that  case  the  Sinclair  matrix  in  its  characteristic  ONP  PP  basis  can  be 
considered  as  a  sum  of  the  diagonal  real  matrix  and  the  matrix  of  the  orthogonality  transformation,  both 
multiplied  by  a  phase  factor.  Therefore,  when  using  the  same  transmit/receive  antenna,  the  problem  remains 
exactly  the  same  like  for  the  symmetrical  matrices.  That  is  evident  because  the  antenna  will  not  receive  the 
orthogonally  polarized  component  of  the  scattered  wave.  So,  what  should  be  done,  it  is  to  take  as  the  Sinclair 
scattering  matrix  its  symmetrical  part  only.  However,  when  considering  the  bistatically  scattered  wave  received 
in  the  cross-polarized  channel,  one  should  apply  a  modified  procedure.  Again,  only  the  symmetrical  part  can  be 
taken  into  account  but  of  a  different  Kennaugh  matrix,  after  the  orthogonality  transformation.  According  to  the 
known  rule,  the  received  power  in  the  cross-polarized  channel  can  be  expressed  as  beneath: 

Pr  =PXKP  =  PXDXDXKP  =  PKXP  (11.69) 

That  leads  to  another  characteristic  ONP  PP  basis,  for  the  K  x  matrix,  and  to  consideration  of  the  ‘co-polarized’ 
reception.  In  that  case,  however,  formulae  obtained  for  the  curves  of  equal  CO-POL  and  X-POL  received 
powers  cannot  be  applied  directly  because  of  dealing  with  two  different  scattering  matrices. 


Fig.  1 1.1.  Geometrical  model  of  the  scattering  matrix  with  the  curves  of  constant  received  power  levels 
partially  depolarizig  target  determined  by  three  parameters.  A  numerical  example  for  the  input  data 

r  =  l  e\  -  0  7,  e.  -  0.3 . 

The  secondary-  parameters:  e  =  j(e}  +e2)  =  0.5,  \v  =  ex  -  e7  -  0.4,  / 2  =  i (ef  +  e; )  =  0.29 
=yr'  ~e\  =x/o.51,  d7  =  Jr2  -el  =  Vo.91.  d1  =  ±(d?  +  d;'\  =  nii-  f2^^2-, 


d\  =jr2  -e\  =  VoJT,  d7  =^Jr2  -  e2  =  Vo9l,  c/2  =  ^-(tf2  +  c/22  )  =  0.71,  /2  +J2  =/-2. 

-4<-'cs  and  K*  matrix  elements:  Af1}  =  r  -  el  =  0.3,  zl2(1)  =  r  +  e,  -  1.7,  A{2)  =  r  -  e2  =  0.7, 
A<2)=r  +  e2  =1.3;  A  =  (2r)2  -  2c/2  =  2.58,  B  =  4r<?=2,  C  =  2rf2  =  1.42;  VaTc=2;-. 


A2  -(B2  +C2) 
2(a7c) 


=  0.08  (I  -  1 7.58  db,  for  x  =  -e  =  -0.5), 


A  +  C  -  B  - 

- =  tan  60° 

'A+C+B 


Pcmax  =  A  +  B  =  4.58  (L  =  0  db,  for  x  =  1) ;  tan2aOD,  =  irLuL.  =  /  A+ _C  -  B  _ 

e  V  A  +  C  +  B 

z<KW,=±^(x  +  e-A.)  =  ±0.63S>(x  +  1.72).  4W,  =  -£==-  x  A  =  l2,20  db 

Exemplary  hyperbolae  for:  L  =  5.493  db  {2  =  0  for  x  =  -0.4  and  z  =  0.706  for  x  =  0)  , 

Z,  =  2.845  db  (r  =  0  for  x  = +0.18  and  z  =  0.852  for  x  =  0.6) . 
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12.  The  Basis-Invariant  Decompositions  of  the  Sinclair  Matrix 


12.  1.  Preliminary  considerations  on  ‘elementary’  models  of  the  Sinclair  matrices 


Before  approaching  the  ONP  PP  basis-rotation-invariant  decomposition,  or  simply  ‘basis-invariant’ 
decomposition  of  the  Sinclair  bistatic  scattering  matrix,  it  is  instructive  to  present  at  first  the  Kennaugh  and 
Sinclair  matrices  and  their  geometrical  models  corresponding  to  separate  Huynen  parameters  of  the  symmetric 
Kennaugh  matrix  of  the  form 


al 

bi 

b3 

b5 

40  +  B0 

C 

H 

F 

bi 

a2 

b4 

b6 

C 

Aq+B 

E 

G 

b3 

b4 

a3 

b2 

H 

E 

i 

o 

D 

_b5 

b6 

b2 

a4  _ 

H 

F 

G 

D 

—  Aq  +  Bq  _ 

(12.1) 


The  dependence  of  the  Sinclair  matrix  elements  on  those  of  the  Kennaugh  matrix  for  monostatic  scattering 
(compare  with  (E.8)  for  the  bistatic  scattering  case)  is: 


2^2  h  ~  ai  +  a2  +  2bi)/r  -  ,J2(2A0  +  B0  +  B  +  2C) 

43h  =^4h  =[b3+b4  -j(b5+b6)]H /(2A2H)  =  [H  +  E~j(F  +  G)]/(2A2H)  (12.2) 

h  ~  ta3  ~a4  ~  J—t>2  ]//  /  (2 A2H)  =  (2 A0  -  B0  -  B  -  j2D)  /  (2 A2H) 


For  further  purposes  it  is  convenient  to  assume  the  phase  of  the  first  element  equal  to  (j)  +  <f>Q  with 


=arg(2Z(0  +C  +  jD). 


(12.3) 


The  phase  <j>  may  be  chosen  arbitrarily.  The  argument  indicates  the  phase  difference  between  the  two,  (12.4) 
and  (12.5),  beneath  shown  amplitude  representations  of  the  Kennaugh  matrix  (12. 1). 

So,  the  Sinclair  matrix  just  obtained  is 


Ah  = 


eMH  o) 

p(2A0+B0+B  +  2C) 


2  Aq  +  Bq  +  B  +  2C 
H  +  E-  j(F  +  G) 


H  +  E-j(F  +  G) 


2A0-B0-B-j2D 


■  H 


(12.4) 


Its  equivalent  is 


AH  = 


ej*  [2A0  +C  +  jD 
2 -  H  - jG 


H-JG 
2A0  -  C  -  jD 


(12.5) 


The  last  form  can  be  obtained  when  applying  to  (12.4)  the  following  selected  conditions,  (12. a),  (12. g),  and 
(12.h)  for  preservation  of  the  complete  polarization  expressed  in  terms  of  the  Huynen  parameters  and  selected 
from  their  complete  set  (see  also[85]  or  (E.14a)  and  (14.d)): 


C2  +D2  =2A0(B0  +B ) 

(12.6a) 

H2  +G2  =  2A0(B0  -  B ) 

(12.6b) 

F2  +E 2  =B20  - B 2 

(12.6c) 

C(B0  -  B)  =  EH  +  FG 

(12. 6d) 

D(B0  -B)  -  -EG  +  FH 

(12.6e) 
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C(B0  -  B)  -  EH  +  FG  (i2.6<0 

D(B0  -B)  -  -EG  +  FH  (I2.6e) 

H (B0  +B)  -  CE  +  DF  (I2.6f) 

2AqE  =  CH  -  DG  (I2.6g) 

2A0F  =  CG  +  DH  (I2.6h) 

G(B0  +B)  =  CF  -DE  (I2.6i) 


The  Sinclair  matrices  in  the  right-circular  basis  will  be  also  considered.  The  Euler  angles  chosen  for  that  basis ; 


yield  the  column  PP  vector 


and  the  change-of-basis  matrix 


2  8%  =2  rRH  =  -2  srh  =tt/2 


*H 


cos/h  e  F^h+Eh) 

1 

T 

sin yRH  eJ{S*~e") 

H 


\R  ,  Rx 1  1 

"1 

j 

J 

1 

H 


(12.7) 

(12.8) 


(12.9) 


The  resulting  transformation  of  (12.5)  to  the  R  basis  gives: 


A  -  CR  A  CR  - 


2-sJ  A  o 

or,  the  use  of  another  Huynen’s  condition,  (12.6b),  yields 


G  +  C  +  j(H  +  D)  jsp4o 

yVA  G  -  C  +  j(H  -  D) 


(12.10) 


\[Bq  +F  eJ&TAG+C+j{H+D)} 

.yVA  sIbq  -  F  eJ^lG-c+KH~D^ 


(12.11) 


Similar  transformation  of  the  (12.4)  matrix  gives: 


Ar  - 


x 


yj2(2A0  +  B0  +  B  +  2  C) 

~F  +  G  +  B0+B  +  C  +  j(H  +  E  +  D) 
D  +  j(2A0+C) 


- D  +  j(2A0+C ) 

F  +  G-B0-B-C  +  j(H  +  E-D ) 


(12.12) 


The  submitted  Table  12.1.  presents  Sinclair  and  Kennaugh  matrices  in  the  horizontal  linear  H  basis  and  the 
Sinclair  matrices  in  the  right-circular  R  basis  (always  with  (f>  =  0).  The  individual  targets  correspond  to  separate 
Huynen  s  parameters  (named  in  the  first  column)  and  values  of  the  remaining  non-zero  parameters  are  listed 
(second  column).  The  Sinclair  matrices  have  been  obtained  by  direct  use  of  forms  (12.5)  or  (12.4)  and  of 
(12.13)  or  (12.10).  Poincare  sphere  models  of  matrices  are  presented  in  the  H  basis.  They  show  the  CO-POL 
Null  and  inversion  points,  always  for  the  sphere  of  unit  radius.  Coordinates  of  the  inversion  point  can  be  found 
from  the  equality 


[Q 

I 

\c 

rci 

u 

-1 

H 

F 

_-l 

H 

F 

V 

Ao+Bo+yl(A0+B0)2 -  C 2  -  H2  -  F2 

H 

2 

(12.13) 
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They  coincide  with  the  double  CO-POL  Nulls  if  the  I  point  occurs  on  the  surface  of  the  sphere.  In  another 
possible  case,  for  the  I  point  in  the  center  of  the  sphere,  the  CO-POL  Nulls  are  situated  at  the  antipodal  points, 
on  the  axis  of  rotation  (by  180°)  after  inversion,  and  their  spherical  coordinates  versus  the  H  phasor  are 
determined  by  the  formula 


o13 

P  —  Ph 


tan  y  H'  2  exp  {25 H' 2 }  = 


^3  h  + 


\  A1  _  A  A 
1/1 3H 


(12.14) 


Sinclair  matrix  elements  can  be  found  from  the  equalities  (12.2)  which  are  rather  simple  in  cases  under 
consideration.  Having  those  complex  polarization  ratios  p ,  the  corresponding  Stokes  coordinates  can  be  found 

also  from  the  well  known  relations: 


1 

l  +  PP* 


1  -  pp  * 
p*+p 

_j(P  *  ~P)_ 


(12.15) 


The  list  of  elementary  symmetrical  amplitude  matrices  of  Table  12.1  should  be  supplemented  with  one  non- 
symmetrical,  but  of  special  significance,  the  orthogonality  amplitude  matrix  and  its  power  counterpart,  both  of 
the  form 


Its  model  has  the  inversion  point  in  the  center  of  the  sphere,  but  no  rotation  after  inversion  axis  exists  in  that 
case.  As  a  result  the  whole  surface  of  the  sphere  presents  the  CO-POL  Null  points. 
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Target  Other 
defining  non-zero  ^ 
element  elements  1 


A0-  1 


1  0 
0  1 


AR  sphere 
model 

V 

0  Jl  f  , 

j  o  9 


Poincare  Target 


sphere 


B  =  1  V  1 


i  o 

0  -1 


1  0 
0  -1 


u  giplane 


Bo-  1 


0  1 
1  0 


j  0 
0  j 


?  /  biplane 

/  45d 


Ao  Bo  i 
=  B  =  — 
o 


1  .  _i  i+j  °  n  j 

]2  0  1-J  j  -j 


sohere 
and  +j 
U  diolane 
0° 


A°-b°-  1 
-B  "  T 


1  k  1-j  0  p  -j  J 
0-1  j'2  0  1+j  f2  j  j 

-l  o  L  J  L 


sphere 
and  _j 
U  diplane 


Ao=Bc 


0  141  -j  11  j 

i1o/2-j  1  /2  j  1 


Ao -B°  1 

=-B  ~2 


0 

1 

1 

1 

j 

1 

-1  J 

1 

1  0 

{2 

j 

1 

l/2 

j  -1 

sphere 
and  -j 

—  diplane 
Q  455 

sphere 
and  +j 
diplane 
Q  45° 


1  Bq=  1 


01  1 1  1  _L  i+j  0 

10  {2  1  -lfe  0  -1+j 

1  L  J  L 


TI  diplane 
U  +22.5° 


Table  12.  1.  Scattering  properties  of  elementary  targets 
/to  be  continued/ 
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Table  12.  1  :  Scattering  properties  of  elementary  targets  /continued/ 

o  -  the  inversion  point,  •  -  the  null-polarization  point 

©  -  the  inversion  point  and  the  double  null-polarization  point 
/for  dipoles  and  helices/ 
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12.  2.  The  Krogager’s  decomposition  of  the  Sinclair  matrix  into  matrices  of  the  sphere,  diplane,  and  helix 

After  Krogager  ([102],  [103])  the  linear  combination  can  be  proposed  of  three  amplitude  matrices,  of  the 
sphere,  diplane,  and  helix,  representing  any  stable  scatterer.  It  will  be  shown  that  such  decomposition  is 
entirely  roll-invariant. 

Matrices  AR  of  Table  1  will  be  taken  into  consideration  because  in  the  UR  basis  there  is  a  very 
simple  form  of  the  roll  transformation  by  the  20  angle  about  the  VH  axis: 


SCROLL  _  R 

^R  ~  C H 


cos  0  sin# 
-sin#  cos# 


C 


H 


Under  the  roll  transformation, 

matrices  are  changing  as  follows: 

A 


H 


nR ROLL  ~  L'/? 


JO 


RROLL 


0 

a-J0 


R  sphere  • 


R  dip  lane  0° 


right  helix 


A 

71 R  right  hdix 


0  j 
j  0 
1  0“ 
0  -1_ 
2  O' 
0  0 
0  0 
0  -2 


-> 


-> 


-» 


0  j 

J  °J 

~e]W 
0  -e 
2  0~ 

0  0 
0  0 
0  -2 


-  no  change 


0 


-j  20 


j20 


-jlO 


(12.17) 

(12.18) 

(12.18a) 

(12.18b) 

(12.18c) 

(12. 18d) 


All  matrices  in  Table  1  are  of  strength  k  —  1.  Altogether  six  parameters  are  at  our  disposal  to  construct  the 
sum  matrix.  So,  using  the  right  helix,  we  can  write 


Ar  =  ei<p\  k  eJ<p’ 


0  j 
j  0 


+  k t 


J™ 


0 


0 


-J29 


+  kheJ 20 


' 2  0 
0  0 


J<p 


\k*,+2kh)eJW  jk,e >«■ 

jk,clr‘ 


-Ke~jW 


(12.19) 


Similarly,  with  the  left  helix,  we  obtain 


A~R=e»\kae»‘ 


0  j 
J  o 


+  k~ 


J*o 

0  -e~j2e 


+  kue~J2e 


0  0 

0  -2 


nJ<P 


kAe 


j20 


jkseJ<p‘ 


(12.19) 


\JkfiJ9‘  ~(kd +2kh)e~J20 

Using  the  (12. 12)  form  of  the  Sinclair  matrix  in  the  R  basis  with 

<f>=<P  +  <Ps 


we  obtain 


ks  ~\  -^3 R  |—  > 

kd  ~  Po-Wl  *-e-  kd  =\AlR\=  tJbo  —F  and  kd  —  \A^R\—  y/B0  +  F 
kh  =\\\A2r\~\Ar  \  ~  tJ  C®o  ~  V^o  ~  7*)  1 2 


(12.20) 


(12.21a) 
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<P  =  i(arg^  +MgAXR  -n) 

2&  =  j(argA2R  -  arg  Am  +  tc) 

Vs  =  ar8^3 r  - i(arg^2^  +  arg  AXR) 


(12.21b) 


The  chirality  of  the  scatterer  is: 


right,  if  \A2R\>\AlR\, 

left,  if  (l212> 

The  kt ,  kd  and  k.  parameters  are  obviously  roll-invariant  because  they  depend  on  the  roll-invariant  Huynen 
parameters  A0 ,  B0  and  F  only. 

Worth  noticing  are  relations  between  elements  of  amplitude  matrices  in  the  two  bases,  R  and  H. 


A2R  =  jA3H  +i(A2 H  ~  A1 h), 
AIR  ~jA3H  ~^(A2 H  ~  AUf)> 
A3R  ={(A2  H  +  Aw)- 


(12.23) 


These  relations  are  useful  when  the  matrix  is  known  in  the  H  basis  and  one  wants  to  compute  parameters  of  the 
decomposition  from  equalities  (12.21)  and  (12.22).  p  parameters  oi  me 

.  n  .,  An<a,ytifalIy’  a  sufficient  condition  for  the  roll-invariance  is  conservation  of  identical  relations  between 
sfrengths  of  matrices  of  the  component  targets  under  the  roll  transformation,  independently  of  the  ONP  PP 

That  roll-invariance  can  be  explained  also  geometrically.  When  looking  at  the  Poincare  sphere  models 
of  the  component  matrices  we  observe  their  axial  symmetry  about  the  V;/  axis.  No  doubt  the  modelof  the  matrix 
of  a  sphere  exhibits  such  a  symmetry  having  the  inversion  point  in  the  center  of  the  model  and  with  the  axis  of 
otation  ^ter  inversion  coinciding  with  the  V„  axis  coming  through  the  two  null  polarization  points.  Models  of 
matrices  for  the  right  and  left  helices,  with  their  double  polarization  points  coinciding  with  the  inversion  points 
and  located  at  the  poles  of  the  model  on  the  V*  axis,  show  similar  symmetry  ^ 

°1’  <ProP°ni0nal  *°>  ■*““*  *>■*  transmit/receive  polariaariou 

The  simplest  roll-invariant  decomposition  is  into  sum  of  a  sphere  and  two  helices,  right  and  left- 
handed,  of  strength  V50  +F/  2  and  /  2,  as  seen  from  (12. 11)  and  (12. 18c  and  d).  However,  if  it 

thedSm^ri?h7and  TP°?nt  dBte??dflg  ChiTahty  °f  thC  scatterer’  ^  one  should  observe  that 

the  sum  of  nght  and  left  helices  of  equal  strength  forms  a  diplane,  rolled  by  an  angle  dependent  on  the  phase 
difference  between  helices,  according  to  (12.181x1).  The  model  of  the  diplane  is  characteSX  the  inveS 

center  md  rotatlon  afler  version  axes  are  perpendicular  to  the  V„  axis  similarly  See  for  helices 
TTiat  way  one  can  arrive  geometrically  at  the  roll-invariant  Krogager  decomposition  because  the  roll-symmetry 

roU-angle.COmPOnent  68  ^  n°*ti  &0m  a“  ^ncnZgcis  independent  of  tSTgS 

mAac  °Tg  t0,  ^  roll-symmetry  of  the  component  models,  they  strengths  can  be  discerned  by  applying  in 

p0,arized%right.W  and  left  (LX  fransmit  and  receive  antennas  Ordering 
^attenng  mechanisms  of  inversion  and  rotation  it  is  immediately  seen  that:  RR  and  RL  transmit-receive 

22rSRr^7T.fc’m|lhe  neft  hdiX)  LL  and  ^  fr0m  the  n8ht  heliN  RR  and  LL  from  the 
sphere  and  RL  from  the  diplane.  In  all  these  cases  no  return  from  the  target  can  be  explained  or  bv 

coincidence  of  transmit  and/or  receive  polarization  with  the  inversion  point  (helices  -  antijSdal  inversion 

rotation  TLh  ^  orthogona,lty  the  ottered  wave  versus  the  receive  polarization  (sphere  and  diplane  - 
rotation  after  inversion  axes  mutually  perpendicular).  F 

nrthr,  11  should  ^  observed  that  in  the  H  basis  amplitude  matrices  of  the  sphere,  diplane  0°,  diplane  45°  and 
rthogonalizer  (the  last  multiplied  by  j)  are  the  succeeding  Pauli  matrices,  algebraically  corresponding  to  the 
unit  quaternions  or  orthogonal  column  vectors  of  the  unitary  U  4x4  transfonJL  rStrL  T^iZgonal  set 
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of  matrices  can  be  exchanged  for  another  set,  also  orthogonal,  consisting  of  the  same  first  and  fourth  matrix  but 
instead  of  the  second  and  third  one  including  their  sum  and  difference.  These  two  new  matrices  represent  the 
right  and  left  helices.  So,  instead  of  nonothogonal  set  of  matrices  forming  the  Krogager’s  decomposition  it  is 
possible  to  apply  the  alternative  decomposition  employing  the  just  proposed  new  orthogonal  set  Both 
decompositions  can  also  include  the  orthogonality  matrix  which  will  enable  one  to  deal  with  decomposition  of 
the  nonsymmetrical  Sinclair  matrices. 
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13.  Decomposition  of  the  Partially  Depolarizing  Kennaugh  Matrix  into  Four  Non- 
Depolarizing  Components 

There  are  many  decompositions  possible  but  most  interesting  are  those  which  are  the  ONP-PP-basis-invariant. 
From  the  mathematical  point  of  view,  the  unique  such  decomposition,  into  the  sum  of  four  orthogonal  non¬ 
depolarizing  matrices  of  bistatic  scattering,  has  been  proposed  by  Cloude  [33],  However,  Cloude’s  component 
matrices  are  all  non-symmetric,  each  one  dependent  on  16  parameters,  and  mutual  relations  between  them  have 
not  yet  been  presented.  Mainly  two  cumulative  parameters  of  such  a  set  of  matrices,  the  ‘entropy’  and  the  so- 
called  a  parameter  representing  polarization  properties  of  a  monostatic  or  bistatic  scattering  object,  have  been 
used  in  practice  for  classification  of  ‘distributed’  targets  [35],  Therefore  it  seems  desirable  to  find  alternative 
decompositions,  though  for  matrices  non-orthogonal,  however  exhibiting  other  important  features.  Some 
attempts  of  such  trials  have  been  described  in  a  review  paper  by  Cloude  and  Pottier  [34],  Here,  an  alternative 
roll-invariant  decomposition  for  the  bistatic  scattering  will  be  presented  in  which  the  component  matrices 
depend  on  7,  5,  3  and  1  mutually  independent  parameters,  the  16  parameters  of  the  whole  set. 


13. 1.  The  decomposition  into  matrices  depending  on  7, 5, 3,  and  1  parameters 

Three  steps  of  that  decomposition  will  be  considered.  The  first  one  divides  the  Kennaugh  matrix  of  a 
bistatically  scattering  distributed  target  (BDT)  into  two  parts:  the  non-symmetrical  matrix,  corresponding  to 
nondepolarizing  bistatically  scattering  ‘point’  target  (BPT),  preserving  the  complete  polarization,  and  the 
symmetrical  matrix,  like  of  a  ‘monostatically  scattering’  distributed  target  (MDT),  partially  depolarizing  the 
illuminating  wave.  Such  decomposition  is  fully  basis  invariant  because  symmetrical  matrices  retain  that  form 
under  any  rotation  of  the  polarization  basis,  similarly  as  nonsymmetrical  matrices  do. 

The  second  step  strictly  follows  the  well  known  Huynen’s  decomposition  [85]  of  the  MDT  matrix  into 
the  monostatically  scattering  point  target  (MPT)  and  the  distributed  ‘polarimetric  noise’  target  (DNT)  matrices. 
That  decomposition  is  also  basis  invariant  because  the  feature  of  retaining  the  complete  polarization  does  not 
depend  on  the  change-of-basis  procedure. 

The  last  step,  of  decomposing  the  DNT  matrix  into  two  point  noise  target  (PNT)  matrices  is  only  roll- 
invariant  and  can  be  manifold,  as  will  be  seen  soon. 

To  analyze  that  decomposition  the  original  matrix  of  16  independent  real  parameters  (elements)  will 
be  considered  using  the  Cloude’s  notation  [33,  34]  being  an  extension  of  Huynen’s  notation  from  the 
monostatic  to  the  bistatic  scattering  case  After  the  two  first  steps  the  decomposition  of  the  BDT  matrix  into 
three  matrices,  of  the  BPT,  MPT,  and  DNT,  can  be  presented  in  any  ONP  PP  basis  ,  for  instance  the  H  basis,  in 
the  form: 


kh  =  kbh+k%  +k£ 

with  the  original  BDT  matrix 


al 

bi 

b3 

V 

Aq+  bq 

C  +  N 

H  +  L 

F  +  I 

Cl 

a2 

b4 

b6 

C-N 

A  +  B 

E  +  J 

G  +  K 

C3 

C4 

a3 

b2 

H-L 

E-J 

A-B 

D  +  M 

_C5 

c6 

c2 

a4 

H 

F-I 

G-K 

D~M 

-Aq  +  B0 

(13  1) 


(13.2) 


and  the  component  matrices,  of  BPT, 


Aq  +Bq 

CB  +N 

hb  +l 

Fb  +1 

CB  -N 

Ab  +Bb 

eb  +j 

GB  +K 

HB  -L 

eb  -j 

Ab -Bb 

db  +m 

Fb  -/ 

gb -k 

db -m 

-AS  +BB 

(13.3) 
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and  DNT. 


Km 

H  = 


%  +B* 

CM 

hm 

pM 

CM 

a0m  +bm 

em 

Gu 

hm 

em 

a0m  -  bm 

dm 

pM 

gm 

dm 

~A0M  +B( 

0 


0  B‘ 


The  way  of  construction  of  the  first  component  matrix  is  straightforward.  That  matrix  depends  on  7 
only  parameters  of  the  BDT  matrix:  6  parameters  of  asymmetry,  namely  I,  J,  K,  L,  M,  N,  and  the  difference 

Aq~  A  disappearing  for  the  monostatic  scattering.  All  remaining  parameters  can  be  found  when  using  the 
right  side  of  equalities  (E.6  )  representing  conditions  for  preservation  of  complete  polarization.  So,  one  obtains: 


Bb  = 


1 2 

+  J2  + 

O 

1 

A)2 

2(4, 

-A) 

1 2 

+  J2  - 

(Ac- 

A)2 

2(A0 

-A) 

K2 

+  L2  + 

M 2  +  N2 

2  (A0 

-A) 

K2 

+  L2  - 

M 2  - 

- N 2 

2(A0 

-A) 

CB  =  (IK +  JL)/(A0- A), 

DB  =(-IL  +  JK)/(A0- A), 
Eb  =  (KM  -  LN)  /  (A0  -  A), 
FB  =  -(KN  +  LM)  /  (A0  -  A), 
GB  =  -(IN  +  JM)/(Aq-  A), 
Hb  =  (IM  -  JN)  l  (A0  -  A). 


Elements  of  the  matrix  can  be  found  by  taking  the  difference  between  five  elements  of  the  and 

Kff  matrices.  So,  altogether  five  parameters  define  the  Kjjjf  matrix  and  the  remaining  ones  can  be  obtained  by 
applying  the  equalities  (E.6)  again.  That  yields  the  following  result: 


A0m=A0-A0b>  0, 
CM  =C-CB , 

dm  =d-db, 
gm =g-gb  , 
hm  =h-hb  , 


BM  =[{cM)2 +(DMf  +(Gm)2+(Hm)2]/(  4A0m), 
BM  =[(Cm)2+(Dm)2  -(Gm)2 -(Hm)2}!( 4A*\ 
EM  =(CmHm  -DmGm)/(2A^\ 
fm  =  {Cmgm  +dm  Hm)/(2A^), 


Elements  of  the  remaining  DNT  matrix  can  be  obtained  by  subtraction  of  the  BPT  and  MPT  matrices 
from  the  BDT  matrix: 
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what  yields 


N 

H 

=  K  h~ 

-K 

-  K// 

,N 

'0 

=  B0~ 

bS- 

D  M 

Bq  , 

,N 

=  B  - 

Bb  - 

BM , 

’N 

=  E  - 

eb  - 

EM , 

'N 

=  F  - 

fb  - 

.  PM 

Decomposition  of  the  DNT  matrix  into  two  PNT  matrices  will  be  presented  in  the  following  four 
alternative  forms: 


Kg=Ki+K^ 


0  B] 


0  Bn 


B}  0  0  B04 
0  0  0  0 
0  0  0  0 
B4  0  0  B4 


(13.10) 


KN  _  17  3  .  T7'  6  _ 

H  +  KH  ~ 


0  B 1 


0  F- 


0  En  -B1 


0  Bo1h 


Bb0  0  0  -B0b 
0  0  0  0 
0  0  0  0 
A6  o  0  b60  \h 


(13.11) 


knh=k7h+k«h 


0  bn 

0  E1 


0  F1 
E1  0 


B1\h 


Bl  0  0  0 

0  0  Bl  0 

0  Bl  0  0 

0  0  0  bI\h 


(13.12) 


K H  *^H  +  ^H  ~ 


0  bn 

0  E9 


0  F1 


0  Bn 


0  B\ 


(13.13) 


with  parameters  (elements): 


_  (Bp  -FN  )2  +  (Bn)2  +  (EN): 
°  2(Bq  -  Fn) 


(13.14a) 


(B*)2  ~(Fn)2  ~(Bn)2  -(EnY 
2(Bl?  -  Fn  ) 


(13.14b) 


Z.  H.  Czyz,  ONR-Report-3  (Final  Version)  April  l,  2001 

112 

p5  _  (Bo  +Fn)2+(Bn)2  +(En)2  .  „ 

IJ/)  —  - - — - - -  >  0 

2  (B* +Fn) 

(13.14c) 

„6_(B0n)2-(Fn)2-(Bn)2-(En)2  .  „ 

°  2 (B? +Fn)  ~  ’ 

(13.1 4d) 

d7_(Bqn -EN)2+(BN)2+(FN)2  ^  „ 

2(Bq  -En)  ~  ’ 

(13.1 4e) 

o8  ( B0n)2-(En)2~(Bn)2-(Fn )2  „ 

Do  rr - t: - >0, 

2  (B^-En) 

(13.141) 

d9_(<  +En)2+(Bn)2+(Fn)2  , 

2 (B^+En)  ~  ’ 

(13. 14g) 

Dio  _  (Bq  )2  -(En  )2  ~(Bm)2  —(Fn)2  . 

2(Bq  +  En  )  ~  ’ 

(13. 14h) 

r3_  (Bq  -  FN  )2  -  (Bn)2  -  (En)2 

2(B% -Fn) 

(13. 14i) 

F5  _  (<  +FN)2  ~(Bn)2-(En)2 

2(Bq  +Fn) 

(13.14J) 

ri  _  (B0N  ~En)2-{Bn)2-{Fn)2 

2  (B*-En) 

(13.14k) 

r9_(B0N  +En)2-(Bn)2-(Fn)2 

2  (B?+En) 

(13.141) 

Though  each  of  the  matrices  K  H .  K7/  ,  K  J7  ,  and  Ki,  has  4  different  elements,  each  one  depends  on  3  only 

independent  parameters  because  of  the  conditions  for  preservation  of  complete  polarization  (see  the  upper 
equality  of  the  right  side  of  (E.6j)): 

(■^o)2  ~(f3)2  =  (Bq)2 -(F*y  =  (BNy +(£")2 

and 

(13.15) 

(£07)2  -(£7)2  =  (£’)2  ~(£9)2  =  (£")2  +(Fn)\ 

(13.16) 

The  above  four  decompositions  of  the  KH  matrix  of  the  BDT,  each  depending  successively  on  7,  5,  3, 
and  1  parameters  (altogether  16  mutually  independent  parameters),  were  for  the  first  time  explicitly  presented 
by  this  author  in  [54]  and  [59],  They  can  be  derived,  for  example,  when  using  the  procedure  proposed  by 
Barnes  [4]  who  discovered  that  there  are  always  three  roll-invariant  decompositions  possible  (see  also  Holm 
and  Barnes  [81]).  His  second  and  third  decomposition  was  here  applied  to  the  DNT  obtained  after  the  first 
decomposition  of  the  MDT  matrix.  However,  the  second  or  third  Barnes’  decomposition  can  be  also  applied  to 
the  MDT  matrix.  Then,  other  obtained  that  way  DNT  matrices  can  undergo  the  third  and  first  or  the  first  and 
second  decomposition,  accordingly.  Altogether  three  groups  of  four  different  roll-invariant  decompositions  are 
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possible  for  the  MDT  matrix  in  any  ONP  PP  basis  ,  each  group  depending  on  four  sets  of  5+3+1  =  9 
parameters.  Of  course  the  decomposition  of  the  BDT  matrix  into  matrices  of  MDT  and  BPT  is  unique. 

13.  2.  Physical  realizability  of  the  BDT  matrix 

Physical  realizability  of  the  original  BDT  matrix  can  be  checked  easily  by  the  use  of  the  above 
presented  decomposition.  For  instance,  it  is  sufficient  to  ascertain  that  all  four  component  matrices  have 
determined  non-negative  values  of  their  first  elements  of  general  form  of  ax  -  A0  +  B0 .  That  is  evident 
because  all  other  elements  fulfill  conditions  of  preservation  of  the  complete  polarization  what  ensures  their 
realizability.  So,  the  following  inequalities  should  hold  for  elements  of  the  original  matrix  and  matrices  of  the 
presented  decomposition: 

a0  +b0  >  o 

A0-A>0, 

A0  -  Aq  >  0  or,  equivalently,  A2  >  A2  + 12  +  J2  +2 (A0  -  A)2,  (13.17) 

<  >  0, 

(B")2  >(Bn)2  +(En)2  +(Fn)2. 


13.  3.  An  example  of  decomposition  of  the  completely  depolarizing  matrix 

The  simplest  example  of  the  proposed  procedure  is  the  decomposition  of  the  matrix  completely 
depolarizing  each  incoming  wave.  It  may  be  presented,  e.  g.,  as  follows: 
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(13.17) 


The  component  matrices  in  the  ONP  PP  H  basis  of  the  reversed  order  represent  successively  an  orthogonalizer, 
a  sphere,  and  two  helices:  right-  and  left-handed 


13.  4.  Exemplary  presentation  of  two  Poincare  sphere  models  of  matrices  depending  on  1  and  3 
parameters 

Exemplary  presentations  of  matrices  models  will  better  explain  the  decomposition  and,  hopefully,  will  confirm 
usefulness  and  efficiency  of  previously  elaborated  methods  of  the  Poincare  sphere  transformations. 

Models  of  the  and  matrices  will  be  presented.  For  simplicity  reasons  the  upper  indices  of  matrix 
elements,  here  N,  3,  and  4,  will  be  omitted. 

The  K?r  matrix  model. 

The  matrix  represents  the  right-handed  helix  (contrary  to  representing  the  left-handed 
helix).  The  inversion  point  is  in  the  lower  pole  of  its  Poincare  sphere  model  and  the  ‘RR’  received  power, 
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corresponding  to  the  right  circular  polarizations  of  the  transmit/receive  antenna  and  the  unit  incident  power,  is 
equal  to  the  square  of  the  sphere  diameter: 


RR  =  it1  o  o  'L 


B0 
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0  0  1]h2  B, 
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0 

A 
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Bo_ 
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H 

1 

2  B0.  (13.18) 


H 


It  is  also  equal  to  the  span  of  the  corresponding  Sinclair  matrix  of  the  form: 


Ah  - 


SpanAH  =  2alH  =  2  B0 . 


(13.19) 


The  matrix  model. 

The  model  of  the  Kj  matrix  (identical  considerations  refer  also  to  K# ,  ,  andK^  matrices  of  the  same 

structure),  depends  on  four  algebraic  parameters,  B0,  B,  E,  F ,  joined  with  one  relation: 


F2  +  B2  =B2 -E2. 

It  corresponds  to  the  more  complex  Sinclair  matrix  (see  (12.4)) 


eK<h-$o) 

B0  +  B 

E-jF  - 

P(B0+B) 

E-jF 

~(B0  +B ) 

One  of  its  geometrical  parameters  is  the  square  of  the  Poincare  sphere  diameter: 

cr0  =  2(ax  +a0)  =  2 (B0  +  tJb2  -  F2) 


(13.20) 


(13.21) 


(13.22) 


The  inversion  point  remains  on  the  VH  axis  and  its  one  only  non-zero  coordinate  inside  the  sphere  of  unit 
radius  (see  Fig.  13.  1.  forF  <0), 


— —F  =  sin  2a 


°2  _ 
H  ~ 


-F2-Bq 

F 


(13.23) 


presents  the  second  geometrical  parameter.  The  cord  joining  the  CO-POL  Nulls,  coming  through  the  inversion 
point  and  perpendicular  to  the  VH  axis,  is  inclined  versus  the  Qy  axis  at  an  angle  2/?°2  which  is  the  third 

geometrical  parameter  of  that  matrix  (see  for  example  Fig.  13.  1). 

The  angle  2/?°2  can  be  found  when  searching  for  the  characteristic  K  basis  of  the  Sinclair  matrix 
(13.21).  Formulae  (9, 18)  and  (9. 17)  of  the  standard  procedure  lead  to  the  characteristic  polarization  ratios 

PH~~j  for  ^<0,  and  pKH-j  for  F>0.  (13.24,25) 

Then,  realizing  the  first  step  of  the  transformation  one  obtains,  after  (9. 19),  the  following  matrix  in  the  K  basis 
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a2'  0 


1  [B0  +B  +  F  +  jE 


0  Ax'\k,  J2(B0+B ) 


-B0  -  B  +  F  +  jE 


and  the  Euler  angles 


2S%  =+90°,  2y^j  —  90°, 


(13.26) 


(13.27) 


2eKH=\[xgA2'  -  arg.^']!  90°  =  ±90°  -  2/?°2  =2 /?£, 


(13.28) 


with  upper  signs  for  the  negative  and  lower  for  positive  F  values.  There  is  an  ambiguity  of  180°  in  the  last 
expression.  It  can  be  omitted  by  taking  limited  value  of  general  phase  of  the  matrix 


\fi\=\\ar%A2'  +arg^1'|<90c 


(13.29) 


Owing  to  such  limitation,  the  sense  of  the  rotation  after  inversion  axis  will  be  precisely  determined. 

To  clearly  present  derivation  of  final  formulae,  the  intermediate  parameter  will  be  introduced: 


In  turn  one  can  write 


t  =  tan(-2 0H* ) 


o  2 1 

argA2'  -  arg  Ax  1  =  tan(-4/?^2 )  = - -  • 

l  +  r 


Now,  for  known  values  of  arguments 


one  can  find 


arg  A2 '  =  arg(50  +B  +  F  +  jE) 
arg  Ax  '=  arg(-50  -B  +  F  +  jE) 


tan(-4^2)  =  -J- 


(13.30) 


(13.31) 


(13.32) 


(13.33) 


independently  of  sign  of  the  F  element.  That  enables  one  to  find  simple  solution  of  equation  (13.31)  in  the  form 


B±s1b2+E2  b±Jb2+f: 


(13.34) 


That  result  can  be  rewritten  in  a  more  useful  form  of  two  equalities 


IB2  +F2  +B 


(13.35A) 


IB2  +F2  -B 


(13.35B) 


It  is  immediately  seen  that  numerators  of  the  two  expressions  (13.35),  in  view  of  (13.34),  are  positive. 
Therefore  t  and  E  are  of  the  same  sign  when  using  (13. 3 5 A),  and  of  opposite  sign  in  (13.35B).  Also,  both 
expressions  lead  to  the  same  relation  between  B  and  E: 


B  =  -En, 


(13.36) 


(13.37) 
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what  agrees  with  (13.31)  and  (13.33).  The  elements  B  and  E  are  of  the  same  sign  when  /  >  0  and  r  >1  ,  or 
when  t  <  0  and  r  <1,  and  negative  in  the  other  cases.  The  sign  of  t  is  opposite  to  the  sign  of  2 (3% 

Combining  signs  of  t,  B,  and  E  with  expressions  (13.35)  the  following  final  formulae  for  the  2/3%  angle 
become  evident: 


2(3%  =  arctan 


V B*-F 2  -B 


;  with 


or 


2  (3%  =  arctan 


Jsi-F1 


+  B 


-E 


with 


|E<0,5>0,  2(3%  <0,  \2(3%  | < 45° 
}e  >  0,  B  <  0,  2/3%  >  0,  |2 J3%  |>  45° 

jE<0,5<0,  2/3%  >0,  \2/3%  |  <45° 
|E>0,B>0,  2/3%  <0,  \2/3%\>45() 


(13.38a) 


(13.38b) 


Beneath,  also  the  inverse  formulae  will  be  presented  enabling  computation  of  the  K  J  matrix  elements, 
B0,  F ,  E,  and  5 ,  for  given  geometrical  parameters, 


ro  >  0, 

2a  =  2a%  =90°  -2 a% 

2(3  =  2/3%  -  -(2/3 h  —  90°). 


Knowing  the  auxiliary  parameters: 


one  obtains 


m  - 

t  = 

n  = 


2  sin  2  a 
1  +  sin2  2 a  ’ 
-tan 2/? >  0 

1  -t2 
21  ’ 


Bq  - 


4E 


4  r0  +m 
F  =  -B0m. 


>0, 


(13.39) 


(13.40) 


(13.41) 


Therefore  from  (13.24),  and  for  the  definition  of  t  in  (13,30),  we  obtain  the  two  remaining  elements  expressed 
as  follows: 

Moreover,  combination  of  (13.36) : 


and  (13.20)  yields 


B  =  -En 


I  E\= 


V 


Bl-F 
1  +  «2 


2 


(13.42) 


The  sign  of  E  can  be  found  from  (13.38)  as  a  function  of  2(3%  and  1 2(3%  j,  similarly  as  the  sign  of  B. 


Fig.  13.1.  presents  results  of  computations  and  structure  of  the  Poincare  sphere  model  of  the  matrix 
corresponding  to  chosen  geometrical  parameters. 
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Fig.  13.1.  The  Poincare  sphere  model  of  the  matrix  with  the  elements: 
=  15.787,  F  =  -13.627,  £  =  -5.124,  5  =  6.106, 

computed  for  the  geometrical  parameters:  r0  =  4,  la  =  35° ,  2/?  =  -20° . 
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14.  The  Polarimetric  Two-Ports 

An  important  example  of  application  of  the  Poincare  sphere  transformations  is  the  theory  of  the  polarimetric 
two-ports.  Network  theory  of  microwave  four-ports  can  be  extended  to  the  domain  of  completely  polarized  fields 
of  plane  waves  and  used  to  polanmetnc  analysis  of  the  electromagnetic  two-ports.  For  that  purpose,  incoming 
and  outgoing  waves  in  two  ports  on  each  side  of  the  four-port  have  been  combined  to  create  the  polarization 
and  phase  vectors.  Their  transformation  by  two  reflectance  and  two  transmittance  Sinclair  matrices  will  be 
considered.  Then,  directions  of  the  propagation  z-axes  at  both  ports  will  be  reversed  by  rotation  of  spatial 

pdarimetrictw^jx)^01111  ^  ^ tnmsmittance  Jones  matrices> thus  allowing  for  cascading  connection  of  the 

Considerations  will  be  limited  to  the  losses,  reciprocal  systems  and  mutual  relations  between  elements  of  the 
Sinclair  and  Jones  matrices  will  be  presented.  A  geometrical  model  of  the  scattering  matrix  of  the  whole  two- 
port  has  been  build  up.  It  is  of  the  form  of  four  polarization  spheres  of  tangential  phasors.  Each  sphere 
represents  one  of  four  Sinclair  matrices.  Its  diameter,  inversion  point,  and  rotation  after  inversion  axis  and 

^fanzatLns  spcciri^  ^  °nentation  of  the  P°larization  fork  presented,  and  some  special  incident 

14. 1.  Fundamental  equations  of  the  polarimetric  two-ports 

Scattenng  equation  of  the  two-port  in  the  coordinate  systems  as  in  Fig.  14. 1,  and  in  the  linear  ONP  PP  basis  H 
,  will  be  presented  in  the  following  form 


s*  ?»KLM 


H  JL UH 


^  i  „SA  * 

AAUH  AB  UH  _  Z aUH 

j.SBA  *,  i  SBB  *  2  SB  * 

BAUH  +/^BBU  H  J  L  ^BUH  * 


with  the  real  positive  coefficients  A ,  Sinclair  back-scattering  (symmetrical)  reflectance  matrices 


s„Js' 


Rh  = 


r2  r3 

R3  Rt 


(14.1a) 


and  the  Sinclair  forward  scattering,  and  therefore  nonsymmetrical,  transmittance  matrices 


T  =  t2  t3 
H  \ta  tx  ' 


f  JT*  T* 

JH  -  T  T 
J  3  1l 


(14.1b) 


The  same  scattenng  equation,  with  the  Sinclair  scattering  matrices  expressed  by  their  elements  and  with 
rite  field  amplitude  PP  vectors  defined  as  in  (2. 1),  introduced  instead  of  column  PP  unit 


S3  T\  Eox 

T*  T3  R2  R2  EBy 

T<  ^3  rAAei 


\eS  * 
e^* 

rSB  * 

■^0  y 
r-SB  * 
S-'Ox 


TTie  complex  and  symmetncal  scattering  matrix  of  the  whole  two-port,  presented  in  the  above  equation 
depends  on  20  real  parameters.  That  number  can  be  reduced  to  10  (one  half)  by  taking  no  losses  case,  apart 
from  the  previously  assumed  reciprocity.  The  resulting  matrix  has  to  be  unitary  and  therefore  its  component 
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Sinclair  matrices  should  fulfill  equations  (the  transposition  has  been  shown  for  the  nonsymmetrical  matrices 
only): 


and 


sh*sh+th*th  =  th*th+rh 


*Rh 


0 

1 


sh*th+th*r„  = 


0 

0 


(14.2a,b) 


(14.2c) 


They  result  in  the  following  fundamental  equations  for  the  two-port: 

SpanS  =  SpanR  =  2  -  SpcmT  (14.3a) 

or 

SpanS  +  SpanT  =  SpanR  +  SpanT  -  2 , 

|det£j2  =  jdet 7?| 2  =  \- SpanT 7j2  (14. 3b) 

or 

[det  j] 2  =  1  -  SpanS  +  |det  .S'j2  =  1  -  SpanR+\  det  i?|2 

and 

arg  det  S  +  arg  det  R  =  2  arg  det  T .  (14.3c) 


Here,  indices  of  matrices  have  been  omitted  because  span  and  determinant  are  independent  of  the  ONP  PP  basis 
choice. 


Two  fundamental  equations,  (14.3a)  and  (14.3b),  govern  diameters  of  all  four  Sinclair  matrices, 
because  squares  of  those  diameters  are 

°os  ~  r  ~  SpanS  +  2|  det£| 
a0  T  =  <r0f  =  SpanT  +  2j  det  1} 

The  last  fundamental  equation,  (14.3c),  bounds  phases  of  the  component  Sinclair  matrices  of  the  reciprocal 
lossless  two-port  depending  on  10  real  parameters. 


14.2.  A  physical  interpretation  of  the  phase  relations  betw  een  the  component  Sinclair  matrices  of  the  two- 
port 

There  may  be  an  interesting  physical  interpretation  of  equation  (14.3c).  If  we  call  the  overall  ..electrical 
length”  of  the  two-port  as  equal  to  the  phase  of  its  transmittance  matrix, 

£  =  j-argdetr  =  £0  +p,  (14.5a) 


being  a  sum  of  its  ..canonical  phase”  of  the  matrix  in  its  characteristic  coordinate  system  corresponding  to  the 
characteristic  ONP  PP  basis  K, 


£o  =  2  arg  det  Tccs ; 


Tecs  ~ 


A 

-Bx  -  jB2 


B\  +  j&  2 


Tr=T 


ccsc 


(14.5b) 


and  an  ..additional  phase”  p ,  then  we  may  consider  backscatterings  by  the  two-port  as  scatterings  from  a  plane 
inside  the  two-port,  at  an  electrical  distance  a  from  the  port  .4  , 
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a  =  -{-argdet£  =  a0  +cr,  (14.6a) 

and  from  the  same  plane,  on  the  other  side  of  the  two-port,  at  a  distance  (3  from  the  port  B  , 

/?  =  ^argdettf  =  /?0  +p  (14.6b) 

All  the  above  mentioned  phases  and  the  corresponding  distances  are  connected  with  the  equalities 

£o  =«o  +/?o>  €=a  +  P,  and  ju  =  <y  +  p.  (14.7) 

The  canonical  phase  of  reflection  at  the  port  A,  CL  0  ,  and  the  additional  phase  a  ,  will  be  defined  in  the  next 
section. 


14.3,  The  five-parameter  model  of  the  two-port 

Further  reduction  of  the  number  of  independent  real  parameters  is  necessary  to  obtain  the  geometrical  model  of 
the  two-port.  That  can  be  reached  by  changing  the  ONP  H  basis  for  the  characteristic  basis,  KT.  of  the  T 
matrix.  Of  course,  the  KT  basis  will  be  neither  the  characteristic  basis,  KS,  of  the  S  matrix,  nor  the 
characteristic  basis,  KR,  of  the  R  matrix.  The  resulting  canonical  form  of  the  transmittance  scattering  matrix 
can  be  presented  as 


p1  _ f~<KT  t>  /~<K.T  _ 

1KT  ~  '■'W  -‘w'-'M  — 


H 


2  ^1  +  JB2 


A. 

-Bx  ~  jB 2 


AM 


(14.8) 


while  the  form  of  the  reflectance  Sinclair  matrices  in  the  new  KT  basis  will  not  undergo  any  simplifications  and 
will  read: 


and 


SKT  =C*TS„C 


H 


S2  Sj 

s3  sx 


KT 


Rkt  =CFKfTR„C 


H 


R2  Rj 

La  aJ 


KT 


(14.9a) 


(14.9b) 


Now,  the  number  of  parameters  has  been  reduced  to  7.  That  is  3  parameters  less,  because  of  3  Euler  angles  of 
the  basis  rotation  for  the  transmittance  matrix.  What  can  be  done  more  is  neglecting  two  phases:  one, 
corresponding  to  the  additional  electrical  length”  of  the  two-port,  it  is  p,  and  another  one,  responsible  for  the 
..additional  electrical  distance”  of  the  scattering  plane  inside  the  two-port  from  the  port  A.,  it  is  a.  By  the 

following  equation  we  shall  include  crin  the  definition  of  the  S  matrix  with  S3  element,  in  the  KT  basis,  defined 
as  real: 


B KT  ~ 


s2  s3 

S3  Slm 


,j2a 


>  ; 
-  KT 


S3  =  S3 


(14.10a) 


Now,  the  canonical  phase  for  the  port  ,4  can  also  be  defined  as: 


aQ  =  arg  det  SKT  -  a  =  j  arg(,V2  .Vj -S3). 


(14.10b) 
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When  neglecting  additional  phases,  p  and  cr  (and  p,  in  virtue  of  (14.7)),  not  essential  for  further 
considerations,  the  resultant  scattering  matrix  of  the  two-port  and  its  four-sphere  geometrical  model  can  be 
considered  as  depending  on  five  only  real  parameters:  A2,Al,B1,B2 ,  and  S  3 


14.4.  The  allowed  range  for  the  S3  parameter  and  the  S  matrix  dependence  on  T  matrix  elements 

The  S3  value  of  equation  (14. 10)  cannot  be  chosen  arbitrarily.  It  should  be  contained  in  the  range  determined  as 
follows: 


SpanS  —  2|  det  <S] 


< 


v  sin  07 


<  5pa«5,  +  2|detiS'i  =  aoS 


(14.11) 


where  0  is  an  angle  between  the  QAT  axis  of  the  CCS  of  the  T  matrix  and  the  (OI)  vector,  from  the  center  O  of 
the  Poincare  sphere  model  of  that  matrix  to  its  inversion  point  I.  The  range  (14. 1 1)  is  a  direct  consequence  of 
the  unitarity  of  the  two-port  scattering  matrix.  In  order  to  show  that,  the  two-port  scattering  matrix  (14.12)  will 
be  considered,  corresponding  to  the  matrix  (14.2)  transformed  to  the  KT  basis  and  with  the  additional  phases  p 
and  cr  neglected. 


A2 

~B\  ~  jB  2 


S3 

Sr 

B\  +jB  2 

A 


A 

B\  +  jB  2 
R2 

A 


B\  jB2 

A 

A 

A 


(14.12) 


By  inspection  of  a  Hermitian  product  of  the  two  first  columns  of  that  unitary  matrix  with  S3  real: 


0=  S 2  *S 3  +  S3SX  +B1(A2  - Al)  +  jB2(A2  +  A}) 


and  considering  the  C1  plane  with  complex  numbers  expressed  by  vectors:  S2  *  S3  ,  S3Sl  ,  and 


(14.13) 


W=Bl(A2-Al)  +  jB2(A2+Al) 
=  -Cejr, 


(14.14) 


we  arrive  at  a  vector  diagram  on  that  plane,  as  in  Fig.  2.  It  shows  that  two  solutions  of  the  equation  (14. 13)  for 
an  S3  given  are  possible.  They  exist  when  only  the  length  H  of  a  straight  line  segment,  as  shown  in  Fig.  2,  is 
real. 


In  order  to  express  two  elements,  S2  and  S\ ,  and  the  length  H,  as  a  function  of  the  five  real 
parameters  of  the  two-port  model,  we  will  introduce  the  following  auxiliary  real  parameters: 


P  =  1  -  Bt  -  B22  -  A\  >  0, 
Q  =  \-B2,  -B22-A2x>P, 

C 2  =  WW*, 
D2=PQ-C 2  , 


(14.15a) 


(14.15b) 
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In  terms  of  those  parameters  we  obtain: 

|s,l!=e-.v,2>|sJ[2, 

H  =  \  f2(P  +  Q)Sf  -  4(l  +  £2  )S34  -  C2 

and,  introducing  additional  parameters, 

A  =  ~-ESl, 

2  3 

B  =  C  -  A, 

cos  z  =  -  R eW/C, 
sin  y  -  -  Im  W l  C. 


(14.16) 


(14.17) 


(14.18a) 


(14.18b) 


the  following  two  solutions  for  the  arguments  of  S2  and  S{  elements  can  be  found: 


arg^2  -  arg{Acosy±H siny  -  j(A siny  +  H cosy)} , 
arg'S't  =  arg{^cos/+//sinz+  j(B  sin  y  ±H  cos y)}. 

The  length  of  H,  as  expressed  by  (14. 17),  is  real  for  the  S3  in  the  range 


1  IQ  +  P-2D  n 

what  corresponds  to  (14. 1 1)  because 


and 


£  l[Q*p*2D  = 

2  V  1 +  E2  2 

(14.20) 

0  +  P=  SpanS  , 

(14.21) 

D  =|det«S’| , 

(14.22) 

E  =  cot  6 . 

(14.23) 

14.5.  The  R  matrix  dependence  on  the  S  and  T  matrices 

Using  again  the  matrix  equations  (14.2a, b,c)  and  after  transformation  of  their  Sinclair  matrices  to  the  TK  basis, 
as  in  (14.8)  and  (14.9),  we  arrive  at  the  following  expressions  for  the  R  matrix  elements: 

^  =  drtW[-Sj  "A,A2  ~siB3F+A) 

R>  =  dFFl~S2  *(B'  +Bli+S^F  +A) 

+AMA  ~  Ai~Bi  *  A  A]> 

R,  =  d 

-S3  (A\  -  B 2  -  B\ )  -  sl  *  A2  (B1  +  jB2 )]. 


(14.24) 
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The  R  matrix,  corresponding  to  the  T  and  S  matrices  as  in  (14.8)  and  (14. 10),  is  of  the  form: 


R3 


R 3  eJl(P-<r) 


(14.25) 


A  numerical  example  verifying  the  above  presented  formulae  can  be  found  in  [61,  68.  69], 


14.6.  Geometrical  parameters  of  the  two-port  Sinclair  matrices’  models 

A  few  of  useful  formulae  can  be  helpful  in  computing  geometrical  parameters  of  the  models.  Some  of  them  are 
in  terms  of  additional  parameters  presented  in  equations  (14.15). 

Diameters  of  the  polarization  spheres  are: 


l^oS  ~\<Jo R  —  V  Q  +  P  +  2-0, 

/°o7=v/^rf=V2-(^+0)  +  2i/i-(^+e)  +  n2:. 


(14.26) 


CO-POL  Null  polarization  ratios  in  the  KT  basis: 


p™  =  (-S3*<J-detS)/Slt 
P™  =  (-r3  +y/-detR)/R1 , 
Pkt  ~  Pkt  =^jylAi/  Ax. 


(14.27) 


They  correspond  to  the  fork  angles  (subtended  between  prongs  pointing  to  the  CO-POL  Null  polarizations): 


(4^)s  =(4/F)y?  =2arcsin1 


Q  +  P  +  2D 


(4rF)r=(4rF)f,=2arcsm^^ 


(14.28) 


Polarization  ratios  in  the  KT  basis  for  maximum  and  minimum  transferred  powers  (corresponding  to  minimum 
and  maximum  powers  scattered  at  the  ports)  are: 


MT,NT 

Pkt 


E  +  sl  +  E  e 


2  _/[arg(— fF*— 90°  ±90°  ) 


(14.29) 


The  corresponding  powers  related  to  the  incoming  power  at  each  port  equal  to  one  are: 


■  transferred  powers: 


Rtransr=[l~(P  +  Q)/2]±C^l  +  J 


(14.30) 


-powers  reflected  at  the  ports. 


Prefl.  =[(P+0/2]+CVl  + 


(14.31) 
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14.7.  Mutual  orientations  of  the  Sinclair  matrices’  models  of  the  two-port 

Mutual  orientations  of  these  models  can  be  found  by  computation  of  two  pairs  of  the  three  Euler  angles  by 
which  the  KT  basis  should  be  rotated  to  the  characteristic  bases,  KS  or  KR of  the  two  reflectance  matrices. 

The  whole  procedure  of  obtaining  the  S  and  R  matrices  in  their  characteristic  bases  is  rather  simple 
because  of  known  values  of  the  polarization  ratios 


Pkt  ~  Pkt  ~  Pkt  (14.32) 

according  to  (14.29).  What  has  to  be  done  is  just  to  apply  formulae  (9.17)  -  (9.19)  remembering  that  for 
monostatic  matrices  there  is  always  A'  =  0,  and  that  the  indices  of  the  Euler  angles  should  be  changed 
appropriately.  The  reflectance  matrices  will  take  forms 


and 


$ks 


R-KR 


s2  0 

0  Sl 

r2  0 

0  Ry 


,jFs 


KS 


,jPR 


KR 


with  real  nonnegative  parameters 

^2)aS  ~  {^2}^  >  = 

and  with  the  phase  angles,  according  to  (14.3c),  (14. 10)  and  (14.25),  satisfying  the  equalities 


(14.33a) 


(1433b) 


(14.34) 


Ps+Pr  -  fis  -  2a0,  fiR  =  2 pQ  =  yargdet  RKT  -  2 (ju  -  a).  (14.35) 

It  should  be  observed  that  the  models  of  mutually  transposed  transmittance  matrices  differ  only  by  180° 
rotation  about  the  Qkt  axis,  and  by  the  same  rotation  differ  also  the  reflectance  matrices.  Fig.  14.3  illustrates 
mutual  orientations  of  such  models  corresponding  to  the  numerical  example  presented  in  [61,  68,  69], 


14.8.  Four  types  of  scattering  and  cascading  matrices  of  two-ports 


When  analyzing  the  cascade  of  two-ports,  it  is  advisable  to  use  rather  the  complex  amplitude  (CA)  column 
vectors,  representing  directional  Jones  vectors  [92,  93,  107],  instead  of  the  PP  vectors,  in  order  to  appiv 
traditional  notation  of  the  network  theory. 

So,  the  scattering  equation  for  the  two-port  (in  the  local  spatial  coordinate  systems  with  z-axes  directed 
to  the  two-port  on  its  both  sides)  will  be  used  in  the  following  form  of  that  new  polarimetric  notation.  Instead  of 
(14. 1)  we  will  write 


~s 

T 

~a~ 

V 

T 

R 

1 a2_ 

pi. 

(14.36) 


where  the  lower  indices  indicating  the  ONP  PP  basis,  still  applicable,  have  been  omitted  for  simplicity  reasons. 
Here,  complex  amplitude  column  vectors  of  the  incoming  and  outgoing  waves  are  designated  by  o,  and  bt , 
respectively,  with  the  lower  index  i  denoting  the  port  number  (1  or  2).  One  has  only  to  remember  about  two 
slightly  different  rules  of  transformation  which  those  CA  vectors  undergo  under  change  of  the  ONP  PP  basis  or 
under  reversal  (by  rotation)  of  the  spatial  coordinate  system.  The  b  values  (contrary  to  the  a  values)  used  in  the 
scattering  equation  (14.36)  are  conjugate  values  of  the  corresponding  PP  vector  components  as  representing 
waves  propagating  in  the  -z  direction  of  the  local  coordinate  system.  (However,  the  later  used  values  a0  and  b, 
expressed  for  the  spatially  reversed  z-axes  of  the  local  coordinate  systems,  will  behave  oppositely.  Namely,  the 
a ’s  will  be  conjugate  values  of  the  corresponding  PP  vector  components.) 
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By  rearranging  the  matrix  equation  (14.36),  two  different  cascading  matrices  and  the  corresponding 
equations  can  be  obtained.  They  depend  on  at  which  port,  1  or  2,  the  incoming  and  outgoing  wave  has  to  be 
transformed  by  the  cascading  matrix  to  the  other  port.  Such  matrices  can  take  the  following  forms  (for 
comparison  with  microwave  two-port  equations  see  [82]): 


T-ST-lR 

sr  i 

a2 

V 

-T~lR 

T~  1 

«t_ 

T-RT-'S 

RT~l 

w 

V 

-f~lS 

T~ 1 

Px. 

«2_ 

(14.37a, b) 


The  first  one  of  these  two  forms  will  be  chosen  for  further  applications. 

Other  types  of  scattering  and  cascading  matrices  of  the  two-ports  are  also  possible  (the  names  of  these 
types  hav  e  been  introduced  as  for  the  types  of  the  2X2  complex  matrices,  according  to  similar  dependence  on 
the  z-axis  reversal  at  the  ‘output’  and  ‘input’).  Table  14.1  presents  four  types  of  those  matrices  in  their 
transformation  equations.  These  types  differ  by  reversal  (by  rotation)  of  the  spatial  coordinate  system  at  the 
ports.  1,  2,  and  1  and  2,  successively. 


14.9.  Transformation  rules  for  reflectance  and  transmittance  matrices 


Together  with  the  z-axis  reversal,  also  some  Sinclair  scattering  matrices  and  some  CA  column  vectors  are 
properly  transformed.  The  SI  type  Sinclair  matrices  are  transformed  according  to  formulae  under  z-axis 
reversal,  and  using  formulae  under  basis  rotation.  The  complete  set  of  transformations  for  the  2X2  complex 
amplitude  matrices  contained  in  the  scattering  matrices  of  the  two-port  is  given  below, 


where 


SH  = 

CH 

L K 

SK 

CH 
L K 

Rh  ~ 

CH 

c K 

Rk 

CH 

c K 

Th  = 

rH 

Tk 

CH 

u K 

CH 

Tk 

CH 

II 

t? 

-  CK 

-  '-'H 

T°kChk 

Tk 

-  r° 

- 

*  T 

JK 

II 

-  CK 

-  L'  H 

*  tk°  c 

H  * 

K 

? 

Tk 

-  Tk  Cl  * 

ii 

-  CK 

-  l-h 

*  °tk  c”  * 

5 

°Tk 

=  TK  Cl* 

>  T  _ 
1H  ~ 

-  rK 

°TkCP  ; 

°tk  =  Cl 

+  T 

1 K 

<0 

H  ~ 

r  K  o 

oo  K 

9 

0 

SI 

-  * 
-  ^ K 

c  * 

°K  l  K 

>0  _ 

■H  ~ 

piK  0 

nO  PiK 

c 

'R°K 

-  r10  * 

~  ^K 

RKci 

CH 

'■'K 

=  Cfj  *  and 

c 

0 

K  ~ 

Cp 

-1  O' 

0  1 

Ckh 

(14.38a) 


(14.38b) 


(14.38c) 


(14.38d) 


14.10.  Transformation  rules  for  complex  amplitudes 

As  mentioned  in  Section  14.8,  the  difference  in  comparison  with  previously  used  formulae  has  to  be  taken  into 
account  when  dealing  with  the  complex  amplitudes  instead  of  PP  vectors. 

According  to  definitions  of  the  Table  14.1,  the  incoming  CA  vectors  a  represent  waves  propagating  in 
the  +z  directions,  so  their  transformations  are  the  same  as  those  of  the  PP  vectors,  independently  of  the  port 
numbers.  On  the  other  hand,  the  b  vectors  correspond  to  waves  propagating  in  -z  direction  and,  being  CAs, 
they  require  different  kind  of  transformation  (that  is  one  of  reasons  why  the  use  of  PP  vectors  is  preferred  in 
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general  theory  of  polarimetiy).  Summarizing,  the  following  rules  of  transformations  under  change  of  the  PP 
basis  and  under  z-axis  reversal  apply: 


aiH  ~  C 


r  K 


H  aiK 


~  °iK’ 


aiH  = 


A0  _  ro  , 

°iH  ~  °iK  > 


CK  *  n° 

aiK  > 


a 


iK 


=  Cl  a 


K  uiK  ’ 


b°K  =  Cl  *  h 


K 


JiK  • 


(14.39) 


14.11.  An  example  of  a  cascade  of  three  two-ports 

A  cascade  of  three  two-ports  will  be  considered  with  z-axes  at  the  input  and  output  ports  of  the  cascade 
directed  to  the  cascade  and  between  the  two-ports  directed  to  the  central  two-port  (see  Table  14.11).  Scattering 
matrices  of  the  successive  two-ports,  No.l,  2,  and  3,  are  of  the  type  PI,  SI,  and  P2,  respectively.  Wave 
amplitudes  between  the  two-ports  are  then: 

a2{\)  ~  ^1(2)  a2(2)  =  ^1°3) 

,0  A  _  o  <14-40) 

°2(\)-a\{2)  52(2)- fll(3) 

The  amplitude  transformation  equation  for  the  cascade  has  been  also  shown  in  Table  14.2. 


14.12.  Concluding  remarks 

The  here  presented  polarization  sphere  approach  to  the  theory  of  polarimetric  two-ports,  developed  by  Czyz  and 
Boemer  [16,  69],  has  been  based  on  matrix  calculus  in  the  two-dimensional  complex  space  of  the  polarization 
and  phase  vectors  and/or  complex  amplitude  vectors.  Owing  to  that  approach  it  was  possible  to  obtain  simple 
canonical  forms  of  bistatic  (forward)  scattering  transmittance  matrices  and  their  polarization  sphere 
geometrical  models,  together  with  models  of  two  reflectance  matrices. 

These  models  depend  on  no  more  than  five  real  parameters,  the  fifth  of  which,  S3,  governs  rotation 

only  of  the  S  and  R  matrix  models  about  their  characteristic  O-KS  and  O-KR  axes,  what  was  presented  in  a 
most  simple  way  using  the  characteristic  coordinate  system  of  the  transmittance  T  matrix. 

The  presented  example  of  the  polarization  sphere  approach,  which  follows  suggestions  contained  in  a 
short  communication  by  Kennaugh  [96],  indicates  physical  reasons  for  the  extension  of  the  pioneering  work  of 
Huynen  [85]  from  the  mono-  to  bistatic  scattering. 

The  theory  of  cascading  connection  of  polarimetric  two-ports  can  also  be  treated  as  an  application  of 
the  theory  of  cascading  connection  of  microwave  two-ports  presented  by  Horton  and  Wenzel  [82]  and 
continuation  of  an  early  work  on  similar  subject  published  by  this  author  in  1955  [38], 
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Table  14.1 

Four  types  of  scattering  matrices  of  the  reciprocal  lossless  two-port  and  the  corresponding 
cascading  matrices  in  their  transformation  equations 


THE  SI  TYPE  MATRIX 


's 

T 

>1 

b\ 

T 

R_ 

aK 

A. 

~T-ST~]R 

ST'1' 

w 

v 

(N) 

V 

m 

A_ 

i 

i 

i 

to 

T-\  - 

A. 

A. 
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Fig.  1  A.  1.  The  poiarinietric  two-port  with  the  T and  T  transmittance 
and  S  and  R  reflectance  matrices, 
and  the  two  local  xyz  coordinate  systems  at  its  A  and  B  ports. 


Fig.  14,2.  Vector  diagram  for  explanation  of  the  allowed  range 
for  the  S 3  real  parameter 
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15.  The  Four-Sphere  of  Partial  Polarizations  and  Its  Applications 

15.1.  The  Stokes’  four-vector  and  power  equations  of  scattering  and  transmission 


The  unit  Stokes’  four- vector  of  a  partially  polarized  scattered  wave  will  be  presented  in  the  form  first 
announced  by  Landau  and  Lifschitz  [104]  but  slightly  modified,  compatible  with  the  here  proposed  notation  for 
complete  polarizations  and  independent  of  the  direction  of  propagation  along  the  z-axis  of  the  spatial  xyz  right- 
handed  coordinate  system: 


cos  26 

sin  26  cos  2y 
sin2#sin2?'cos2<5 
sin  26  sin  2y  sin  28 


(15.1) 


Here,  as  usually, 

•  the  lower  index  H  denotes  any  ONP  PP  basis  determining  the  coordinate  system  of  three  Stokes’ 
parameters:  QH ,  U# ,  and  V7/ , 

•  the  upper  index  S  refers  to  the  polarization  point  on  the  Poincare  sphere  of  the  completely  polarized  part  of 

g 

the  wave  corresponding  to  any  S  phasor  (tangent  to  the  sphere  at  that  point),  or  any  u  PP  vector  of  an 
arbitrary  phase  (the  information  about  the  phase  is  lost  in  case  of  the  Stokes  vector  representation  of  waves, 
also  partially  polarized),  and 

•  2 y  and  2d  are  known  angular  coordinates  of  that  polarization  point  in  that  basis, 

The  only  new  element  is  the  26  angle,  independent  of  the  ONP  PP  basis  of  the  wave’s  polarized  part.  The 
tan  2 6  function  denotes  the  wave’s  degree  of  polarization.  Contrary  to  the  usual  practice  the  double  6  angle 
has  been  introduced  in  accordance  with  the  notation  for  all  other  polarization  sphere  angles,  including  the 
26  angle,  also  usually  being  expressed  by  the  single  6 . 

Such  a  unit  Stokes’  four-vector  can  be  used  to  present  the  full  Stokes  four-vector: 


Lo  H 


-|S 


=  i?p£;  i?=a/o:2+(32+u’+v2) 


J  H 


With  the  ‘degree  of  polarization’ 


p  =  tan2# 


ylQ2  +  U2  +  V2 


(15.2) 


(15.3) 


the  full  Stokes  four-vector  of  a  partially  polarized  wave  can  be  expressed  also  in  another  useful  form. 


1 

s 

"  1  “ 

IoCos20s 

pcos2z 

=  IS 

pq 

V 

psin2z  cos  28 

pu 

psin2z  sin  28 

H 

.pv. 

(15.4) 


with  the  total  power 


Is=I?cos20s. 


(15.5) 
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For  the  complete  polarizations'.  29  -  45° ,  p  =  1 .  and  we  arrive  at  the  known  forms  of  the  unit,  full,  and 
efficient  Stokes  four-vector  of  the  wave  or  receiving  antenna  in  the  H  basis: 


1 

R 

T 
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cos2^ 

1 

q 

sin2;rcos2£ 
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sin  2y  sin2<5 
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cos  2  y 

=  IA 

q 

sin  2y  cos  28 

u 

sin  2y  sin  2  8 

H 

V 

(15.6) 


(15.7) 


15.2.  The  integrated  Stokes  four-vector 

Generally,  Stokes  vectors  should  be  spectral  functions,  similarly  as  elements  of  the  partially  depolarizing 
Kennaugh  matrix.  However,  for  many  applications  integrated  (over  the  frequency  band)  components  of  the  full 
Stokes  vector  of  the  quasimonochromatic  wave,  known  as  Stokes  parameters,  may  appear  sufficient  to  describe 
the  partial  polarization  state  of  the  wave  ([28,  118,  120,  123,  132,  30,  11,  94]). 

The  integrated  foil  Stokes  four-vector  can  be  expressed  in  terms  of  the  temporary  electric  field  PP 

vectors, 


E0 ( l,z)  =  E„ (0  <1(0  ;  | ii(f)|=l, 


(15.8) 


which,  for  example,  can  be  represented  by  a  complex  quasimonochromatic  transversal  wave  PP  column  vector 
of  the  amplitude  stochastic  (ergodic)  process,  assumed  to  be  zero  mean  and  complex  normal  distributed  [139, 
70],  of  the  form  in  the  H  -  (y,x)  basis: 


j(a>0-kz ) 


E()y  (0 
Aox  (0_ 

The  procedure  of  obtaining  the  required  integrated  full  Stokes  four-vector  can  be  as  follows 


W> = V20  *  (e2„  axm  ®  u  *  (<))(„, ) = 
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(£„,(0£„,W-£to(0£o,«*) 
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(15.9) 


(15.10) 


with 
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110  0 
1  0  0  1  -j 


U  =  —j=  ,  I  =  (Eq  (t)\,  and  (...)=  limf  ...  dt 

0  0  1  j  \  0  '  w  t->coJo 


(15.11) 


[1-10  0J 

15.3.  Power  received  from  the  partially  polarized  wave.  The  efficient  Stokes  four-vector 

It  should  be  observ  ed  that  the  reception  of  a  partially  polarized  wave  by  an  antenna  is  being  expressed  not  by 
the  product  of  their  full  Stokes  four-vectors  but  rather  with  the  use  of  smaller,  the  so-called  efficient  Stokes 
four-vectors.  That  becomes  evident  when  considering  the  averaged  square  of  Hermitian  product  of  two  PP 
vectors,  one  of  which,  that  of  scattered  wave,  being  partially  polarized  (the  ONP  PP  basis  indicated  here  as  II 
can  be  of  course  arbitrary): 

Pr=(\K\'1)  =  (\ES(‘)K(SRus 


=  (er(i)I^(uV  *(/) )„»(«* 

= \[4Vh*  ( uR  ®  uR  •)„  u  *  VFu  (e)(ix«s  *  (/)  ®  us  (t))„ )] 


(15.12) 


_iTR  tS 

_  2  lQHlQH 

-  I  R  IS 

~  LeBHleKH’ 

where  the  effective  Stokes  vectors  and  effective  powers  have  been  defined  in  terms  of  the  full  Stokes  vectors  and 
its  magnitude  or  its  total  power  and  the  26  angle  as  follows, 


is  =-L-is  =-L  Q 

w  V2  0H  u 


-  ts  ps 

-  1  eS'  *  H  > 


Is  -  1  is  -  1 

efi  V2  °  V2cos2^ 


(15.13) 


It  should  be  observed  that  in  case  of  complete  polarization  (20  —  45°  ) : 


(15.14) 


jR  _  tR  pR  _  cos2y  IR 

*H  eff  "  V2  sin2rcos2^ 
sin  2y  sin  28 J 


(15.15) 


Equations  for  power  reception  by  the  antenna  (or  for  transmission  between  two  antennas)  for  arbitrary 
wave  and  antenna  polarizations  (generally  both  can  be  partially  polarized  if  considered  as  independent 
stochastic  processes)  presented  in  terms  of  the  unit  Stokes  four-vectors  are: 


p  _  1  TR  tS  _  JtRtS  pRpS 
rr  ~  2  LOHlOH  ~  2  L0  l0  rHrH 

—  TR  Is  —  tr  ts  |>Rps 


(15.16) 


PRP^  =  cos20r  cos2#s  +sin2#R  sin2#s(qRqs  +uRus  +  vRvs)^.  (15.17) 
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Denoting 

cos2^rs  =  cos(RS)=  (qRqs  +uRus  +vRvs)//  (15.18) 

the  scalar  product  of  the  two  unit  Stokes  four-vectors  will  be  obtained  in  the  form  of  cosine  of  an  angle  on  a 
sphere, 

P//P*  =  cos2 0R  cos2 0s  +  sin20R  sin2(?s  cos2(^RS  =  cos2QRS,  (15.19) 

or  in  terms  of  degrees  of  polarization, 


=  cos2(9r  cos2 0s  (1  +  pRps  cos2(^RS ) , 

thus  obtaining 

Pr=j Ifl?  cos2Qrs  =  jIrIq  cos20Rcos20s(l  +  pRpscos2y/RS) 
=  ^eff^efF  COS2DRS  =  COS2#R  COS2#S(l  +  pRpS  COS2(^RS) 


In  the  case  of  complete  polarization  ( 20  —  20  —  45^  )one  obtains  known  result  (compare  e  g  with 
(4.15)):  ’ 


=y(l  +  cos2^RS)  =  cos2  (^rs 


and 

=\uRus*\2, 

(15.22) 

as  well  as 

Pr=ilo  Io  COS2  y** 

=  Itllr  cos2  */“, 

(15.23) 

Pr  =  AeScos2  (^RS, 

(15.24) 

which  will  be  obtained  when  using  the  usual  notation:  for  the  receiving  effective  area  of  an  antenna, 

IA  -  A 

*eff 

(15.25a) 

and  for  the  incident  power  density, 

ts  -  c 

leff  ~ 

(15.25b) 

15.4.  Scattering  and  transmission  power  equations  for  the  partially  polarized  waves 

Using  similar  procedure  as  in  (15.12),  the  scattering  and  transmission  power  equations  with  the  partially 
depolarizing  Kennaugh  matrix  can  be  presented  as  follows  (also  for  partially  polarized  incident  waves,  but 
when  the  Kennaugh  matrix  is  non-depolarizing,  as  for  a  ‘point’  target  [123,  Part  1-4],  or  it  represents  the 
stochastic  process  independent  of  the  illumination  [123,  Part  1-5]): 

K*P;  =  aTP£  and  Pr  =  P£K„pJ  =  aT¥%VsH .  (15.26) 

The  form  of  those  equations  is  exactly  the  same  as  in  the  case  of  nondepolarizing  Kennaugh  matrices  (compare 

with  (7.19)).  Only  the  scattered  power  c  cannot  be  considered  as  the  square  of  the  distance  between  the 
polarization  point  on  the  Poincare  sphere  model  of  that  matrix  (now  not  existing)  and  an  inversion  point  in  it. 
However,  such  a  scattered  power  can  be  treated  as  the  sum  of  powers  scattered  by  the  component  ‘point’  (non¬ 
depolarizing)  targets  corresponding  to  an  incoherent  decomposition  of  that  parent  matrix  (observ  e  an  example 
in  Fig.  11.3).  F 


Sometimes  it  is  convenient  to  present  incident  and  scattered  waves  by  such  ‘unit’  Stokes  four-vectors, 
components  of  which  are  Stokes  parameters  with  the  unit  total  power  as  the  first  component.  So,  in  cases  of 


15.5.  The  polarization  four-sphere 

Following  the  expressions  (15.1),  (15.2),  (15.3),  and  (15.19),  the  (integrated)  Stokes  four-vector  of  a  partial 
polarization  will  be  represented  by  a  point  on  the  four-sphere  surface  (the  surface  of  a  sphere  in  the  four¬ 
dimensional  real  space)  with  a  radius  equal  to  the  magnitude,  Io  ,  of  the  ‘full’  vector.  In  that  case  the  first  of 
four  mutually  perpendicular  axes  of  that  space  will  correspond  to  the  total  power,  I,  of  the  completely  polarized, 
partially  polarized,  or  completely  unpolarized  wave. 

To  simplify  the  drawing  of  the  four-sphere,  one  of  their  axes,  except  of  the  first  one,  and  sometimes  the 
two  axes,  will  be  omitted  (see  Fig.  15.1  or  Fig.  15.2).  Such  drawings  may  occur  useful  to  present  also  the 
Poincare  three-sphere  (of  complete  polarizations)  in  the  four-dimensional  space.  It  takes  form  of  a  hypercircle 
(with  a  radius  equal  to  I,  the  total  power  of  the  completely  polarized  wave),  being  a  crossection  of  the  four- 
sphere  surface  with  a  90°  hypercone  having  axis  of  symmetry  coinciding  with  the  I  axis 

Fig.  15. 1  presents  also  three  decompositions  of  the  four-vector  into  incoherent  components:  completely 
polarized  (corresponding  to  elliptical  polarizations)  and  unpolarized  (like  natural  fight), 


Fig.  15.2.  shows  the  angles  2 9  ,  2 6  ,  2^/RS  and  2f2RS  as  they  appeared  in  the  expressions:  (15.19),  for 
the  scalar  product  of  the  (efficient)  unit  Stokes  four-vectors,  and  in  (15.21),  for  the  received  scattered  power. 
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15.6.  An  example  of  applications.  Canceling  the  partially  polarized  radar  clutter 

The  concept  of  formation  of  the  virtual  receiving  vector  perpendicular  to  the  partially  polarized  radar  clutter 
has  been  described  in  the  workshop  paper  [73]  and  can  be  explained  using  the  here  presented  approach  based 
on  the  polarization  four-sphere  transformations. 

To  simplify  formulae  the  following  notation  will  be  introduced  for  the  effective  Stokes  four-vectors: 


for  the  power  scattered  from  the  target, 

Is 

1eff 

for  its  component  perpendicular  to  the  clutter, 

IR 

*eff 

~  Reir 

Ah 

% 

cd 

II 

for  the  desired  receiving  unit  vector, 

PR 

for  the  disturbance  (source  of  clutter), 

1° 

*etr 

—  n  PD 

for  the  transmitted  signal. 

IT 

II 

Hi 

H 

II 

and  for  the  signal  plus  disturbance, 

weir 

=  Teff 

+  Deff 

will  be 


With  the  desired  receiving  four-vector  perpendicular  to  the  clutter,  the  received  power  (see  (15.12)) 


pr  =  =  R=ffPRPR  =  =|R,ff  |=  sin  2O0s .  (15.35) 

That  is  the  expression  for  the  received  signal  which  can  be  extracted  from  the  disturbance.  However  its  value 
depends  also  on  the  transmitted  polarizatioa  It  will  be  shown  how  the  optimum  transmit  polarization  can  be 

determined  when  knowing  the  Kennaugh  matrices  for  the  disturbance,  K°,  and  for  the  signal  plus 
disturbance,  KW . 

Having  those  matrices  one  can  find  the  four-vectors 


pD 


kdpt 

|KdPt| 


and  Weff  =  KwPt 


The  expression  for  the  received  power  can  be  found  in  the  form 


p,  =|R[irH(l-PDPD)Wdr| 


(15.36) 


(15.37) 


where  1  is  the  4  x  4  unit  matrix.  The  above  expression  can  be  verified  as  follows: 


Reff=(l-PDPDXSeffPs+DeffPD) 


=  S^P8  +  D^P0  - (PDP8)PD  -  (PDPD)PD 
=  Seff(Ps -(PDPs)pD)  =  Seff(Ps -cos2QdsPd) 


=  Sgg-  sin2QDSPD. 


Therefore  one  can  write 


Pr  =!ReirH(l-PDPD)Welr|2 

1^-DpTpT^D 

=  PTKw|1-^t  |2KwPt, 

ptkdkdpt 


(15.38) 


(15.39) 


That  expression  for  the  square  of  the  received  power  is  of  the  form  depending  directly  on  the  transmit 
polarization.  Its  maximization  enables  one  to  determine  the  optimum  transmit  polarization. 
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APPENDIX  A.  USEFUL  FORMULAE  OF  SPHERICAL  TRIGONOMETRY 
A.  1.  Spherical  excess 

The  solid  angle  subtended  by  the  spherical  triangle  ABC  (see  Fig.Al)  is  numerically  equal  to  the  spherical 
excess  of  the  triangle,  i.  e. ,  the  excess  of  the  sum  of  its  three  angles  over  jc. 

^abc  —  A  +  B  +  C  —  n  (A.i) 

The  excess  is  a  measure  of  the  oriented  triangle,  what  means  that 

^  ABC  =  ~Ecba  (A2) 

]f  Cx  be  the  point  diametrically  opposite  to  C  (Fig.Al),  then  the  spherical  excess  of  the  triangle  CxBA 
colunar  to  ABC  is  6 


because 


^  ABC  ^C'BA  2C  ^ ABC  ~  ^  ~  (A  +  +  C 


+  Eakc  =  2  C 


"ABC  T  ijABC 


2  C^abc  ^-abc  )  -  n~(A  +  B) 

Consider  a nA  phasor  (Fig.  A2),  oriented  as  the  CA  great  circle  arc,  and  then  shifted  parallel  along  the  three 
sides  of  the  spherical  triangle  ABC  to  the  left,  without  rotation.  After  one  full  turn,  the  phasor  shall  be  rotated 
versus  its  original  orientation  also  to  the  left,  by  the  angle  Eabc  ,  numerically  equal  to  the  spherical  excess  of 

the  triangle.  Only  after  the  additional  rotations  by  7T  -  A,  7T-B,  and  n-C  angles  (at  the  vertices  of  the 
triangle,  for  example),  one  obtains  the  total  rotation  of  the  phasor  equal  to  2 n. 

When  shifting  the  phasor  along  any  circular  path  (Fig.  A3)  considered  as  a  sum  of  paths  around  narrow 
oriented  triangles  of  diminishing  width  and  of  summed  area  equal  in  the  limit  to  the  solid  angle  subtended  by 
the  circle,  then,  if  the  shifts  along  all  sides  of  all  triangles  be  parallel,  after  the  full  2.x  turn  the  phasor  will  be 
rotated  versus  its  original  orientation  by  the  angle  numerically  equal  to  the  surrounded  area.  Also  direction  of 
the  angle  will  be  that  of  the  path.  If,  when  shifting,  the  phasor  be  kept  parallel  to  the  circular  path  then  it  will 
urnkrgo  an  extra  rotation  in  the  same  direction,  to  the  total  of  In  radians.  Therefore,  in  that  case,  the  total 
angle  of  rotation  can  be  considered  as  consisting  of  two  parts:  one  caused  by  the  true  rotation  and  another  one 
made  by  surrounding  of  an  area. 

A  2.  Other  useful  formulae 

For  spherical  triangle  as  in  Fig.  A 1  and  Fig.  A4: 


l_tan—  -  ±^+  -^abc  _  +  n  -  (A  +  B)  +  E,ABC-E/ 


E'a bC  _  sin2  jq  +  sin2  {6-sin2  jc  cos2  jar  +  cos2  jhf  +  cos2  jc-l 


2sin|asin|£cos^c 


2cos  j a'  cos  jb' cos  jc 


-  cos  2A, 


cosc  =  cos  a  cos  b  +  sin  a  sin  b  cos  C  (A.9) 


(A.  10) 

(All) 


For  spherical  triangle  as  in  Fig.  A5: 


tan(90°  -  2 tj)  =  cot  2rj 


cot  2d 
cos  2^ 


(A.  12) 


ABC  —  2(5  2  TJ 


(A  13) 
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APPENDIX  A1 


STOKES  FOUR-VECTORS  IN  TERMS  OF  ANALYTICAL  AND  GEOMETRICAL  PARAMETERS 
FOR  THE  TWO  ORDERS  OF  BASIS  VECTORS 


Consider  ‘analytical  components’  of  the  ellipticaUy  polarized  electric  vector: 

Ey  =  ay  cos  {cot  +  kz+vy)  =  ^[cos  vy  cos  (cot  +  kz)±  sin  vy  sin(W  T  /hr)] 
Ex  =  ax  COS {(Ot  +  kz+vx)  =  a* [cos  vx  cos(<2tf  +  kz)±  sin  vx  sin(ctf  +  kz)\. 

and  its  geometrical  components’  in  two  coordinate  systems,  <%(x,y)Tj(x,y)  and  £(y,x)r/(y,x)  : 

E4(.*,y)  ~  ao  ^S  a(x,y)  COS  (cot  +  kz  T  %) 

En(*,y)  =  +ao  sin  a(X,y >  sin(rwf  +  kzT  X ) 
and 

E%y,x)  =  +a0  sin  a  ^  sin(tal  Tkz  +  X) 

En0 >,x)  =  ao  cos  a(yx)  cos  (cot  +  kz  +  x), 
with  the  Monge’s  circle  radius  of  the  polarization  ellipse. 


(Al.l) 


(A1.2) 


(A1.3) 


a0  =  Jaz  +  al  . 


(A1.4) 


AI.  1.  The  case  of  the  (yvO  polarization  basis 

pSr°B  °f  ““  eleCtriC  V“l0r  0tolled  ta  Kms  °f  its  Seometrical  components  by  the 

Ey  ~  E,yy.x)  C0SA{,,.)  -  sm  P!y.y) 

-  aQ  [cos  a  cos/?  cos  (cot  +  kz  +  X)±  sin  a  sin  /?  sin(<yf  +  kz  +  x)](y  X) 

=  ao  {cos(cot  +  £z)[cos  a  cos  /?  cos  X  ~  sin  a  sin  /?sin  x\(y 
±  sin^  T  fe)[cos  a  cos  /?sin  X  +  sin  a  sin  >9  cos  X\y  X) } 

Ex  ~  En(y,x)  Slnfi(y,x)  +  E((y,x)  C0Sfl(y,x) 

=  tfo[c°s«  sin  /?cos {at  +  kz  T  X)  ■+■  sin  a  cos/?sin(Gtf  T  kz  T  x)\y ^ 

=  a0  (cos (cot  +  ife)[cos  a  sin  /?  cos  X  +  sin  a  cos  /?sin  X\y  x) 

±  sm((vt  +  kz)[cos  a  sin  /?  sin  ^  -  sin  a  cos /?cos  X\y  x) } . 

Comparing  expressions  for  analytical  components  of  the  electric  vector,  Ey  and Ex,  combined  with 
COs(col  -  kz)  and  sin  (cot  -  kz)  terms  of  the  expressions  (Al.  1)  we  arrive  at  the  equalities 

ay  cos  vy  =  a0  (cos  a  cos/? cos  X  -  sin  a  sin  /? sin  x){y  x) 
ay  sin  vy  =  a0  (cos  a  cos/? sin  X  +  sin  a  sin /? cos  *)(  } 


(A1.6) 
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ax  cos  vx  =  a0  (cos  a  sin  J3  cos  x  +  sin  a  cos /?sin  x)(y,X) 
ax  sin  vx  =  a0 (cos a  sin/? sin  sin  a  cos/? cos  z)^) 

They  allow  to  express 

ay  -al( cos2  a  cos2  /?  +  sin2  a  sin2  P){yyX) 
a\  =a2( cos2  a  sin2  /?  +  sin2  a  cos2  /?)(rx) 

and,  after  simple  manipulations, 

a)  -a\  -a\  cos  2 a(yx)  cos  2 p{y  x) 


(A1.7) 


(A1.8) 


(A1.9) 


2 a  ax (cos  v  cos  vx  +  sin  v  sin  vx )  =  2 a  ax  cos(v  -vx) 


a0  cos2a(yx)  sm2/3(yx) 


and 


2a  a x (sin  vv  cos  vx  -  cos  vy  sin  vx)  =  2avax  sin(pv  -  vx) 


y  * 

=  a2  sin2a(>,x). 


(A1.10) 


(Al.ll) 


These  equations  lead  to  known  expressions  for  the  Stokes  four-vector  in  the  (y.x)  polarization  basis.  It 
formulates  the  ‘intensity  representation’  of  elliptically  polarized  waves  and  presents  mutual  relations  between 
analytical  and  geometrical  parameters  of  the  polarization  ellipse  in  the  (y.x)  basis: 


"I 

2  2 
ay  +ax 

1 

1 

Q 

_ 

2  2 
ay  —ax 

=  ao 

cos  2/ 

=  ao 

cos  2a  cos  2/? 

u 

2 ayax  cos( v y  -  vx) 

sin  2y  cos  25 

cos  2 a  sin  2/? 

V 

(y.x) 

2 ayax  sin(v>  -  vx) 

sin2z  sin2£ 

(y,*) 

sin  2a 

Neglecting  the  first  component,  the  remaining  ones,  called  ‘Stokes  parameters’,  can  be  interpreted  as 
rectangular  coordinates  of  the  polarization  point  on  the  Poincare  sphere  for  the  elliptically  polarized  electric 
vector,  components  of  which  are  expressed  in  the  (y.x)  basis.  These  Stokes  parameters  satisfy  the  equality 

12  =  Q(U  +  U(2,.*)  +  V(2.x)  (A1.13) 

and  are  independent  of  the  direction  of  wave’s  propagation  or  antenna’s  orientation  along  the  z  axis. 


Al.  2.  The  case  of  the  (x,_y)  polarization  basis 

The  procedure  is  similar.  Again,  analytical  components  of  the  electric  vector  in  terms  of  its  geometrical 
components,  now  in  the  (x,.y)  basis,  can  be  obtained  as  follows: 

E*  ~  Ef(*,y)  C0SP{*,y)  ~  Uy)  sin  P(x,y) 

=  a0  [cos  a  cos  /?  cos  (cot  +  kz  +  x)  ±  sin  a  sin  P  sinfy#  +  kz  +  x)\x  y) 

=  a0  (cos (cot  +  kz)[cosa  cos /? cos  z  -  sin  a  sin  /? sin  x\x,y) 

±  sin(&tf  +  &z)[cos  a  cos /?sin  x  +  sin  a  sin  /? cos  x\x  «> } 

....  ’  (A1.14) 

Ey  ~  E£(*,y)  sin  P(x,y)  Erj(x,y)  COS  P(x,y) 

=  a0  [cos  a  sin  / 3  cos  (cot  +  kz  +  x)  +  sin  a  cos  /?  sin(ctf  +  kz  +  x)](X,y) 

=  a0  (cos {cut  +  kz)[cosa  sin  /? cos  x  +  sin  a  cos  /?  sin  x\x,y) 

±  sin(cW  +  &z)[cos  a  sin  J3 sin  x~  sin  a  cos  /? cos  x\x,y) }  ■ 
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Comparison  of  expressions  (Al.  1)  and  (A1 . 14)  with  the  same  COS  {(at  -  kz)  and  sin(ritf  -  kz) 
ax  cosvx  =a()(cosasmPcosx-smacosPsmx)(Xty) 

ax  sin  vx  =  a0(cos  a  sin  J3  sin  x  + sin  a  cos  J3  cos  x)(xy) 
ay  cosv^  ^aoCcosacos^cos^  +  sinasin/^sin^)^^ 
ay  sin  vy  =  a0  (cos  a  cos/? sin  x  ~  sin  a  sin /? cos  x)(x  y) 


That  allows  to  express 


al  ~  al  (cos2  a  cos2  /?  +  sin2  a  sin2  P)(x<y) 
a]  =  a2  (cos2  a  sin2  /?  +  sin2  a  cos2  JJ){xy) 


and,  after  simple  manipulations, 

al  -a2y=al  cos 2 a(x  y)  cos 2 p{xy) 

2 axay  (cos  vx  cos  vy  +  sin  vx  sin  vy )  =  2 axay  cos(vx  -  vy ) 

=  «02cos2 a(xy)  sin  2 :p{xy) 
and 

2axay  (sin  vx  cos  vy  -  cos  vx  sin  vy)  =  2 axay  sin( vx-vy) 

-al  sin2a,_ 


terms  yields: 


(A1.15) 


(Al .  16) 


(A1.17) 


(A1.18) 


(Al.  19) 


(A1.20) 


These  equations  lead  to  known  expressions  for  Stokes  four-vectors,  now  in  the  (x,y)  polarization  basis.  They 
present  mutual  relations  between  analytical  and  geometrical  parameters  of  the  polarization  ellipse  in  the  (x,y) 


I±-  Q 

°~  U 


a2+a2 

al~a2y 


U  2axaycos(vx-vy) 

-VJ(*,y)  l2axaysin(vx-Vy)_ 

It  should  be  observed  an  essential  result: 


cos  2y 

sin  2y  cos  2  6 
sin  2y  sin2<?J 

=  ~Qfv.x) 


2  cos2axos2/? 
h 

cos  2a  sin  2/? 
sin2or 


(Al.21) 


^(*,y)  ^(y,X) 

\*,y) 


(A1.22) 


For  example,  for  circular  polarizations:  -2 =  2a^x)  =  90° .  It  means  that  in  the  (y,x)  basis  the  right- 

handed  circular  polarization  is  represented  by  the  upper  pole  of  the  Poincare  sphere,  and  in  the  (x,  v)  basis  by  its 
lower  pole. 
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APPENDIX  B 

DIAMETER  OF  THE  POINCARE  SPHERE  MODEL  OF  THE  SCATTERING  MATRIX 


There  are  two  polarization  points  on  the  Poincare  sphere,  M  and  N,  which  correspond  to  maximum  and 

minimum  of  the  scattered  power,  o  =  o^,ax  and  cr^=(7min,  accordingly.  These  scattered  powers  correspond 
to  the  unit  power  of  the  incident  wave  and  can  be  found  immediately  from  the  following  scattering  equation  in 
any  ONP  PP  basis,  the  H  basis  for  example, 


ai 

bi 

b3 

b5 

1 

1 

Cl 

a2 

b4 

b6 

qM,N 

M,N 

M",N" 

4 

c3 

C4 

a3 

b2 

UM,N 

=  <J  ' 

u  M",N" 

.C5 

C6 

C2 

a4 

H 

VM’N 

H 

VM",N” 

IZ  pM,N 


The  obtained  result  (in  any  ONP  PP  basis)  is 

aMN=a,+i,qMN+i3uM-N+A5v’ 


-  -HNnM’.N" 


=  a 


■OH 


(B.l) 


H 


where 


~  ai  ±  (bi  +  b\  +  b?)  /  K 

=  a\  ±b0 

b0  =  yjbf  +  b]  +  b]  . 


(B.2) 


(B.3) 


The  term  b0  does  not  depend  on  the  basis,  similarly  as  ax  which  is  the  half  of  span  of  the  corresponding  Sinclair 
matrix. 

The  incident  wave’s  unit  total  power  Stokes  four-vectors  (called  also  the  ‘full’  unit  four-vectors)  are 
accordingly: 


pm,n 

r0  H 


1 

- 1 

_ 1 

q*N 

1 

±bl 

um,n 

~b0 

±b3 

VM,N 

H 

- 1 

+1 

1 

(B.4) 


H 


what  means  that  they  are  mutually  orthogonal,  and  their  points  on  the  Poincare  sphere  are  antipodal  to  each 
other. 

Consider  now  the  Poincare  sphere  of  incident  waves  of  unit  total  power,  in  any  ONP  PP  basis,  and  its 
MN  diameter  with  two  points  on  it:  the  center  of  the  sphere,  O,  and  an  I  point  (called  the  inversion  point) 
located  somewhere  on  the  ON  radius.  Let  the  length  of  the  radius  of  that  sphere  be 


ro  =  (ON)„  =  (OM)„  =  1 . 


(B.5) 


Here  the  subscript  n  means  that  the  radius  of  the  sphere  has  been  normalized  to  one.  Vectors  of  those  two 
radii  are 


vec(OM)„ 

vec(ON)„ 


That  yields  the  vector  of  the  (OI)„  segment: 


ve< 


<°I)„  = 


Qi" 

uj 

c 

1 

II 

"qM_ 

uM 

.  -m. 

1 - 

^  <5 

A 

( 

*< 
i _ 

s 

> 

l 

1 

.1 

(B.6) 


(B.7) 


Z.  H.  Czyz,  ONR-Report-3  (Final  Version )  April  1,  2001 


148 


and  the  scalar  product 


vecfoi),  .  vec(OM)„  =  QiqM  +  UiuM  +  V^vM  =  (0I)„  =.  (01),,  <  1 .  (b.s) 


Following  the  equalities 

/  w\2 


(q“)2  +(uM)2  +(vU)2=l  and  (Qlf  +(U ^  +(V^)2  =(Olt,  ,  (B.9, 


squares  of  the  (IM)„  and  (IN)n  segments  can  be  presented  as: 


(IM)2 

ON)2 


=  (±qM  -Ql)2  +(±um  -Ui)2  +(±vM-yi): 
=  1  +  (OI)2  +  2(QiqM’N  +  U^uM,N  +  yj  v*N) 


(B.10) 


That  resemb'es  the  above  presented  expressions  for  the  scattered  powers.  Therefore,  denoting  after  Kennaugh 
[  ]  the  radius  of  the  Poincare  sphere  for  scattered  waves  as 


,  -k- V  0 
°  2 

it  is  possible  to  present  the  following  equalities: 

b0  =-2k[kQlrIqM  +kVluM  +  WlyM)  =  2k[lc(Oi)ro=1]  =  2k(OI)to=k 

=  V^(°I)r0=it 

and 

"i  =k2[l  +  (Ol)2n]  =  k2  +[k(0l)n]2=k2+(0I)l=k 


(B.  12) 


4  CT  e 


what  yields 


ctmn  =  «,  ±b0  +  (01)*,*  ±2k(Ol),_k  =  [k  +  (OI)i _*  f  = 


(IN)' 


matnx)  i'shC  diamMer  °f  the  Polncare  sPllcre  for  scattered  waves  (the  Poincare  sphere  model  of  the  scattering 

2r„  =  +  *(IN)r>.,  =  (IM),.,*  +  ON),,,,  =  2k 

<B15) 


and  its  square  is 


<T0  =  [ \<JM  +  V<TN 


=  SpcmA  +  2jdet  A\ 


(B  16) 


™sSnr%«t?^if^^^a,Merei!  (aftei  Ke"M“gh  [%1)  Pfcpcriional  to  the  target’s  effective 
crossection  (ECS)  givenby  the  squared  sum  of  square  roots  of  radar  crossections  (RCS)  for  polarizations  M  and 

ItlT  ^  ^  and  detenninant  of  the  Sinclair  matrix  A,  corresponding  to  the  Kennaugh 

matrix  K,  as  has  been  shown  above  (see  also  Appendix  C).  6  & 

matri v  Sfc -i  ^ueiS  3re  propor!lonal  t0  squares  of  segments  inside  the  Poincare  sphere  model  of  the  scattering 
^l^effidlnts^56  SegmemS  themseIves’  as  wel1  as  the  diameter  of  the  model,  are  proportional  to  amplitudf 
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APPENDIX  C 

OTHER  POWER  RELATIONS  INSIDE  THE  POINCARE  SPHERE  MODEL 


In  the  Appendix  B  developed  magnitude  of  the  target’s  effective  crossection  (ECS)  can  be  presented  by  the 
following  sequence  of  formulae: 

+  Jc 7  •  ) 


^max  ^"min  +  &max  ^ min 


=  2(ai 


~MX  +  M2  +M3  +  A/4  +2tJmxM2  +  M3M4  -2Re(A1A2A-i  *  A4*) 
=  SpanA  +  2|det  A\ 

Expressing  the  absolute  value  of  determinant  of  the  Sinclair  matrix  by 


a0  =|det  A\—  -y  ^max^min  =  Va?  ~  bS  =  ~  ~ 


one  obtains 


and  other  useful  relations: 


a0  =(2  k)2  =2  (a,  +a0) 

of  =«0  +  *?, 

(IN)„  =  l-(OI)„  =  J(Tmin  /  Jc 


(OD  =  max  V  «nin  _ 

”  2*  "  2*2 

1  -  (OI)2  =  =  a0n ;  l  +  (OD; 

K  fa 

^,o„  =  i±[(Qi)2+(UI)2+(v„')2] 


Q  Q 
u  =-  u 

V  k  V 

Jr0=l  L  -!/-„=£ 


-l  1  -2  t 

a-  =—  *3 


For  any  incident  polarization  point  T: 


dT)2=(qT-Q()2+(uT-Ui)2+(vT-V„‘)! 
=  1  +  (0I)2  - 2(QUT  +  Uj,uT  +  V„V) 

=  tV^I  +  (^lQT  +^3uT  +^5vT)] 


aT  -  (IT)2=^/2 . 
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APPENDIX  D 

GEOMETRICAL  REPRESENTATION  OF  THE  CO-POLARIZED  RECEIVED  POWER 
FOR  THE  BISTATIC  SCATTERING  (NONSYMMETRICAL)  MATRIX 


Following  the  original  derivation  by  Kennaugh  [95],  and  using  the  here  proposed  notation,  the  co-polarized 
received  voltage  will  be  presented  by  the  amplitude  transmission  equation  in  the  characteristic  ONP  PP  basis  K 
m  the  form:  ’ 


A2  B\  +  jB2  a 
B\~jB2  A  ccsL^Jjc- 


~  A ccs (al: ) 2  +  A ccs (brK ) ' 


where  the  exponent  term,  exp {/>},  of  the  AK  scattering  matrix  has  been  omitted,  leaving  the  diagonal  elements 
ol  that  matrix, 

A  =  A  CCS  -  A  ~  A  ccs  >  (D.2) 

nonnegative  real.  It  can  be  immediately  seen  that  the  problem  is  almost  exactly  like  for  the  symmetrical  matrix. 
The  only  difference  will  be  in  the  value  of  the  effective  crossection,  a0  '=  (At  +  A2)2  <  a  0,  representing 
the  square  of  diameter  of  the  Poincare  sphere  model  for  that  matrix. 

When  using  the  known  formulae  for  the  Cayley-Klein  parameters  in  terms  of  the  analytical  parameters, 

a  =  cos  y  exp{-y(<?  +  £•)} 
b  -  sin  y  exp{y(£  -  f)}  ’ 

the  co-polarized  received  power  can  be  presented  as  follows, 

Pc=K\  =  (A2  cos2  y\  +  Al  sin2  yTK)2  -  (■yjAlA2  sin2yTK  sin28TK)2 .  (D.4) 

For  the  CO-POL  Null  points,  O,  and  02 ,  in  the  CCS  we  have 


cos  2y  f)-1  = 


o,,  _  A  ~  A 


Denoting 


we  obtain 


A  A 


<0 ,  s\n2yK 


°i,2  _  a^aa 


Ai  +  A2 


2r$  =  2r£  =  2  r°K 


A2  cos  yK  +  Ai  sin2  yTK -j(Al  +  A2Xl~  cos2z°  cos2/£)  (D.7) 

and 

4AA  2y K  sin 2 STK  =  —  ^ (Ax  +  A2  ) sin 2y °K  sin 2 yTK  cos(90°  +  2 STK ) .  (D.8) 

Presenting  the  received  power  as  a  product  of  the  sum  and  difference  of  the  above  expressions,  applying  the 
known  dependence  from  spherical  trigonometry, 


and  the  equality 


cos 2^,  2  =  cos2y°  cos 2/  -  sin 2^^  sin2/cos(90°  ±  25), 


we  arrive  at  the  formula 


j(l-cos2^)  =  sin2  y/ , 


(D.10) 


Pc  =  (Ax  +  A2)2  sin2  y/i  sin2  y/2 . 


In  view  of  the  equality 


(D.  11) 


a0^(2k')2=(Al+A,)2 
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APPENDIX  E 

RELATIONS  BETWEEN  ELEMENTS  OF  SINCLAIR  AND  KENNAUGH  MATRICES 
CONDITIONS  FOR  PRESERVATION  OF  THE  COMPLETE  POLARIZATION 

E  1.  Bistatic  scattering.  General  form  of  matrices 

The  foUowmg  two  notations  will  be  used  for  presenting  the  Kennaugh  matrix  in  the  ONP  horizontal/vertical 
linear  basis:  after  Perrin  [126] /van  de  Hulst  [82]  (originally  being  applied  to  the  FAA,  but  here  to  the  BSA), 
and  after  Huynen/Cloudc  (Cloude  [32]  extended  the  Huynen’s  notation,  originally  introduced  for  symmetrical 
matrices,  to  the  bistatic  scattering  case). 


Kh  = 


That  Kennaugh  matrix  corresponds  to  the  following  Sinclair  matrix  in  the  appropriate  notations 

,  [A2  A3~\  ej*  f  An+A  +  (C+/D)  H-iG-UJ+i. I 


bi 

b3 

b5" 

A0  +B0 

C  +  N 

H  +  L 

F  +  I 

a2 

b4 

b6 

C-N 

A+B 

E  +  J 

G  +  K 

c4 

a3 

b2 

H-L 

E-J 

A-B 

D  +  M 

C6 

c2 

a4 

1 - 

1 

G-K 

D-M 

1 

0 

+ 

ah  = 


A 2  A  3  ei*  A0  +A  +  (C+jD)  H-jG-j(I  +  jj) 

A4  A1h  t]2(A0  +  A)  H-jG+j(I  +  jj )  A0  +  A  -  (C + jD) 


and  can  be  obtained  according  to  the  formula 

K#  =  U(4r  0  Ah  *)U;  U  = 


'1  1  0  O' 

J_  0  0  1  -j 

V2  0  0  1  j 

1-10  0 


It  should  be  observed  that  matrices  in  the  above  explained  Perrin/van  de  Hulst  notation,  and  all  further 
presented  formulae  in  that  notation,  can  be  related  to  any  other  ONP  PP  basis,  not  only  to  the  H  basis.  They  are 
equally  valid  for  the  natural  and  reversed  order  of  basis  vectors,  but  only  for  the  time-convention  exp(+/ax)  and 
for  propagation  z-axes  directed  towards  the  target  for  the  incident  and  scattered  waves. 

Expressions  for  elements  of  the  Kennaugh  matrix  will  be  presented  with  the  use  of  the  additional 
auxiliary  notation: 

Mk  =  AkAk  * 

ski  =  Sik  =  j  (At  Ak  *+AkA,-*)  =  Re(Ak  Aj*)  =  Re(AiAk*)  (E.4) 

~Dki  =  Dik  =  i (A,  Ak*-Ak  4.  *)  =  Im(Ak  A,-  *)  =  -  Im (A,  Ak  *) 


The  resulting  formulae  are 


ai  -  \(M2  +  A/3  +  M4  +  Mx) 
a2  "  ~2  (A/j  —  A/3  ~  A/4  T  A/j) 
bi  =  2_(A/2  —  A/3  +  M4  —  A/j) 
c,  =  j(M2  +  A/3  —  M4  —  A/j) 


(E.5a) 


a3  =  S34  +  Sl2  =Re(^4^3  *+A2A{*) 

a4  =^34-^12  =  Re(444j  *-A2Ax*) 


(E.5b) 
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b2  =  Dn  +  D34  =Im (A2At  *+A4A3*) 
c2  =  D\i  “Am  =  hn(A2Al  *-A4A3*) 

b3  =  S3 2  +  Sl4  =  Re(A2A3  *+A4Al*) 

b4  ~  *^32  —  *^14  =  Re(^2^3  *  ~^4^I  *) 
b5  =  A 32  +  A4  =Im(^2^3  *+4^1*) 

b6  =Z)32  -A4  =Im(^2^3  *-A4Ax*) 


(E.5d) 


C3  =  <y42  +  £,3  =  Re(44  *  +44  *) 
c4  =  iS'42  —  Sn  =R e(A2A4  *—A3A1*) 

c5  =  D42  +  As  =  lm(44  *  +44  *) 

c6  =  A2  —  Z)13  =  Im( 4  4  *  —  44*) 


(E.5e) 


For  nondepolarizing  (or  ‘point’)  target  ,  only  7  independent  elements  of  the  Kennaugh  matrix  may 
exist.  Therefore  the  following  mutual  relations  between  elements  of  that  matrix  can  be  found.  They  are  known 
also  as  conditions  for  preservation  of  the  complete  polarization: 


ajbj  a2Cj  -  c3c4  +  c5c6 
aici  —  a2bi  =b3b4  +  b5b6 
a3b,  +a4ci  =b3c4  +  c5b6 
a3Cj  +  a4bj  —  c3b4  +  bjC^ 

alb2  ~a2c2  =c3b5  -b4C6 


alC2  ~ a2bj 


:  b3c5  c4b( 


a3b2  +  a4c2  b3b3  b4b6 
a3c2  +  a4b2  =  c3c5  —  c4c6 

aib4  ~  a4c4  =  cib3  -  b2c6 

a,c4  -a4b4  =blC3  -c2b6 
4*  a3c4  - —  bjbj 
a2c4  ^bb4  =  c^c3  b2b^ 

a  1  b 5  -  a4c5  =  Cjb6  +  b2c3 
aiC5-a4b5  =biC6  +c2b3 
a2b5  +a3c5  =bjb6  +c2c3 
a2c5  a3b5  =  CjCg  -f*  b2b3 

alb6  —  a3®6  =  Clb5  —  C2^4 

aic6  ~  a3b6  =  -  b2b4 

a2b6  a4c6  =  bjb5  —  b2c4 
a2c6  a4b^  —  C[C5  c2b4 


'  C(B0-B)  =  EH  +  FG 
C(A0  -  A)  =  IK  +  JL 
N(B0  +  B)  =  -EL  -  FK 
N(A0+A)  =  -GI-HJ 

[  D(B0-B)  =  ~EG  +  FH 
1  D(A0  -A)  =  -IL  +  JK 
M(B0  +B)  =  EK  -  FL 
M(A0  +  A)  =  -GJ  +  HI 

E(A0  +  A)-  CH  -  DG 
E(A0  -  A)  =  KM  -  LN 
J(B0  +  B)  =  CL  +  DK 
J(B0  -  B)  =  -GM  -  HN 

F(Aq  +  A)  =  CG  +  DH 
F(A0~  A)  =  -KN- LM 
I(B0+B)  =  CK-DL 
I(B0  -B)  =  -GN  +  HM 

G(B0  +B)  =  CF  -  DE 
(7(4  -A)  =  -IN-JM 
K(Aq  +  A)  =  CI  +  DJ 
K(B0  -  B)  =  EM  -  FN 


(E.6d) 
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aib3  a3c3  -  Cjb4  +  c2c5 
aic3  -  a3b3  =  bjC4  +  b2b5 
a2b3  +  a4c3  =  btb4  +  b2c5 
a2c3  +  a4b3  =  c,c4  +  c2b5 


H(B0  +B)  =  CE  +  DF 
H(A0-  A)  =  IM  -JN 
L(A0  +  A)  =  CJ  -  DI 
L(B0  -B)=:  -EN  -  FM 


bo  -  bf  +  b3  +  bj  =  cf  +  c3  +  Cj  o  CN  +  FI  +  HL  =  Q 
b2i+b24+bl=c2l+cl+c26  o  CN  +  EJ  +  GK  =  0 
b3  ~b4  +  b\  =c\  -c24  +  c22  o  DM  -HJ  +  HL  =  0 
b5  ~bg  -b2  =c25  -c26  -c\  <f>DM-FI  +  GK  =  0 


ala2  +a3a4  =bjC,  +b2c2  o 


al a3  +  a2a4  =  b3C3  +  b6C6  O 


C2+D2=(A0+A)(B0+B) 
M2  +N2  =  (A,- AXB0-B) 

G2+H2=(Ao+AXB0~B) 

K2+L2=(Ar,-AXB0+B) 

(f2mF2-P  2  r>2 


Other  relations: 


a,a4+a2a3=b5c5+b4c4o|jE  +  f2~bo~B' 

l  I2+J2=A2~A2 


Inverse  relations  (for  A2  positive  real): 


SpanK  =  4a2  =(SpanA)2 
det  K  =  -a^  =  -|det  A\4  . 


A2  - \2  (ai  +  a2  +bj  +  Cj) 

Ai  =[b3  +b4  -  j(b5  +b6)]/(2 A2) 
A4  =[c3  +c4  -j(c5  +c6)J/(2^2) 
ai  =ta3  ~a4  -j(b2  +c2)]/(2^2) 

E  2.  Monostatic  scattering.  General  form  of  matrices 
For  monostatic  scattering: 

A4  —  Aj 
ci  =  b, ,  /  = 

I  =  J=K=L  =  M  =  N  =  0,  A  =  A0 

Thus,  Kennaugh  and  Sinclair  matrices  take  the  forms 

a!  bi  b3  b5  Ao+B0  C  H 

K„  =  b,  a,  b4  b6  =  C  A0+B  E 

bj  b‘  a3  b2  HE  A0  -£ 

bs  b,  b„  a,  f  n  t\ 


Aq  +  B0 

C 

H 

F 

C 

A0+  B 

E 

G 

H 

E 

Ao-B 

D 

F 

G 

D 

-Aq  +  B0 

154 

(E.6f) 

(E.6g) 

(E.6h) 

(E.6i) 

(E.6j) 

(E.7) 

(E.8) 

(E.9) 

(E10) 
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A2  a3 

j<b 

eJV 

2A0  +(C  +  jD) 

H-jG 

a3  ax_ 

2  FaT 

H 

H-jG 

2  A0-(C  +  JD) 

(Ell) 


Elements  of  the  Kennaugh  matrix  are 


aj  —  -j(A/2  +  2M3  +  A/j ) 
a2  -2M3  +  Mx) 

b  X=±(M2-MX) 

(E.12a) 

a3  =  M3  +  Sl2  =  M3  +  Re(A2Al  *) 
a4  =  M3  -  Sl2  =  M3  -  Re(^42^41  *) 

(E.12b) 

b2  =Dj2  ^lm{A2A3*) 

(E.12c) 

b3=^2+^13=M^3*(4+A)] 

b4=^2-^i3=M^3*(^-^)] 

b5  =  D32  +  DX3  —  Im[/43  *  (A2  —  Ax )] 
b6  =  D32  —  Dx3  =  Im[j43  *  (A2  +  )] 

(E.12d) 

For  nondepolarizing  (or  ‘point’)  target ,  only  5  independent  elements  of  the  Kennaugh  matrix  may 
exist.  Therefore  the  following  mutual  relations  between  elements  of  that  matrix  can  be  found.  They  are  known 
also  as  conditions  for  preservation  of  the  complete  polarization: 

aj  =  a2  +a3  +a4  (E.13) 

(a!  -  a4)(a!  -  a3)=  a,a2  +  a3a4  =bi +b2  <=>  C2  +  D2  =2A0(B0  +  B) 

(aj  -  a4Xa!  -  a2)  =  a3a3  +  a2a4  =  b3  +bg  o  H2 +G2  =2A0(B0  -  B)  (E.l4a) 

(aj  -  a2)(a!  -  a3)=  axa4  +  a2a3  =  b*  +  b4  <=>  F2  +  E2  =  B2  -  B2 

a2-a22=b23+b24+b2+b26 

a.2  -a3  =bf  +b2  +b4  +  b*  (E.14b) 

a?  -  a4  =  bj  +  b2  +  b3  +  bg 

bjb3b5  =  bjb4b6  +  b2b3b4  +  b2b5b6  (E.i4c) 

bj(ai  -  a2)  =  b3b4  +  b5b6  <=>  C(B0  -B)  =  EH  +  FG 
b2(aj  -a2)  =  b3b5  -b4b6  <=>  D(B0  -B)  =  -EG  +  FH 
b3(a!  -  a3)  =  bjb4  +b2b5  o  H(B0  +B)  =  CE  +  DF 
b4(aj  -a4)  =  bjb3  -b2b6  <=>  2 A^E  =  CH  -  DG 
b5(a!  -  a4)  =  b,b6  +b2b3  o  2A0F  =  CG  +  DH 
b6(a,  -  a3)  =  b,b5  -  b2b4  o  G(B0  +B)  =  CF-DE 


(E.14d) 
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E  3.  Bistatic  scattering  in  the  characteristic  basis 

In  the  characteristic  coordinate  system  (CCS)  of  Stokes  parameters,  corresponding  to  the  characteristic  basis, 

K,  of  the  orthogonal  null-phase  (ONP)  polarization  and  phase  (PP)  basis  vectors,  w^and  uL  =  tl**  we 
obtain 


Kccs  =  Kjr  - 


at  b3  b5 

bj  a2  b4  b6 
-b3  -b4  a3  0 

-b5  -b6  0  a4 


;  ~  0  Ak  *)U 


for 

and 

r  a 

i 

_ i 

n 

where 

in 

and 

:  w  4  Jr 

Dg=U*(C£  0 C§ *)U 

r  a2  b1 + jB2 1 


A  A  L ~Bi  +  JB 2  A 


B2  >0  with  Bx  >  0  if  B2  =  0 . 


e w  —  CK  A  CK 


(E- 16) 

(E.17) 

(E.18a) 

(E.18b) 


Ck  _ 

'-H  ~ 


'a  -b  * 
b  a* 


Components  of  the  K  matrix  in  the  K  basis  are  (lower  indices  K  have  been  omitted  for  simplicity  of  notation) 

at  =  j(4  +  A)  +  Bi  +  B\  >0,  b3  =  Bx(a 2  -  Ax ), 

a2  =  \{a2  +  A?)  -  B2  -  B2 ,  b4  =  Bx(a2  +  4  ), 

a3  =  AA  ~  B\  -B2’  b5  =  -B;;^  +  Axj<  0,  (E.20) 

a4  =  ~Al  A 2  ”  B2  ~  B\  <0,  b  -B7(a2  -  Al )  <  0. 

b,-o 


b2  =  0 


They  satisfy  the  linear  equation: 

a2  =  aj  +  a3  +  a4 . 

The  corresponding  conditions  for  preservation  of  complete  polarization  are: 

(a2  ~a4)(a2  -a3)  =  (a1  +  a4Xa!  +  a3)  =  a1a2  +a3a4  =  b, 
(ai  +a4)(a3  +a4)  =  a!a3  +a2a4  =-b3  -b* 

(ax  +a3)(a3  +a4)  =  a!a4  +a2a3  =-b3  ~b4 

a f  - a2  =  b3  +b4  +b25  +bg 
a2  -  a3  =bf  +b4  +b* 
af-aj=bf  +  b’+bj? 


(E.22a) 


(E.22b) 
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b,(a,  -a2)  =  b3b4  +b5b6 
0  =  b3b5  —  b4b6 
b3 (a3  +  a3)  =  bjb4 
Mai  +a4)  =  bjb3 
b5(a,  +a4)  =  bjb6 
b6(ai  +a3)  =  bjb5 


£  4.  Monostatic  scattering  in  the  characteristic  coordinate  system 

For  matrices 


and 


Kccs  =  Ka: 


ai  b, 

bj  a, 


0 

0 


ak  = 


0 

0 


0 

0 


0 

0 

0 

-a. 


=  DgKtfD J  =  U(4*  <2)  Ak  *)U 


K 


4 

o' 

4 

o' 

0 

4_ 

K 

0 

4_ 

_  nK  a  f 
-  K_,h 


K 


JCCS 


we  obtain  values  of  the  Karnaugh  matrix  components 

ai  =2(^2  +  A?)  =  ±SpanA 

b,=J-(4-42)=b0 

a3  =  A}A2  -  a0  =| del  A\>  0. 

The  one  only  condition  for  preservation  of  complete  polarization  is 

ai  ~  a3  +  &1  • 


APPENDIX  F 

COVARIANCE  AND  COHERENCE  MATRICES 


F  1.  Definitions 

For  Sinclair  or  Jones  matrices, 


A3 

4 


A0 


4  4 


and  the  corresponding  amplitude  complex  four-vectors, 


kL  -  vecA  ~ 


4 

4° 

4 

’  kL°  =  vecA0  = 

4 

4 

4 

A . 

.4. 

k°p  =  U  *  k°p , 


(E.22c) 


(E.22d) 


(E.23) 


(E.24) 


(E.25) 


(E.26) 


(FI) 


(F.2) 


or 


kp  —\J  *  kL, 


(F.3) 
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using  the  unitary  matrix  with  columns  presenting  Pauli  matrices  in  vector  forms. 

'1  10  0“ 
tt_L  0  0  1-7 

4i  o  o  i  j  '  (R4) 

1-10  0 

we  define,  in  the  ONP  PP  basis  H,  two  covariance  matrices,  Zand  Z°,  and  two  coherence  matrices,  T  and  7°, 
with  mutual  relations  between  them: 

SH=kLHkLH*=  ur„0*,  zl=k°k°*= ur°u*  (f.s> 


Th  -  kPHkPH  *  —  U  *  £  it  U, 


T ®  —  Jr®  L-®  *  —  TT+vOtt 

1h~kphkph  -u  z  h  u 


Explicitly  (see  notation  in  Appendix  E,  formulae  (E.  1)),  the  covariance  matrix  is: 

ai  +a2  +bj  +  Cj  b3 +b4 +j(b5 +b6)  c3  +  c4  +  j(c5  +  c6)  a3  - a4  +  j(b2  +  c2) 

2  _  1  b3  +b4  -  j(b5  +b6)  a1-a2-b1+cI  a3  +  a4  -  j(b2  -  c2)  c3  -  c4  +  j(c5  -  c6) 


2  c3+c4  j(c5+c6)  a3 +a4  +  j(b2  - c2)  a1-a2+b1-c1 

.a3  -a4  -  j(b2  +c2)  c3  —  c4  -  j(c5  —  c6)  b3  -  b4  -  j(b5  -  b6) 


b3  -b4  +j(b5  -b6) 
a3  +a2  -bj  -Cj 


Aq  +  A  +  Bq  +  B  +  2  C  H  +  E  +  J  +  L  +  j(F  +  G  + 1  +  K ) 

=  H  +  E  +  J  +  L- j(F  +  G  +  I  +  K)  B0  -  B  +  A0  -  A  -  2N 

2  H  +  E  -  J  -  L- j(F  +  G- 1  -  K)  B0  -  B  -  A0  +  A  +  jlM 

A0+  A-Bq-B- j2D  H-E  +  J-  L-  j(F  -G  - 1  +  K) 

H  +  E-  J-L  +  j(F  +  G- 1  -  K)  A0  +  A  -  B0  -  B  +  j2D 
Bq-B-Aq+A-  j2M  H-E  +  J-L  +  j(F  -  G  - 1  +  K) 

B0-B  +  A0-  A+2N  H-E-J  +  L+  j(F  -  G  + 1  -  K) 

H-E-J  +  L-  j{F -G  +  I-K)  A0  +  A  +  B0  +B-2C  ff 

The  coherence  matrix  is: 

a1+a2+a3-a4  b!  +c3  -  j(b2  +c2)  b3  +  c3  +  j(b6  +  c6)  b5  - c5  -  j(b4 -c4)“ 

T  =i  b! +c3 +j(b2 +c2)  ai+a2-a3+a4  b4  +  c4  +  j(b5  +  c5)  b6  - c6  -  j(b3  - c3) 

2  b3 +c3  -  j(b6 +c6)  b4 +c4  -  j(b5 +c5)  aj-a2+a3+a4  b2  -  c2  +  j(b1  -  Cj) 

_b5 -c5  +  j(b4 -c4)  b6  - c6  +  j(b3  - c3)  b2  -  c2  -  j(b 3  - c3)  aj-a2-a3-a4 


f~  A0  +  A  C  —  jD  H  +  jG  I  —  jj 
C  +  JD  B0+B  E  +  jF  K-jL 
H  -  JG  E  -  jF  B0  -  B  M  +  jN 
I  +  jJ  K  +  jL  M-jN  Aq-  A  \H 


For  the  monostatic  scattering,  elements  of  the  last  column  and  row  of  that  matrix  are  equal  to  null. 
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F  2.  The  spatial  reversal  transformation 


Starting  from  the  known  equation  with  the  Sinclair  matrix  in  any  ONP  PP  basis  B  we  immediately  obtain  the 
corresponding  relation  for  the  amplitude  Sinclair  four-vector: 


a°  - c0  *  a  ■  r°  -  c 


n  -1  0  R  —W  U 

B  ~  ~  „ 

0  1  u  w  * 


CO  sK  /~>0 

B  ^ B 


-w*  0  u  0 

Uj*  =  (C°*®P  °  °  * 

0  lj  u  0  w  0 

0  u  0  w 


U“  *U“  =diag{  1,  1,  1,  1} 


u?;  =  sin  2/  ^  cos2(1k 
and 

w#  =  cos2 cosISh  coslefj  -  sin 2^  sin26# 
-j{cos2yBH  cos2e>^  sin2fi>^  +sin2^  cos2^j 

The  corresponding  relations  for  covariance  and  coherency  matrices  are 

y o  _ »o  r 0  * 

—  klbklb 

=  TT°*J-  F  *  IT0 
klbklb  u  b 

-  rr°  *  T  T  T° 

—  UB  *-•  B 


because 


=  O  *Uj  *  U7^U  *  U°  U 


=  ur5°u*  =  u°R  *  s 3u°  =  u°«  *  urRu  *  u°n . 


B  B  ~  ^ B  VJ±B 


F  3.  The  transmission  equations 

The  received  voltage  can  be  presented  in  terms  of  the  Sinclair  and  Jones  amplitude  complex  four-vectors  in  any 
ONP  PP  basis  B  as  follows: 

=  UB  ^BUB  ~  (UB  ®  UB  )^LB  ~  SB^PB  ^ 

*a°bu];=(u™  =sB°k°PS 


sB  =  U (u§  ®utb) 
s°b=XKurb°*®utb ) 

=  U(CX  ®»;>  =  0(C® 


)U  *  U(Wg  ®uB) 


=  UU°U’% 


and  the  received  power  in  terms  of  the  corresponding  Karnaugh  and  Mueller  coherency  matrices 
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P  =vv  * 

r  r  rv  r 


*  S>r  *  ~  Str  T„St  * 


°H 


-V°lr°  k  0  *  C  *  -  'f0T°r0  * 

-  shKphKph  sh  —  S„1HSU  . 


lH*H 


F  4.  The  change  of  basis  transformations 

Again,  starting  from  known  equations  for  amplitude  Sinclair  and  Jones  matrices  we  can  immediatel} 
corresponding  relations  for  the  covariance  matrices  in  the  new  ONP  PP  basis.  Taking 


ar=cU„c- 


we  find 


H  > 


A 0  —  CB  *  A  0  CB 

“R  ~  '-'H  '•f /  L-  tr 


H'-'H 


A2 

~Af 

k  L£  ~ 

a3 

A 

=  (c%®cS)kLH, 

k°  - 

kLB  - 

Ay 

A\ 

A. 

B 

A. 

=  (Cg*®C“H)k 


B  \/,0 


LH 


and 


as  well  as 


y  -  ]r  k  * 

UB  ~  kLBkLB 

=  (CH  <8>  CH  )kLHkLH  *  (Cl  *  ®C  *bh  ) 

=  (c‘  ® eg yzH(c°  * ®c »* )  =  %B \ 

y 0  _  r.o  ro  * 

^  B  ~  kLBkLB 

=  (Ch  *  ®CH  )kLHklH  *  (Cl  ®C*l) 

=  (C|  »  ®Cg )Z°H(Cg®C*%)  =  ll  *, 


B  *  PBk  PB 

-^*kLBkLB*  U  =  U*Z5U 
=  U  *  (Cl  ®  Cl  )ZH(Cl  *  ®C  *£)U 
=  U*(C#  ®  C#  )U7^  U  * (C#  *®C *l)U  =Tb*, 


T°  —  L  0  p  0  * 

—  nPBK'PB 

=  tj*^i*u=u*iju 

=  U*(£J  *®CJ?)£°r(C|®C*S)U 

=  U  *  (Cl  * ®cl )VTl U*(Cj®C*5)U=D^X=?*- 

It  is  interesting  to  compare  the  just  obtained  equalities  with  the  corresponding  change  of  basis  equat 
Karnaugh  and  Mueller  matrices, 


Kb  =  D*  K^D®  =  U  *(Cg*  ®C|  jUK^U  *  (C|  0  C*  *)U, 
K°  =  D* K^D£  =  U *  (Cl  *  ®Cl  )UK°7U  *  (CBH  ®  C*  *)U. 


(F  16) 

obtain  the 

(F. 17) 

(F.  18) 

(F.  19) 

(F.20) 

(F.21) 

(F.22) 

is  for  the 


(F.23) 
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APPENDIX  G 

THE  CHARACTERISTIC  POLARIZATION  RATIO  AND  I  IIE  SINCLAIR  MATRIX 
IN  THE  CHARACTERISTIC  BASIS 


The  two-step  procedure  of  obtaining  the  Sinclair  matrix  in  the  characteristic  polarization  basis  uses  as  the  first 
step  the  transformation 


~  A  A  A'  A' 

a  _  rK‘  a  rK'  -  2  3  =  2  3 

H  H  A  A  -A’  A' 

L^4  Ak'  L 


with  the  transformation  matrix 

rK‘  - 


K' 

cosy 

-sin/ 

H 

sin  y 

cos  y 

COS/ 

voils 


sin  ye 

1 


sin  ye 
cosy 


1  -p* 

*  p  1 


The  second-step  transformation  will  change  only  phases  of  diagonal  elements.  Using  the  transformation  matrix 

\e-‘ <*'>  0  T 


c*  = 


we  obtain 


A*  -  Ck.Ak.C - 


A\ej2(S+e)\  l~A3  ai 


A2  A3 


In  the  characteristic  basis  we  want  to  have  equal  phases  of  diagonal  elements.  It  can  be  achieved  when  taking 

2e§  =j(argA,2-argA\)-2Sff  (G.5) 

These  elements  will  become  real  when  excluding  from  the  matrix  the  exponent  term,  exp {/>},  with  the  phase 
argument 

p  =  j(argA,2  +  argA,1 ).  (G.6) 

The  problem  remains  of  obtaining  the  characteristic  polarization  ratio 

p  =  pKH  =  p%  (G.7) 


for  known  elements,  A2H,  A3H  ,A4H,  AlH ,  of  the  ^matrix.  Such  polarization  ratio  should  fulfill  the 
equality 

AjK  +  A4K  =  A3K,  +  A4K,  =0.  (G.8) 

The  first  of  the  two  transformations  yields  expressions 

A>3  -[-A2HP*+A3H  -A4Hpp*+A1Hp]/(l  +  pp*) 

A  4=[-A1Hp* -A3Hpp* +a4H  +  AlHp]/  (1  +  pp*) 
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Neglecting  denominators  we  will  add  these  two  expressions  equalizing  the  sum  to  null,  and  take  also  its 
conjugate  value,  thus  obtaining  the  two  equations: 


-2  aihP*  +2  Awp  +  (A3H  +  A4H  )(1  -  pp*)  =  0 

2aih  *  p*  -2 A2H  *  p  +  (A3H  *  +A4H  *)(1  -  pp*)  =  0  ^G' 10) 

Multiplying  the  first  equation  by  A2H  * ,  the  second  one  by  AyH ,  and  taking  their  sum  we  obtain 

~2(A2 HA2H  *  ~A\HA\H*)P*  +[A\h(A3H  *+A4H*)  +  A2H  *  (A3H  +  A4ff  )1G  ~  PP*)  =  0. 
Then,  denoting  (G- 1 1) 

^1  =  A2HA2H  *  ~AIHA\H  * 

^2  ~  ~A\h(A3H  *  +A4H  *)  ~  A2H  *  (A3ff  +  A4H  ) 


we  arrive  at  the  equation 


~2Rxp*  -R2  +  R^pp*  =  0 


which  after  multiplication  by  pip*  takes  the  form 


Solution  of  that  equation  is 


because  then 


and  our  equation  becomes 


R2p2  -2RlP-R2-P-  =  o 


Rl  -V*?  +RiR2  * 


P  _*2* 
P*  R2 


or  R2~:  =  R2 


R2p2  -2Rlp-R2*  =  0. 


That  equation  exactly  agrees  with  the  proposed  solution  and  determines  the  two  lacking  arguments 

23 h  =  arg  pf{ 

2  rKH  =2arctanj^|. 


Now,  all  elements  of  the  Sinclair  matrix  can  be  found  from  the  equation 

ap-Jm-  F  A2  Bl+jB2]  T  \A 2'|  A3'e~Jfl 


They  are 


-A3‘e~»  M,’l 


A2  ~  A2 CCS  —\A'2  l> 

Al  =  Al  CCS  =lA‘ll, 

By  +  jB2  =  (By  +  jB2  )ccs  —  A  3  e  JM 

A<2  - \A2 H  +  (A3H  +  A4 H  )p  +  A\hP2  ]  /  (1  +  PP*) 

A\  =[~A2hP*  +A3h  ~  A4hPP*  +A\hP]/ 0  +  PP*) 
A\  ~iA2  HP*2  ~(A3  H  +  A4h)P*  +A\hV  (1  +  PP*)- 


(G.  12) 


(G.  13) 


(G.  14) 


(G.  15) 


(G.  15) 


(G.  16) 


(G.  17) 


(G.18) 


(G.19) 


(G.20) 
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APPENDIX  H 

THE  ALLOWED  REGIONS  FOR  THE  INVERSION  POINT  INSIDE  THE  POINCARE  SPHERE 

OF  UNIT  RADIUS 


HI.  Boundary  surfaces  of  the  allowed  regions 

Polarization  properties  of  the  Sinclair  scattering  matrix,  such  as  the  scattered  power  formation,  or  the  Poincare 
sphere  inversion  (before  its  rotation,  in  the  process  of  polarization  transformation  when  scattering),  depend  on 
location  of  the  inversion  point  I  inside  the  Poincare  sphere  model  of  that  matrix.  Also  reconstruction  of  the 
whole  Sinclair  or  Karnaugh  scattering  matrix  is  possible  for  known  coordinates  of  that  I  point  in  the 
characteristic  coordinate  system  (CCS),  when  the  sphere  diameter  is  known.  However,  location  of  the  I  point  in 
the  CCS  cannot  be  arbitrary,  and  in  some  regions  two  solutions  for  reconstruction  the  matrix  exist.  Therefore,  it 
is  of  special  importance  to  find  boundary  surfaces  of  the  allowed  regions  for  that  point  inside  the  sphere  in  the 
CCS.  Location  of  the  I  point  on  those  surfaces,  or  between  them,  may  also  serve  to  classify  scattering  matrices 
independently  of  their  polarization  bases  because  the  geometry  of  the  model  is  basis  invariant. 

To  simplify  considerations  and  notation  the  sphere  radius  will  be  chosen  equal  to  one  ( Ic  =  1),  and  the 
upper  and  lower  indices  of  coordinates  of  the  I  point  will  be  omitted  by  taking: 

Q=Qi>  u=ui,  v=v^.  (Hi) 

One  boundary  surface  corresponds  to  common  solution,  I  and  II,  satisfying  the  equation 


MRe(det  ACCSn  )| 

=  Vd~(Q2  +U2  +  V2)]2  -[2UV/Q]2  =0 


In  the  Q=const  crossections  of  that  surface,  V  as  a  function  of  U  presents  two  symmetrical  hyperbolic  branches, 
for  U<0  and  U>0, 


+  u2xi-Q2)-|U|. 


(H.3) 


determined  in  the  range  |U|<  V,  with  the  common  point  atU  =  0.  A  part  of  the  allowed  region  for  the 
inversion  point  is  below  that  surface  but  for  V  >  0 . 


Another  boundary  surface  can  be  found  when  considering  the  CCS  conditions  A2  >  A^  >  0  in  the 
two  solutions.  From  (9.38a)  and  (9.39a)  we  have 

b  >  2(bf  +  b2  )  for  solution  I 
and 

2(bj  +  b2 )  >  bj^  for  solution  n 
For  k  =  1 ,  and  nonpositive  Q,  we  obtain  from  (9.41) 

bj  =  2IQI,  b,  ~  4U2 ,  b,  =4V2  (H.5) 

and  according  to  (9.35) 


(H.4a) 

(H.4b) 


S  =  Sn=  2  1  +  Q2  +  U2  +  V2  +y[l~(Q2  +U2  +  V2)]2  -(2UV/Q)2 j  ^ 

=  2(a,+|/?|)>0 

with 

a,  =  aln  =  1  +  Q2  +U2  +  V2  (H.7) 
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^=|/?J-+^-^(bf+b^Xbf-f-b32) 

=  +Va0  -(bsbj/bj)2 


ao  -  ao«  -|det(/4CCiStt  )| 

=  1-(Q2 +U2  +  V2)>0.  (H9) 

The  new  boundary  surface  corresponds  to  limiting  cases  of  the  two  conditions,  with  inequalities  being  changed 
for  equalities.  That  results  in  solution  I. 


2\Q\\l  +  Q2  +U2  +  V2  +^[l-(Q2  +U2  +  V2)]2  - (2UV / Q)2 J  =  4(Q2  +  U2),  quo) 

what  after  rearranging  and  squaring  yields 

(Q2  +U2  +  V2  +QX1  +  QXQ2  +U2)  =  0.  (H.  11) 

Taking  the  null  value  of  the  first  term  in  brackets  we  arrive  at  the  equation  of  the  so-called  ‘small  sphere’, 

(IQI~  i)2  +  u2  +  v2  (h.  12) 

with  its  center  of  coordinates  Q  =  -0.5,  U  =  V  =  0,  and  the  radius  r  =  0.5.  Only  the  upper  part  of  that 

sphere  (for  V  >  0)  can  be  considered  as  a  part  of  the  allowed  region  for  the  inversion  point.  It  appears  that  the 
two  just  obtained  boundary  surfaces  are  tangent  to  each  other  along  the  circles  formed  by  their  crossections  with 
the  half-planes 


±U  +  V  =  0:  V>0. 


(H.13) 


However,  for  the  solution  I,  only  a  part  of  that  surface,  on  and  below  those  half-planes,  is  a  true  boundary  above 
which  the  \R\  term  becomes  imaginary.  The  remaining  part,  above  those  half-planes,  is  the  boundary  surface  for 
the  solution  n  only.  The  I  points  for  that  solution  can  be  subtended  above  that  surface  and  beneath  the  boundary 
surface  for  common  solution.  In  that  region  the  two  solutions  exist.  That  can  be  checked  by  inspection  of  the 
corresponding  equation  for  the  solution  n, 


4(Q2  +  V2)  =  2|Q|l  +  Q2 +U2 +V2 +^[l-(Q2 +U2 +V2)]2 -(2UY/Q)2  ,  (H.14) 


leading  to  the  same  equation  of  the  ‘small  sphere’. 


H2.  The  allowed  regions  for  the  inversion  point 

That  way  the  allowed  regions  have  been  found  in  which  the  inversion  point  I  can  be  located.  Outside  those 
regions  elements  of  the  Karnaugh  matrix  would  become  complex  because  of  the  imaginary  R  values. 
Coordinates  of  the  I  point  inside  the  sphere  of  the  unit  radius,  in  the  CCS,  are  subtended  in  the  ranges: 


0<v<  IQILVV' 

VlQbQ^U2 


-1<Q<  0 

-VlQI-Q2  <U<VlQ|-Q2 

yj(Q2  +U2)(l-Q2)-  fU|]  for  V  >|U| 


(H.  15) 


(H.  16) 


for  V<|U| 
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Such  location  of  the  I  point  allows  to  obtain  the  solution  I.  The  solution  II  is  also  possible  but  only  for  V  >|  U| 
and  above  the  ‘small  sphere’,  for 

v>V IQbQ2  -u2  (H. i7) 

(see  Fig.  HI). 

H3.  The  S  and  R  parameter  dependence  on  the  Aces  matrix  elements 

It  is  interesting  to  examine  how  the  S  and  R  parameters  depend  on  the  elements  of  the  ACcs  matrix 
belonging  to  the  two  solutions.  Using  equalities  (7.25)  (see  also  Section  E  3  in  the  Appendix  E)  we  find  that 

a2  =(A2Al  +  B2 -B\)2  +  4BxB2  and  b3b5  / b,  =  -2BXB2  (H.18) 

thus  obtaining 

\R\=+^(A2Al  +B2  -Bl)2  .  (H.19) 

Denoting  in  turn 

Sl  =  (A2  +  Ax)2  +  45, 2  (H.20a) 

and 

5n  =  (A2  ~  Ax)2  +  4B2  (H.20b) 

we  can  show  that 

S  =  ±[S'  +Sa  +J(Sl  -  SE)2]=  maxiS1, Sn).  (H.21) 

It  can  be  shown  also  that 

b^1  -  2(b2  +b%)  =  Ax  (A2  -  Ax  )5!  >  0  (H.22a) 

and 

2 (b2  +  b 2 )  -  bxS n  =  Ax  (A2  +  Ax  )Sn  >  0  (H.22b) 

what  means  that  S 1  and  S  U  arc  the  S  parameters  for  the  solutions  I  and  II,  accordingly.  Also,  having 

|5|=  jyliS1  -Sn)2  (H.23) 

we  obtain  conditions: 

R  =  A2  Ax  +  B2  -  B2  >  0  ,  for  the  solution  I,  when  S  =  Sl  >S^,  (H.24a) 

and 

R  =  A2Ax  +  B2  —  B2  <  0  ,  for  the  solution  II,  when  S  =  >  Sl .  (H.24b) 

H4.  The  S  and  R  parameter  dependence  on  the  I  point  location 

However,  if  we  will  choose  A2  ,A^  ,B\  ,B\  and  A2  ,Aj*  ,B2  ,BX  corresponding  to  different 
solutions  but  for  the  same  Q,  U  and  V  coordinates  of  the  I  point,  then  in  virtue  of  the  equality 


|5|=  yj  1  -  (q2  +  U2  +  V2)]2  -  (2UV/  Q)2 


(H.25) 
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we  obtain 


with 


and,  what  follows, 


|/?N  RlHAlA\+(B\)2  -{Bl)2\^Rn\^A%  A? 

Rl  =-Rn>  0 

S  =  2(a,  +|/?|)  =  S1  =  Sn . 


(H  26) 

(H.27) 

(H.28) 


Having  these  results  it  is  interesting  to  observe  that  starting  upwards  with  the  I  point  from  the  V  =  0 
plane  m  its  region  inside  the  circle 


(iqK>2+u2={ 

we  first  begin  with  the  maximum  positive  R  value, 

tf  =  a„  =  1-QJ-U2, 


(H.29) 


(H.30) 


corresponding  to  the  solution  I,  until  reaching  the  boundary  surface  R  =  0  for  common  I  and  H  solution.  Then, 
applying  the  solution  n,  we  can  move  with  the  I  point  downwards  having  negative  R  values,  until  reaching  the 
boundary  surface  for  that  solution  corresponding  to  the  minimum  R  value, 


R  =  -I+|Qf+2 


u_ 

IQI 


(H.31) 
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APPENDIX  I 

EXAMPLES  OF  SCATTERING  MATRICES  AND  THEIR  POINCARE  SPHERE  MODELS 
FOR  SPECIAL  LOCATIONS  OF  THE  INVERSION  I  POINT 


General  remark.  All  models  are  normalized  to  the  sphere  radius  k  =  1.  The  resulting  square  of  the  sphere 
diameter  is  <7 0n  =4.  The  I  point  coordinates  are  expressed  in  the  characteristic  coordinate  system  (CCS)  and 
have  been  denoted  as: 

Q=QL>  u-uL,  v=v<„.  (Li) 

The  V  coordinate  should  be  nonnegative  because  for  V  <  0  it  is  always  possible  to  rotate  the  polarization  sphere 
by  180°  about  the  KL  (OQ*- )  axis  preserving  the  condition  A4K  =  -A3K  required  for  the  characteristic  ONP 
PP  basis,  known  also  as  the  CCS  in  the  Stokes’  parameters  domain  (see  also  Appendix  K). 

Other  parameters  are: 

/  =  U/Q  =  b3/b,  (1.2) 

e  =  -Q/ V  =-b,  /b5  >0  (1.3) 

a0/i,i«  =  1  "*■  (Q  +U  +  V  );  a0  ]  =k  a0„i„,  (1.4) 

=2(a,„  +a0„)  =  4  (1.5) 

!  Rn  |=  y/t1  -  (Q2  +  U2  +  V2  )]2  _  [2UV  /  Q]2 

I -  (1.6) 

=  +Vao-(b3b5/bI)2; 


Sn  =2(alM+|/?„|) 


=  2|^1  +  Q2  +  U2  +  V2  +y[l-(Q2  +U2  +V2)]  -(2UV/Q)2  ;  S  =  k2S„ 

Scattering  matrices  have  been  presented  in  the  form  (for  comparison  see  (7.21b)  and  (7.20b)): 

|~ai  b,  b3  b5l 


~Bl  ~  JR2 


B\  +  jB 2 
A 


^  Kn  ~ 


bj  a2  b4  b6 
-b3  -b4  a3  0 
-b5  -b6  0  a4 


Elements  of  matrices  correspond  to  formulae  (9.38-39)  and  (9.43).  They  depend  on  the  Q,  U,  V 
coordinates  of  the  inversion  point  in  the  CCS  and  their  functions:  ratios  t  and  e,  parameters  R  and  S,  and 
elements  of  the  first  raw  of  the  K  K  matrix.  Sometimes  two  solutions  are  possible  satisfying  conditions  (9.40). 

Axis  and  angle  of  rotation  after  inversion  have  been  presented  after  the  formulae  (9.45-46)  with  upper 
or  lower  signs  related  to  the  solution  I  or  II,  accordingly.  The  axis  of  rotation  after  inversion  has  been 
expressed,  after  (9.45),  by  its  tilt  angle,  the  ratio  of  its  unit  vector  components  (n2  along  the  Ify  axis,  and  n3 
along  the  WK  axis)  and  in  terms  of  all  the  above  defined  parameters  as  follows: 

\w2di  aJ^»  L  21  +  9  ■ '  'X»«.  I)  (I9a) 

«j  (2/<0  +  e(ao„±|«„|) 

_  b6  a3  -a0  _  _  ^  _  _ 


b4  &A 


- ; 


The  angle  of  rotation  about  that  axis,  2 <j> ,  is  after  (9.46): 
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with 


cos  2 ypK  =  cos  2  <f> 

_2a,„/2  -e2{\Rn\2+aXnaQn)  +  2{\-e2t2)\R„\ 
2a0„(l  +  /2)(e2  +  1) 

_  a3na4n  ~  a0na2n  _  ^  \n  ~  ^-a2n 

^ao  n  2a  Qn 


ty  =  2ypK 
2(j)  =  2n-  lyPK 


for  U  <  0  p 

\ioxO<2yK<K,  with  0<2d<2K 

for  U  >  0 


(MO) 


(Ill) 


According  to  the  above  formulae,  the  rotation  after  inversion  axis  is  always  situated  in  the 
coordinate  plane  with  its  rf3  component  always  nonnegative.  For  the  I  point  in  the  QKVK  plane  it  is 

always  vertical  (rf3  =  1)  for  the  solution  I  and  always  horizontal  (n2  =  +1)  for  the  solution  II.  However,  the  U 

component  of  the  I  point  and  the  n2  component  of  the  rotation  axis  are  always  of  opposite  sign.  Therefore, 

when  the  I  point  penetrates  the  QKVK  plane,  the  axis  of  rotation  after  inversion  corresponding  to  the  solution 

II  reverses  its  direction  in  order  to  maintain  the  value  «3  >  0  Simultaneous  change  of  the  angle  of  rotation 

after  inversion  from  2^  >  0  to  ln-l(j>  keeps  the  rotation  angle  about  that  axis  positive.  It  must  reverse  the 
phase  of  the  scattering  matrix  expressed  in  the  CCS  and  rotating,  after  inversion,  the  two-folded  Riemann 
surface  of  the  PP  sphere.  However,  it  has  no  influence  on  the  transformation  of  polarization. 

Beneath,  scattering  matrices  and  their  Poincare  sphere  models  will  be  presented  in  both  solutions  for 
the  inversion  point  I  located  on:  two  coordinate  planes,  boundary  surfaces,  some  circular  lines,  coordinate  axes 
and  special  polarization  points  in  the  CCS. 

L  1. 1  point  in  the  QU  plane  of  the  CCS 

Here,  for  V  =  0,  the  remaining  allowed  coordinates  of  the  inversion  point  being  considered  are: 


-1  <  Q  <0, 


fQhQ- 


<U<0 


(1.12) 


Only  negative  U  values  (posirive  £,)  are  possible  when  V  =  0  (see  Appendix  K).  Values  of  other  essential 
parameters  are: 


0<f<  -1, 

VIQI 

l/e  =  0, 

a0n,ln  =  1  +  (Q2  +  U2) 
R„  -  a  r 


l0n 

S„  =  4  =  a 


On 


There  exists  the  solution  I  only.  Scattering  matrices  are  of  the  form: 


(1.13) 


1CC& 


2 


A 

-Bx  Ax 


K*„  = 


CCSn 


«1 

by 

~b. 


by 

a2 

-bA 


a , 


0 

0 

0 


0  a. 


Kn 


(1.14) 


Their  elements  and  parameters  of  the  rotation  axis  and  angle  are: 


Z.H  Czyz,  ONR-Report-3  (Final  Version),  April  l,  2001 


169 


Z.H.  Czyz,  ONR-Report-3  (Final  Version),  April  l,  2001 


170 


and  for  the  solution  II  by: 


2Yk  -  28pk  =  n , 


t?2  -  1 


cos2 yK= — - ,  28pk  =tt/2  for  2d>  =  2rp  <n 

e2  +  l  K 

The  last  equality  means  that  the  rotation  after  inversion  axis  is  oriented  along  the  OUA  coordinate ; 

L  3.  I  point  on  the  ‘small  sphere’  surface 

The  region  under  consideration  is  for  V  >  0,  given  by  the  equation 

(IQ!-})  +U2+V2=},  or  equivalently  Q2  +  U2  +  V2  =|Q| 
Mutual  dependence  between  parameters  t  and  e  is 


(1. 24a) 

(1. 24b) 


and  other  parameters  are: 


t2  +(l/e2)  =  (l/|QI)-  1 

a0n,ln  =  1+1  Q| 

U2  -  V2 
|/U  =  — - — 

IQI 

I  A  2  n , 


1 4|Q|(1  +  /  )  =  4S,„  +  for  the  solution  I  and  for  |  U|  >  V  only 

4V^  +  ~ ^  —  452n  +  A2n  for  |  U|<  V  but  for  the  solution  II  only 

Tlie  two  matrices: 

ax  bx  b3 

Arcs  =[  Al  B'+JB2]  k  _  bX  <*2  b3 

-Bx  -  jB2  0  ’  KtCn  -b  -b  a 

L  1  J  2  JCCSn  a3 

_~b5  ~b5  ® 

have  the  same  elements  for  both  solutions: 


ax 

bx 

by 

bx 

a2 

by 

~by 

-by 

ay 

~b5 

~bs 

0 

(I.27a,b,c) 


^=0,  *.-=1=. 


a2n  =  3|Q|— 1,  a3„=a0w,  b,„  =2|Q|,  b3n=-2U,  b5  =-2V. 


Angular  functions  are  also  identical  for  the  two  solutions: 

C0S2?T  =1-2|Q|,  tan  2(5}  =  -^y.  (i.3i) 

The  last  equality  means  that  the  axis  of  rotation  after  inversion  is  parallel  to  the  straight  line  tangent  to  the 
circle  of  the  small  sphere  surface  crossection  by  the  plane  QK  =  Q  ,  at  the  I  point. 

,  r^^,Sh°Uld  1x5  observed  in  that  interesting  case  is:  vanishing  of  the  Ax  element,  the  existence  of  one 
double  CO-POL  NULL  polarization  point,  Q  =  -1,  and  formation  of  a  great  eigencircle  crossing  the  OQA  axis, 
and  located  in  the  plane  containing  the  I  point  (see  Fig.J.4).  That  plane  is  inclined  versus  the  coordinate 
Qr^fc  Plane  at  an  angle  arctan(Z?2  /  Bx ) . 
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I.  4.  I  point  on  the  surface  of  common  solutions  ( R  =  0) 

That  boundary  surface  can  be  presented  for  |  U|<  V  only,  in  the  form 

Q2  +  U2  +  V2  =  1-2|/|V. 


(1.32) 


If  the  inversion  point  would  be  located  on  such  a  surface  forjU|>  V,  it  would  mean  that  to  arrive  at  the 

uniquely  defined  ONP  characteristic  coordinate  system  its  K  phasor  should  be  rotated  in  its  orientation  by  plus 
or  minus  90  degrees. 

On  that  R  =  0  surface  the  t  and  e  parameters  are  mutually  dependent. 

IQk 


e=\Q\ 


V(i-Q2Xi  +  <2)-|'l 

Q2(l  +  /2)-l 


The  remaining  parameters  are: 


a(ta=2|/|V 
a,„  =1  +  Q2  +U2  +V2  =  2(1— j/|  V) 

Rn=  0 

Sn  =  2aln  =  4(l-|f|  V) 

Elements  of  scattering  matrices  are  the  same  for  the  two  solutions: 

B , 


J1  n 


Vi  +  t2  VH'lv 


fl  +  t2 

i-m 


=  Bl=tV. 


e2  + 1 


with 

and 


BlnB2n=tV 


*2n,ln 


v  |Q|  B 


2n 


B2n  V 


H£|V 

l  +  t2 


±IQIi 


l  +  t2 

i-kiv  ’ 


=2|Q|,  b3„  =  -2U,  b5„  =  -2V . 
e2-t2  t2 


l2  n 


(l  +  /2)(e2  -f-1) 


-a 


In  ,  n 

l  +  t 2 


a  4n  ~  _a 


In  n  , 

e 2  +1 


b4 n  ~  al 


1  +  /' 


>  b6„  -  a 


In  2 


e  + 1 


Angular  parameters  satisfy  the  equalities: 


cos  Zy  £  =  cos^ 


ain(2(2  ~e2a0„) 


2a0n(l  +  *  )(e2  + 1) 

...  0~M  V)(l(|-g2V)  _  |U|V-[Q[3 
V(l  +  /2)(e2+l)  |U|  V-|Q| 


d-33) 

(1-34) 


(1.35) 


(I.36a) 

(1. 36b) 

(1-37) 

(1.38) 

(1.39) 

a.40) 


(1.41) 
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tan2  Sp=  2/  +  ^7/)  =  U2+IQU[V 
*  ( 2/e)  +  ea0n  U(V+|QU|) 

-^mlUWQIV 


-  (sgn  U) 


V+IQIIU! 


For  t  -»  0  (when  I  point  tends  to  the  surface  of  the  polarization  sphere),  these  functions  become 

COS 2^ g  —  ~Q  ,  t8X\2S^  —  +|Q|  (for  U  <  0  or  U  >  0,  accordingly) 

and  for  V=|U|  (another  limiting  case). 


Generally, 


cos 2/ g  1  2|Q|,  tan2£K  —  +1  (for  U<  0  or  U  > 0,  accordingly) 


M  1  ,,  1  -  Q2 

- — - t- \t\  - — — 

m  IQI  vQ2  +u2 


V+|Q11U1_^V 
|U|+|Q|V  ~  <%J 


sgnU<  0 


%  =  -  cot  2S'k  =  -  sgn  =  iLWQIM 

OJ  *  IUHQIV  U2+|Q)|U| V  ■ 

L  5. 1  point  on  the  OQ*  coordinate  axis 

This  is  the  case  of  symmetrical  matrices,  corresponding  to  the  monostatic  scattering.  For  the  whole  range 


the  solution  I  only  exists.  Other  parameters  are: 


1  <  Q  <  0 


U  =  V=/  =  l/e  =  0,  a0„,,„  =  l  +  Q\  «„=  a0„,  S„=  4 


(I.47a) 


(I.47b) 


Scattering  matrices  have  the  following  elements: 


1+IQI  0 

0  1-jQI 


K*„  = 


1  +  Q2  2|Q|  0 

2IQI  1  +  Q2  0 

0  0  1  -  Q2 

0  0  0 


and  the  angles  are: 


2/k  =  28pk  —  k  . 


That  is  the  only  case  with  two  common  points:  K,  M,  E2  and  L,  N,  E,  (Fig.). 

L  6.  I  point  on  the  OVr  coordinate  axis 


There  are  two  solutions  in  the  whole  range 
with  Q  =  U  =  0.  Other  parameters  are: 


0<  V<1 


0  <|/|< 
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For  all  solutions  the  axis  of  rotation  after  inversion  coincides  with  the  coordinate  axis  OVK  .  Therefore 
all  eigencircles  are  in  planes  perpendicular  to  that  axis.  However,  eigenpolarizations  exist  only  for  the  Solution 
I  and  /  =  0  because  only  then  the  rotation  angle  is  ?rand  all  points  of  the  eigencircle  are  eigenpolarizations.  The 
solution  II  for  /  =  0  is  also  interesting  because  of  the  simple  rule  of  transformation  of  the  incident  polarization 
(no  rotation  after  inversion).  Also  it  is  interesting  to  observe  that  the  M  and  Oi  points  coincide  (at  the  lower 
pole),  what  cannot  be  the  case  for  other  models. 


Z.H.  Czyz,  ONR-Report-3  (Final  Version),  April  l,  2001 


174 


L  7.  I  point  on  the  semicircle  (-U)m„  in  the  CCS 
There  exists  the  solution  I  only.  For  the  I  point  location, 


other  parameters  are 


-1  <Q  <  0,  -U  = 


0  <t< 


V=0. 


yielding  matrices 


VlQI  ’ 

1  /  e  =  0, 

a0n,ln  =  1+IQI,  l-^nl=a0>  $n  =  4 


A2  Bl 

-By  0 


K*„  = 


al  bx  b3  0 

by  a2  b3  0 

-b3  -b3  a3  0 

0  0  0  a, 


with  elements 


A=2ViQi,  s,=V HQI>o, 

a2=-l  +  3|Q|,  a3  =-l+|Q|,  b,  =2|Q|,  b3=-2U. 


For  the  angles  one  obtains 


cos2y;=l-2|Q|,  2  Sl=x. 


I.  8.  I  point  on  the  surface  of  the  polarization  sphere 

There  exists  one  double,  I  and  II,  solution.  The  I  point  is  located  on  a  quarter  of  the  great  circle  arc.  Its 
coordinates  and  other  parameters  necessary  to  compute  the  elements  of  matrices  are 


-1<Q<0,  U  =  0,  V  =  jl-Q2  >0, 


The  matrices  are 


"S' 

aon  0,  a  jn  —  2, 

1**1=  o,  S„  =  4. 


A2  JB2 
-JB 2  Ay 


K  *,= 


ai  bx  0  b5 

bi  a2  0  b6 

0  0  0  0 

-bs  -b<  0  a. 


with  elements 


A2  =  1+1  Ql»  A,  =  1-IQI,  Bz  =>/l-Q2  =V, 

,  „  , _  (1.67) 

a2-2Q,  a4  =  —2(1  -  Q2),  b,=2|Q|,  b5=-2V,  b6  =  -2\Q\yfi  -  Q2  =-2|Q|V. 

To  find  the  axes  and  angles  of  rotation  after  inversion  it  is  possible  to  investigate  continua  of  solutions  as  in  the 
case  of  the  I  point  on  the  OVK  axis  (here  as  functions  of  the  d(J  /  <?V  parameter,  what  has  been  analyzed  in 
[18]).  However,  it  is  recommended  to  use  one  solution  only, 
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2Yk  =  =  *» 


(1.68) 


because  all  other  lead  to  the  same  result  for  the  I  point  on  the  Poincare  sphere  surface. 

L  9.  I  point  on  the  crossection  of  the  small  hemisphere  with  planes  through  the  QA  axis  inclined  at  +45° 
and  -45°  angles  versus  the  QATJA  plane. 

Coordinates  of  the  inversion  I  point  satisfy  the  equalities 

Q2+2U2+Q  =  0,  |U|=V>0.  (1.25’) 

There  exists  common  solution  I  and  II  which  can  be  considered  as  a  limiting  case  of  solution  I  or  II  in  1.3  for 
|U|=V  resulting  in  Bl  =  B2 .  Scattering  matrices  are  as  in  1.3  but  with  B{  =  B2.  Their  geometrical  model  is  also 
as  in  Fig.  J.4. 

L  10.  I  point  on  the  polarization  sphere  equator 


This  is  the  limit  case  for  the  I  point  location,  at  Q  =  -1.  And  again,  the  one  only  solution  is  recommended, 
corresponding  to  the  limit  case  for  the  inversion  point  on  the  OQc  axis,  with  following  parameters: 


corresponding  matrices: 


t  —  l/e  —  0,  a0„  -  0,  a,„  -2,  |7?n|— 0,  Sn—4, 


1ccs« 


2  0 
0  0 


.  Kr „  = 


CCSn 


2  2  0  0 
2  2  0  0 
0  0  0  0 
0  0  0  0 


and  angles: 


Kn 


1y  K  —  2  8  K  —  7r 


(1.69) 


(1.70) 


(171) 


The  unique  properties  of  that  model  are:  coincidence  of  the  K,  M,  M”  and  E2  points  being  the  only 
scattered  polarization  point,  and  no  scattered  power  for  the  Ej  incident  polarization  coinciding  with  I  and  L 
points.  Though  for  each  I  point  on  the  Poincare  sphere  surface  there  is  one  only,  E2  ,  scattered  polarization 
point  but,  beyond  Q  =  -1  coordinate  of  the  I  point,  it  was  never  the  M"  point. 


L  11.  I  point  at  the  (upper)  pole  of  the  polarization  sphere 

That  location  of  the  inversion  point,  V  =  1,  is  recommended  for  consideration  as  the  limiting  case  for  the  I 
point  on  the  OVA  coordinate  axis.  The  corresponding  parameters  and  the  yielded  matrices  are: 


t  —  e—0,  a0„  -  0,  aj„  —  2,  |7?w|-0,  Sn-4, 


lCCSn 


1  j 
~j  1 


>  K&  = 


CCSn 


2  0  0  -2 

0  0  0  0 

0  0  0  0 

2  0  0  -2 


The  rotation  after  inversion  angle. 


Kn 


2rK=x> 


a.  72) 


(1.73) 


(1.74) 


has  no  influence  on  the  scattered  polarization  point,  located  always  at  the  pole  of  the  sphere,  because  of  the 
rotation  axis  coming  through  that  point.  Only  the  scattered  wave’s  phasor  will  be  rotated  accordingly. 

A  special  property  of  that  model  is  the  coincidence  of  points  I  and  02.  Therefore  tire  incident 
polarization  point,  corresponding  to  the  maximum  scattered  power,  is  located  at  the  lower  pole  of  the  sphere 
and  produces  the  orthogonal  scattered  polarization  (the  M  and  Oi  points  coincide).  No  matrix  of  monostatic 
scattering  may  exhibit  such  a  property. 
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I.  12. 1  point  in  the  center  of  the  polarization  sphere. 


Two  solutions,  I  and  II,  exist  for  the  I  point  of  coordinates  Q  =  U  =  V  =  0.  There  is  a  continuum  of  solution  I 
versions  for  t  parameter  in  the  range 

00  ^  ^  00  .  /T  *7C\ 

Taking  into  account;  K  } 

e~°>  a0«  =  ai  „  =  l-KJ=  1,  S„  =4,  (1.76) 

the  following  matrices  will  be  obtained  for  the  solution  I: 


%CCSn  ~ 


A2  Bl 

~Bl  A1  \ccSn 


K*„  = 


0  0  b. 


0  -b4  a2  0 


with  elements  for  solution  I: 


0  0  -a, 


A2  n  ~ 


=  sm2  ypK,  B.  = 


=  c°s2 


r  - 1[ 

t1  +1 


' cos  2y  K ,  b4„  =—  =sin2/£. 


For  the  whole  range  of  the  t  parameter  we  obtain 

0<2ypK<0,  28\=7t.  (ISO) 

A  special  property  of  that  model  is  independence  of  the  scattered  power  from  the  incident  polarization. 
Eigenpolarizations  appear  only  for  /  =  0.  Then  2  yPK  =  n  and  all  points  of  the  polarization  sphere  equator  are 
eigenpolarizations.  That  model  corresponds  to  the  scattering  by  a  sphere. 

An  important  conclusion  which  can  be  drawn  from  that  example  is  that  there  is  no  scatterer  preserving 
each  incident  polarization.  6 

Of  a  special  interest  is  the  case  of  t  =  +ao  .  The  corresponding  matrices  are: 

"l  0  0  0" 

r  o  ii  o-ioo 


-1  0 


0-100 
0  0-10 
0  0  0  -1 


Similar  result  exhibits  the  solution  n.  For  the  same  parameters  as  above  we  obtain  matrices 

"l  0  0  0" 

,  r°  a  „  o-ioo 


In  both  cases  the  rotation  after  inversion  angle  is 


2/  k  ~  0  • 


0-100 
0  0-10 
0  0  0  -1 


1The.  obtained  model  is  an  orthogonalizer  which  converts  any  incident  polarization  point  into  the 

P^1?!  °fthc  scattered  wave  without  changing  the  wave’s  intensity.  So,  any  incident  polarization  point 
is  the  M  and  Oi  point. 

An  extra  phase  change  can  be  arbitrary.  Usually  for  the  orthogonalizer  (represented  by  the  Cx  matrix 
as  m  (7. II)  or  (6.4))  we  choose  5,  =  -1  and  B2  =  0,  while  for  the  ‘invertor’  through  the  polarization  sphere 
center  (represented  by  the  A ^  matrix  as  in  (8. 30)  with  Q=U=V=0  and  ob  =4)  we  apply  /i,  =  1  and  B2  =  0.  The 
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obtained  phase  difference  between  results  of  both  those  transformations  is  n  because  the  inversion  for  the  two 
cases  can  be  interpreted  as  rotation  by  the  ±n  angle  (in  opposite  directions)  about  an  axis  through  the  center  of 
the  sphere  and  perpendicular  to  the  incident  polarization  phasor.  Speaking  precisely,  the  two  transformations 
do  not  change  the  phase,  shifting  phasors  parallel  along  the  great  semicircles  of  the  polarization  sphere.  Then, 
however,  the  resulting  phasors  should  be  interpreted  as  ‘oppositely’  (not  orthogonally  !)  polarized  what 
interprets  the  obtained  phase  difference. 
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APPENDIX  J 

GEOMETRICAL  CONSTRUCTIONS  OF  THE  POINCARE  SPHERE  MODELS 
OF  SCATTERING  MATRICES  IN  THE  CCS 

J.  1.  Mutual  locations  of  special  polarization  points  of  the  Poincare  sphere  models  of  scattering  matrices 

Itoving  coordinates  of  special  polarization  points  in  the  CCS  as  presented  in  Chapter  9,  Section  9.8  (formulae 
(  .47)  -  (9.57)),  it  is  possible  to  distinguish  their  four  groups.  Points  of  each  group  are  located  on  a  common 
plane  through  the  K  L  diameter  along  the  OQ  coordinate  axis  of  the  CCS  (see  Fig.  J.  1). 

Apart  from  K  and  L,  the  following  points  belonge  to  those  four  groups: 

1.  Oj  andC>2, 

2.  M,  N,  M",  NM  and  I 

3.  Ej  andE2,  and  ^  ^ 

4 P. 

TheP  P?int  is  such  an  inverted  point  of  an  incident  polarization  which  by  rotation  after  inversion,  about  an  axis 
m  the  UV  plane  of  the  CCS,  becomes  the  characteristic  point  K  of  the  Poincare  sphere  model  of  the  scattering 
matrix  6 


Moreover,  also  the  fifth  group  of  points  can  be  specified.  It  forms  the  plane  of  the  so-called  eigencircle 
not  necessarily  coming  through  K  and  L  points  (in  the  cases  of  ‘small  eigencircles’).  The  plane  of  the 
eigencircle  is  always  perpendicular  to  the  axis  of  rotation  after  inversion  and  contains  the  inversion  I  point  as 
well  as  the  eigenpolarizations,  E,  and  E;>,  if  they  exist  for  the  scattering  matrix  under  consideration.  A  special 
property  of  the  eigencircle  is  that  its  points  remain  on  that  circle  after  the  inversion  and  rotation,  even  if  the 
eigenpolarizations  do  not  exist.  In  case  of  a  great  eigencircle  it  contains  also  the  P  point,  thus  belonging  to  the 
fourth  of  the  above  defined  groups.  ~  ' 

The  four  groups  can  be  determined  by  the  angles  of  inclination  of  their  planes  versus  the  OU 
coordinate  plane  in  the  CCS  as  follows: 


tan  28°2  =  +00 

tan  2  S"=^-=~Bl{A2+Al) 
b3  BX(A2-AX) 

tan  25\  =  zAll 

b4  BX(A2  +  Ax) 

a3> 

Ma0  -a4) 

;  k3>0. 


tan 2Sl  =  =  ^ ^  ov-4^ 


4  r4 


_  ~n2  . 


n 


where 


o-0  =  2(ai  +  a0  )  -  A\  +  A\  +  2  (B\  +B?)  +  2^(AxA2  +B2x  -B22)2  +  4B\b\  , 
2rx=A2+Ax,  2  r2=A2-Ax. 


(12) 


(J.3) 


(J4) 


What  is  interesting 


and 


to  observe,  it  is  mutual  orientation  of  those  planes, 

180°  >  2 Si  >  28\  >  2 >  2 8%  =  90° 
0°  <  28\  <  2 8\  <  2 8l  <  2 8$  =  90° 


for 

for 


ui<o 

U^>0. 


(J.5a) 


(J  5b) 
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J.  2.  The  cases  of  great  eigencircles  (Poincare  sphere  models  of  scattering  matrices  for  the  I  point  in  the 
QV  and  QU  planes,  and  on  the  ‘small  sphere’  surface ) 

The  simplest  constructions  of  the  Poincare  sphere  models  of  scattering  matrices  can  be  presented  in  cases  when 
great  eigencircles  exist,  also  when  there  are  no  eigenpolarizations.  Three  kinds  of  such  constructions  can  be 
distinguished  for  scattering  matrices  resulting  from  the  I  point  location  (in  the  CCS): 

1.  In  the  QV  plane  (U^-  =  0)  for  the  solution  II  (see  Fig.  J.  2), 

2.  In  the  QU  plane  (V^  =  0)  for  the  solution  I  (  Fig.  J.3), 

3.  On  the  ‘small  sphere’  surface  and  solution  I,  for  | U|>  V ,  or  solution  II,  for  |U|<  V(  Fig.  J.4), 
including  limiting  cases  for  location  of  the  inversion  point  on  boundaries  of  its  allowed  regions. 


In  the  cases  of  the  first  kind  (  Fig.  J.2).  Bx  =  0,  B2=Vg  (the  V  coordinate  of  the  illuminating 

polarization  corresponding  to  the  minimum  scattered  power)  and  the  great  eigencircle  is  in  the  QV  plane.  The 
polarization  sphere  radius  is  then 


The  I  point  should  be  located  beyond,  or  on  the  circle, 


(J.6) 


(iqkV^T/4))2  +  v2 


(1.7) 


which  is  a  crossection  of  the  small  sphere  with  the  QV  plane.  For  the  existence  of  eigenpolarizations  the 

distance  of  the  I  point  from  the  center  of  the  sphere  should  be 


A2  +  A  | 

r,  g-'2,  1  >£, 


cos  Yk 


(J8) 


where  the  equality  corresponds  to  the  one  double  eigenpolarization  point  at  the  upper  pole  of  the  sphere. 

The  model  shows  how  location  of  the  I  point  determines:  A, ,  A2  and  B2  parameters  of  the 

Z^ccs  matr^x>  the  M,  N,  M”,  N” ,  Oj,  O2,  Ei,  and  E2  points,  and  the  rotation  after  inversion  angle  ,  2 (j)  =  2yPK , 
corresponding  to  the  rotation  axis  directed  along  the  OU  coordinate  axis.  It  should  be  observed  that  EI;  and  Q, 
polarizations  can  be  found  as  the  end  points  of  radii  through  the  crossection  of  a  circle  of  the  (01)  raius  and 
straight  lines  through  the  N  point,  parallel  to  the  Q  and  V  axes,  accordingly. 

Dependences  between  elements  of  the  Accs  scattering  matrix  for  the  limiting  cases  of  the  I  point 
locations  are: 

B2  =  tJAxA2  ,  and  Ax~0.  (J.9) 

They  correspond  to  the  inversion  point  on  the  Poincare  sphere  surface  and  on  the  ‘small  sphere’  surface, 
accordingly.  In  the  first  case  there  is  one  only  the  eigenpolarization  point,  E2 ,  because  incident  polarizations 
E],  02  and  I  meet  in  one  point  giving  no  scattered  power.  In  the  second  limiting  case,  A,=  0,  the  double  Oi  2 
point  occurs.  That  explains  geometrically  why  closer  location  of  the  I  point  to  the  center  of  the  polarization 
sphere  is  impossible  for  the  solution  II. 


Constructions  of  the  second  kind  present  great  eigencircles  in  the  UV  plane.  The  I  point  is  contained 
inside  the  circular  region 


(iqkV^/4))2+u2  =  (V^"/4)2. 

As  can  be  seen  from  the  Fig.  J.  3,  the  radius  of  the  polarization  sphere  is  now 

A, 


a  10) 


rn  = 


—  -  V'i2  +  >  r\ 


_A2 


(J  11) 
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The  eigenpolarizations  exist  for  the  I  point  distance  from  the  center  of  the  sphere 


r*= - 2 - =~TC0S^  (J.  12) 

where  the  equality  corresponds  to  one  double  eigenpolarization  point  at  |U|  =  1.  Projection  of  the  O,  and  O, 
points  on  the  QU  plane  is  determined  by  crossection,  with  the  Q  axis,  of  a  segment  of  the  straight  line  through 
the  point  I  and  perpendicular  to  the  ON  radius.  & 

Constructions  of  great  eigencircles  are  possible  also  in  any  plane  through  the  OQ  axis  but  only  for  I  points  on 
the  small  sphere’  surface  (Fig.  J.  4).  Then  Ax  =  0  and  one  double  0,,2  point  exists.  The  radius  of  the 
Poincare  sphere  for  that  third  kind  of  models  is 


-  V (A2  /  2)2  +  Bx  +  B\ 


The  eigenpolarizations  exist  when 


0  p 

-cos  yK 


The  rotation  after  inversion  angle  is2^  =  2/£,  for  <  0,  or  2<j>  =2n  ~2yPK,  for  >0).  As 

usuallythe  axis  of  rotation  after  inversion  is  perpendicular  to  the  plane  of  the  eigencircle  and  directed  upwards 
versus  the  QU  coordinate  plane  of  the  CCS. 

J.  3.  The  cases  of  small  eigencircles 

The  case  of  the  solution  I  for  the  inversion  point  in  the  QV  plane  can  serve  as  a  classical  example  of  the  small 
eigencircle  formation.  The  corresponding  model  of  the  scattering  matrix  has  been  shown  in  the  Fig  J  5  Here 
the  smaft  eigencircle  in  represented  by  the  line  E,  -E2 .  The  axis  of  rotation  after  inversion  is  the  V*  coordinate 
axis  and  the  angle  of  rotation  is  180  The  model  shows  its  construction  based  on  the  I  point  location. 

However,  in  general  case  of  the  scattering  matrix  in  the  CCS,  the  rotation  after  inversion  matrix  is 
inclined  versus  the  V*  coordinate  axis  by  an  angle  180°  -2 SPK  but  remains  in  the  UV  coordinate  plane. 
Therefore,  in  order  to  present  the  eigencircle  in  its  plane,  it  is  necessary  to  rotate  the  model  about  the  OQ  axis 
by  that  angle  m  the  opposite  direction  to  obtain  the  new  V’  axis  perpendicular  to  the  small  eigencircle  plane 
(see  b lgj.  6).  The  following  transformation  procedure  should  be  applied: 

U'  _  -cos2££  -sin 28PK  U 

V’J  L  sin2SK  -  cos 2SPK  1_vJ  (J15) 

For  the  Poincare  sphere  model  of  diameter  2 r0  =  =  2k ,  the  radius  of  an  eigencircle  is 

rE  (Vf  )’  =  ^  -  (Uf  sin  26>  -  V|  cos  2S'  ? 

=  k  1 1  ~R)7~  (1 16> 

1/  k’lBtrFlc* +Blr?02 


The  above  result  can  be  obtained  by  introducing  the  formerly  derived  expression  for  tan  2 SPk  ,  substituting: 
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<r0=4 k2 ,  A2+A1=2r1,  A2-A1=2r2, 


"^3  _  2Bxr2 


and  making  use  of  known  trigonometric  formulae: 


V1  =  ~b5  =  2Blr\ 
K  2k  2k 


sin  2  6pk 


+  tan2  SPK 
1 1  +  tan2  2S[ 


cos2  SK  = 


1 1  +  tan2  28pk 


The  choice  of  sign  depends  on  the  trigonometric  quarter  of  the  28PK  angle.  The  upper  sign  corresponds  to  the 
second  and  the  lower  to  the  first  quarter 

Other  similarly  obtainable  useful  formulae  (see  Fig.  J.  6)  are: 


tan yP  =  Qr  ^  \B iri(k2  ~r22)2  +B2r^(k2  -  a2)2 

U'i-  (k2  —  r2)  +  B2  (£2  -  r2 ) 


te  cos rp=y](QlK)2  +(U'^> 


TTI-U'k 


They  justify  construction  of  the  small  eigencircle  of  Fig.  J.  6.  and  location  of  eigenpolarization  points  E,  and  E2 
resembling  models  of  Fig.  J.  2-4. 

J.  4.  Location  of  the  CO-POL-NULL  points  in  general  case  of  the  scattering  matrix  model 

Two  constructions  are  possible  depending  on  the  solution  chosen.  Therefore  it  is  advisable  a  quick  recognizing 
when  which  solution  may  exist  in  the  CCS.  To  do  that  two  simple  methods  can  be  applied. 

In  the  first  method,  direct  application  of  formulae  (9.40)  locates  the  inversion  point  of  coordinates 

(9.29): 


in  the  =  const,  crossection  of  the  Poincare  sphere  model  of  unit  radius  (see  Fig.  J  7)  in  the  allowed 

regions:  OABCGHO  for  the  solution  I,  and  in  DBCGD  for  the  solution  II.  It  should  be  observed  that  the  whole 
region  of  the  allowed  solution  II  is  contained  inside  the  region  for  the  solution  I. 

Another  method  is  based  on  computation  of  the  (01)  distance  according  to  the  same  formula  (9.29) 
and  elongating  them  when  multiplying  by  the  ratio  of  ob  IS.  If  the  end  point  ,  I’,  of  projection  of  such  an 
elongated  (OI)  distance  on  the  QU  plane  is  inside  the  shadowed  ‘small  circle’  of  Fig.  J.  8,  then  the  solution  I 
exists.  If  its  projection,  I”,  on  the  QV  plane  is  in  the  shadowed  region  outside  another  ‘small  circle’,  then  also 
the  solution  n  exists.  To  explain  those  conditions  (again  see  Fig.J.  8)  it  can  be  observed  that  the  postulated 
requirements  are: 

2k  cos  2 a  >  (01' )  for  solution  I,  and 

2k  sin  2f5  <  (01" )  for  solution  n.  ^  ^ 

They  correspond  to  the  previously  found  requirements,  for  the  solution  I: 


bjiS  >  2(b2  +  b2 )  : 


^^  =  2*cosor>^Vb?  +b3  =“V(Q!r)2  +(U^)2  ,  (J23a) 

/b,  +  bj  ^ 
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and  for  the  solution  II: 
bjS  <  2(bf  +  bj ) 


Ibf+bl 


=  2*cos/?<l_/b?  +b52  =^j(QlK)2  +(VlK)T.  (J.23b) 


The  same  cr0  /  S  ratio  can  be  used  to  constructional  determination  of  the  CO-POL-NULL  points  O, 
results-  Similar  COnsiderations’ taking  advantage  of  formulae  (9.50),  (9.38a)  and  (9.39a),  lead  to  the  following 

=_AzA 

A2  +  Ax 

-  2(b?+b3>  <70  (Qt)2  +(U^)2  ,  .  .  _ 

5l5  -  s  ^IqI- | -  for  the  solution  I  (J.24) 

M  S  A:|Qi.| 

■■2(b?  +  b?)='^g+(v(g 

Geometrically,  for  Q°u  =  £q°u  ,  it  means 


for  the  solution  II. 


(ao  / S)(OI)  |Q^|  cosa 

*!§r*C0S/?=f(0I)^r 


for  the  solution  I ,  and 


for  the  solution  II. 


(J.25a) 


(J.25b) 


So  simple  constructions  are  obtainable  especially  in  cases  of  simple  relations  between  ob  and  S.  For  instance 
the  last  equation  describes  construction  determining  the  Ch  point  location  for  the  inversion  point  I  in  the  QV 
plane  of  the  CCS  (where  S=  ob ),  for  the  solution  II  (Fig,  J.  2). 

,  .  .  ahcr  figures  mustrate  special  behavior  of  polarizations  being  transformed  along  the  eigencircles: 

en  the  eigenpolanzations  do  not  exist,  Fig,  J.9,  how  one  eigenpolarization  ‘attracts’  the  polarization  point 

teeS^nf  rePeIS  thCm’  FiS  J10’  3nd  h°W  eigenP°larizations  ar®  transforming^ 
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Fig.  J.l.  Projection  of  special  polarization  points 
onto  the  UV  plane  in  the  CCS. 


Fig.  J.3.  I  Point  in  the  QU  plane  in  the  CCS 
and  the  great  eigencircle  in  that  plane 
(solution  I  is  here  the  only  possible  ). 
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2^  =  2/£forU^  <0 


Fig.  J.4. 1  point  on  the  ‘small  sphere’  surface  - 
solution  I  for  the  |U*-|  >  VA  and  solution  II  for  the  |UA|  <  VA- . 
The  great  eigencircle  is  inclined  at  an  angle  of  arc  tan {B2/Bx) 
versus  the  QU  plane  in  the  CCS. 


UA 


2 <j>  =  2 ypK  for  <  0 
M  =  2n-2yp  for  Ul 


>0 


ALLOWED  REGIONS  FOR  /  POINT  IN  THE  CCS 
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ATTRACTION  OF  POLARIZATION  BY  E2  AND  REPULSION  BY  E,  EIGENPOLARIZATIONS 
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Fig.  J.  10 
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Fig.  J.  12.  The  great  eigencircle  and  double  eigenpolarization  forQ1  =  -0.5,  U1  =  V1  = - 

2V2 
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APPENDIX  K 


ABOUT  UNIQUENESS  OF  THE  CHARACTERISTIC  ONP  PP  BASIS  K 


The  proposed  form  of  the  Sinclair  matrix  in  the  characteristic  orthogonal  null-phase  (ONP)  polarization  and 
phase  (PP)  basis  is 


A- 


A 

~B\  —  jB 2 


B\  +  jB2 

A 


■>w 


-iCCS 


(K.1) 


That  ‘canonical’  matrix,  of  an  especially  simple  form,  is  determined  by  location  and  orientation  of  its 
characteristic  tangential  phasor  K  uniquely  represented  by  the  characteristic  PP  vector  (of  the  form  independent 
of  the  ONP  PP  basis  order): 


n 


co sye  'B5+Sl 
sin  ye^5-^ 


(K.2) 


and  corresponding  to  the  characteristic  coordinate  system  (CCS)  of  the  three  Stokes’  parameters  Q,  U  and  V. 

To  obtain  the  uniqueness  of  the  K  basis  the  following  requirements  has  been  stated  regarding  the  ranges  for 
values  of  real  elements  of  the  Sinclair  matrix  in  that  basis: 

A2>Al>0 

B2>0  (K.3) 

Bl  >  0  if  B2  =  0 

The  first  of  those  conditions  determines  the  only  non-zero  Q  component  of  the  inversion  I  point  to  be  contained 
in  the  range 

-r  —  Q]r  —  0 ;  r  =  fi~/  2,  (K.4) 

with 

<j0  -  A\  +  A\  +  2  {Bl  +Bf)  +  2yj(A2  Al  +  B?  +  B\  ) 2  +  4B?B%  (K.5) 


The  second  condition,  B2  >  0 ,  stems  from  the  equivalence  of  two  geometrical  models  of  the  matrix  for  K  and 
AT  bases  the  phasors  of  which  are  oppositely  oriented.  Assuming 

25 x'  =  -n  and  2y  J.  =  e J.  =  0  (K.6) 


one  obtains  the  rotation  (the  change-of-PP-vector)  basis  matrix 


^JTJC9  “  ”  L'K' 


r  k 

..K*  ] 

j 

o' 

[%■ 

UK'  |~ 

0 

-j. 

(K.7) 


and  the  following  mutual  dependence  of  the  Sinclair  matrices  in  the  two  bases 


A  -  Ck'AK’CK’ 


j 

of  a2 

B\  jB2 

" J  ^ 

0 

—j  By  +  jB2 

A 

K' 

0  -j. 

A2  By  +  jB2 


B  i  jB2 


A 


I K 


(K.8) 
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The  obtained  transposition  of  the  matrix  with  the  reversal  of  its  phase  corresponds  to  the  rotation  of  the  model 
by  180°  about  the  QK  =  Qr  axis  joined  with  the  change-of-sense  of  the  rotation  after  inversion  angle.  So,  the 
two  models  are  entirely  adequate  and  there  is  no  reason  for  the  use  of  two  such  characteristic  models  which  will 
correspond  to  opposite  signs  of  elements  of  the  second  diagonal  of  Sinclair  matrices  in  the  two  characteristic 
bases.  Therefore,  the  second  condition  can  be  found  justified. 

Exactly  the  same  argumentation  applies  to  the  third  condition.  Therefore  it  is  sufficient,  for  B2>0, 
to  consider  Uj.  <  0  only,  what  corresponds  to  Bx  >  0  in  the  CCS,  and  has  been  additionally  explained  on  an 
example  for  |U}:  |max  =  r  /  2  in  Fig.  K.  1. 
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Fig.  K.  1.  The  equivalence  of  models  for  oppositely  oriented  basis  phasors,  K  and  K, 
corresponding  to  B\>0  and  B\<0  (for  B2= 0).  Examples  with  the  I  point  in  the  V/:  =  0  plane 

(-Ut=Ut.  =  -Qi=-Qi.=r/2). 
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APPENDIX  L 


THE  W  YNIELUy’ S/CARREA  REPRESENTATION  OF  THE  POINCARE  SPHERE  TANGENTIAL 
POLARIZATION  (TP)  VECTORS  USING  THE  TP  PHASOR  NOTATION 

LI.  Background:  the  change  of  basis  transformation  in  the  2-dim.  space  of  the  PP  vectors 

For  the  Cayley-Klein  parameters  (see  (4.31)  and  (5.40)) 


a  =  cos  ye 
b  =  sinye+J('S~E) 


0°  <  y  <  90° 
with  -90°  <5<  90° 
-180°  <e  <180° 


(LI) 


the  matrix  and  vectorial  forms  of  the  PP  vectors  have  been  determined  as  follows  (see  (4  30)  and  (4  29)  or  (5  1) 
to  (5.4)): 


<4P* 

*H 


aa  *  +bb *  =  1  , 


(L2) 


ur  =  [uHun*]u 


H  > 


u 


Px 


=  [uI1utix]u 


H 


(L3) 


fulfilling  conditions  of  unitarity  and  the  ‘null-phase  orthogonality’  (see  (4.32)  and  (6. 1))  in  the  C2  space: 


\up \=\uPx  j=  1,  up  •«i>x  *=  0; 


.P**- 

*H  ~ 


0  -1 

1  0 


4h  ■ 


With  those  vectors  the  rotation  matrix  (see  (5.8)  and  (5.30))  for  the  C2  space  has  been  determined. 


(L4) 


\UH  UPh\ 


cos  ye 


-j{S+e  ) 


smye 


j(S-e) 


-  sin  ye 
cos  ye 


-j{S-s) 

j(S+s) 


-Cp 

~  u H 


H 


which  can  be  used  to  present  the  change-of-basis  transformation  (5.9)  for  the  PP  vectors, 


rBi.p  -  „p 

^ HUB  ~  UH 


(L5) 


(L6) 


L2.  Extension  of  the  PP  vector  complex  form  to  its  representation  in  the  3-dim.  real  space  of  Stokes 
parameters 


By  analogy  to  the  previously  presented  procedure  in  the  C2  space,  the  following  matrix  and  vectorial  forms  of 
three  mutually  perpendicular  real  vectors  can  be  determined: 


P  H  = 


r  - 

p 

p 

r 

q 

9ri 

qn 

u 

p 

>  qRff  - 

q  R2 

>  qSr  = 

qn 

V 

H 

qR3 

H 

_qB 

H 


P  [*q  *u  Ptf>  Qr  [lq  1„  Iv]^  Qr// >  ~  [lq  lu 


(L7) 


(L8) 


The  above  used  lower  indices  R  and  ‘I  have  been  assumed  to  correspond  with  the  real  and  imaginary  parts  of 
the  Cartan’s  null  vector  [138], 
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The  range  for  the  last  Euler  angle,  2s,  is  especially  important  for  ensuring  the  one  to  one  correspondence 
between  the  PP  vectors,  U  ,  or  the  corresponding  TP  phasors,  P,  and  their  real  counterparts,  qR .  These  real 
vectors  do  not  change  their  orientation  after  addition  of  2n  to  their  2 wangle.  Therefore,  to  omit  the  ambiguity, 

p  p 

it  is  always  necessary  to  present  on  the  Poincare  sphere,  for  the  q^  vectors,  the  2s H  angle  which  may  be 
contained  in  the  ±2 n  range.  Only  the  4n  change  of  that  argument  relates  that  real  vector  to  the  same  TP 
phasor  (compare  [29]). 
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L3.  An  exemplary  derivation  of  the  qR  and  q  j  vector  expressions  for  the  p  vector  given 


Very  simple  derivation  may  start  with  the  evident  result  for  vectorial  product  of  two  tangential  vectors,  q^. 
and  q^7 ,  the  first  of  which  corresponds  to  the  angle  2 s%  =  0 .  That  product  can  be  presented  by  the 
following  determinantial  equation  with  the  three  unknown  components,  qR1#,  qR2// ,  and  qR3//  : 

Qel h  x  q RH  -  sin2£^  ppH 

=  sin2£,^(lq  cos2y  +  lu  sin2/cos2<5  +  lv  sin 2/ sin 2<5)^  (L.16) 

lu  lv  ^ 

=  -sin  2y  cos2ycos2<5'  cos  2y  sin  28 

qRi  qR2  qR3  H 

Comparison  of  the  third  and  second  components  of  the  product  yields  the  expressions  for  qR2and  qR3 
obtained  in  terms  of  q  R1 : 

_  -q  R,  cos  2 y  cos  28  -  sin  2y  sin  28 sin  2s 

qR2  r— - 

sin  2y 

(L.  17) 

_  -q  R1  cos  2 y  sin  28  +  sin  2 y  cos  28 sin  2e 

qR3 - — - 

sm  2  y 

After  simple  manipulations  one  obtains 

„ 2  j.  „2  _  i  „ 2  _  qR1cos22y  +sin2  2^sin22<5' 

Qr2  +  qR3  -  1  ~  qRi  - - ~ - 

sin  2 y 

and 

q  R1  =  _  sin  2y  cos  2^ .  (L.18) 

The  minus  sign  can  be  found,  for  example,  when  considering  2y  -  n !  2  and  2s  =  0  in  which  case 

Qri  1  The  remaining  values  (L.  13),  q^  and  q  R3 ,  can  be  immediately  obtained  from  (L.18)  and 
(L.  17).  The  (L.  14)  components  will  then  be  determined  by  the  vector  product  of  (L.  10), 

PxqR=qi  (L.19) 

L4.  Change-of-basis  rules  in  the  3-dim.  Stokes  parameter  space 
Denoting  three  basis  vectors  of  an  ONP  PP  basis  B: 

■if  ro  r  r0r 

0  =  p  b,  i  s  q£s ,  0  =  q^  (l.20) 


q^  ~ 

qR3  - 


the  following  change-of  basis  equations  can  be  written 


r  rif 


q  qRi  qn  i 

u  q  R2  q  12  o 

v  qR3  qH  „  o 


o  =  u  =pH 


(L.21) 
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q 

qRi 

qn" 

B 

'o' 

B 

qRi 

u 

q^ 

q  12 

1 

- 

qR2 

V 

qR3 

qi3j 

H 

0 

B 

_qR3. 

- 

-  Qr// 


q 

qRi 

qn 

B 

~0 

B 

~qn~ 

U 

qR2 

Ql2 

0 

— 

qK 

V 

qR3 

q». 

H 

1 

B 

.qB_ 

„b 

Qih 


~1  0 

0 

o ' 

B 

1 

T 

p 

1 

T 

°  p 

qR 

Qi 

H 

P. 

B 

H 


‘l  0 

0 

0  " 

B 

'  0  “ 

p 

'  0  ' 

0  p 

Qr 

Qi. 

H 

_Qr  _ 

B 

_qR_ 

B  n.P 


=  Qwf  =D£Q 


i 

0 

0 

o ' 

B 

'  0  ' 

p 

"o' 

0 

p 

qR 

qi_ 

H 

_qi_ 

B 

_qi_ 

H 


H 


H'CRB 


It  is  worth  noticing  that  such  a  compact  change-of-basis  expression  for  the  Cartan’s  null  vector, 

Q£=Q 

has  been  obtained  owing  to  application  of  the  TP  phasor  notation. 


(L.22) 


(L.23) 


The  linear  combination  of  the  above  equations  leads  to  the  final  change-of-basis  expressions: 

[p  =P//>  [p  Qr  Qi]^/  Qrb  =  >  [p  Qr  =  Qw  (L24) 

In  the  4-dim.  Stokes  parameter  space  the  equivalent  change-of-basis  equations  take  the  form: 


(L.25) 


(L.26) 


(L  27) 


(L.28) 


L5.  Tangential  vectors  in  terms  of  the  q,  u,  v  parameters  and  the  spatial  phase  double  angle,  2v.  An 
alternative  form  of  the  rotation  matrix  in  the  Stokes  parameters  space. 

In  the  formulae  (L.  13)  and  (L.14)  trigonometric  functions  of  the  Euler  angles  can  be  exchanged  with  the 
expressions  resulting  from  the  equalities  (L  I  1): 

•  n  2~  U2  +  V2 

q  =  cos  2y  =>  sin  2y  =  yj  1  -  q  = 

Vi- q2 

u  =  sin2rcos2<5'  =>  cos 28 -  ,-U- ......  (L.29) 

V 

v  =  sin  2  r  sin  28  =>  sin  28  = . ■=== . r 

VLv 

and  additionally,  from  the  definition  of  the  double  spatial  phase  delay  (see  (3.23)), 


2v=2e  +  28 , 


(L.30) 
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corresponding  to  the  equivalent  alternative  form  of  the  PP  vector: 

a]  1  f  1 

u  =  =~  e~j2v ■ 

Using  (L.30)  and  (L.29),  simple  transformations  yield: 


e  j2v ;  p  -  \myel2S . 


cos2t/  = 


sin  2  v  = 


ucos2g-  vsin2g 

Vi-q2 

usin  2^  +  vcos2£' 


cos2£-: 


sin  2s  = 


ucos2k  +  vsin2v 

V1  -  q2 

usin2v-  vcos2v 


(L.31) 


With  these  tngonometric  functions  of  the  three  Euler  angles,  2 y,  2d,  and  2s,  from  (L.13)  and  (L.14)  one 
obtains  the  tangential  vectors  components  in  the  form  presented  by  Carrea  and  Wanielik  [72]: 

qiu  h  =  (-ucos2v- vsin2v)£ 
np  _f[q(1  +  q)+ v2]  cos2v-uv  sin2v) 

qR2//  ~  - : -  (L.33) 

v  1  +  q  ) 

n  y  H 

f  \  P 

„p  _|  -uvcos2v  +  [q(l  +  q)  +  u2]sin2v| 

q  R3H  -  : - — 

V  1+q 


qfi/r  =  (usin2v-  vcos2v,)£ 

„p  _[  _[q(l  +  q)+ v2]sin2v-uvcos2v  | 

V  1  +  q  JH 

s  p 

_(  uvsin2v+[q(l  + q)  +  u2]cos2v  | 

qI3  _  - - 

\  i  +  q  J 

Substitution  of  those  expressions  to  (L.  1 1)  yields  an  alternative  form  of  the  rotation  matrix 
f”  1  /-»  /-\  ~ I  p 


Dp  - 


10  0  0 

0  p  qR  Qi 


(L.34) 


1 

0 

0 

0 

0 

q 

-u  cos2v-  vsin2v 

usin2v-  vcos2v 

0 

u 

[q(l  +  q)  +  v2  ]  cos  2 v  -  uv  sin  2  v 

— [q(l  +  q)  + v2]sin2i/-  uvcos2v 

i+q 

i  +  q 

0 

v 

-uvcos2v  +  [q(l  +  q)  +  u2]sin2v 

uvsin2t/  +  [q(l  +  q)  +  u2]cos2v 

1  +  q 

1  +  q 

Also  that  simple  form  of  the  rotation  matrix  has  been  obtained  using  the  method  of  the  PP  vectors  and  the  TP 
phasor  notation. 
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P  O  UP  <=>  qR 


Fig.  L.  1 .  The  polarization  and  phase  orthonormal  vectors  triplet  (one  vector,  p ,  perpendicular 
to  the  polarization  Poincare  sphere  and  two,  qR  and  q, ,  tangential) 
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APPENDIX  M 

ANGULAR  PARAMETERS  OF  THE  TANGENTIAL  POLARIZATION  (TP)  PHASORS 

Three  kinds  of  angular  parameters  of  the  TP  phasors  can  be  distinguished. 

•  ‘analytical’ parameters,  2 y,  28,  2s  and  2v  =  28+  2s, 

•  ‘geometrical’ parameters,  2a,  2fi,  and  2%,  and 

•  ‘mixed’  parameters,  2t]  =  2x~  2 S,  and  2q>  =  2  v  -  2 x  ■ 


Among  analytical  angular  parameters  two  of  them,  2 y  and  28 ,  are  polarization  dependent,  and  two. 
2e  and  2v  28+  2s,  are  phase  dependent.  The  argument 2s>  0  means  the  ‘analytical’  spatial  phase 
delay  of  the  wave,  and  2v  >  0  means  the  ‘analytical’  spatial  phase  delay  of  the  first  wave’s  component,  both 
for  the  wave’s  PP  vector  expressed  in  any  ONP  PP  basis.  However,  the  polarization  dependent  28  >  0  angle 
means  also  the  spatial  phase  delay  but  of  the  first  versus  the  second  orthogonal  PP  vector  component  presented 
in  any  ONP  PP  basis  being  assumed. 

Polarization  dependent  geometrical  angular  parameters  are  2a  and  2/?,  and  2/  is  a  phase 

dependent  geometrical  parameter.  The  argument  2x  >  0  means  the  ‘geometrical’  spatial  phase  delay  of  the 
wave. 

The  two  mixed  parameters  are  both  polarization  dependent  only  but  can  be  expressed  by  differences 
between  wave’s  analytical  and  geometrical  spatial  phase  delay  parameters,  as  has  been  shown  above. 

Analytical  and  geometrical  parameters  can  take  values  in  the  following  ranges: 

0<2  y<n  -tv  1 2<2a<7r  12 

-TV  <28  <  TV  -TV  <2p<TV  (M.2) 

-2k  <  2s  <  2n  -2k  <  2x<  2k 

They  determine  the  polarization  and  (spatial)  phase  delay  of  a  completely  polarized  plane  wave,  identically  for 
both  opposite  directions  of  propagation  (along  the  propagation  axis  in  a  ±z  direction  of  a  right-handed  local 
spatial  coordinate  system  xyz),  and  for  any  assumed  order  of  its  spatial  components,  ‘natural’  (xy)  or 
‘reversed’  (yx),  satisfying  condition  that  the  second  component  leads  the  first  one  by  the  spatial  phase  angle 


Mutual  dependences  between  some  different  angular  parameters  (see  Fig.  Ml)  are  as  follows: 

2  v  =  28  +  2s  =  2<p  +  2x, 

~  ^77  +  2£,  or  2rj  —  2x  —  2s,  (M.3) 

28  =  2<p  +  2t]. 

In  any  ONP  PP  basis  //,  for  example  corresponding  to  linear  bases,  (xy)  or  (yx),  these  angular 
parameters  are  presented  in  Fig.  Ml.  They  determine  the  PP  vectors  represented  by  the  TP  phasors  P,  situated 
on  the  upper  or  lower  part  of  the  polarization  sphere  in  the  Stokes  parameter  coordinate  system 
corresponding  to  the  ONP  PP  basis  determined  by  its  first  TP  phasor  H.  In  the  linear  polarization  bases  these 
two  TP  phasors  P  represent  elliptical  polarizations  of  opposite  handedness.  Their  positive  2 SPH  and  2 aPH 

angles  denote  the  left-handed  polarizations  for  the  natural  order,  xy,  of  the  basis  vectors,  or  right-handed  -  for 
their  reversed  order,  yx. 

Angular  parameters,  as  in  Fig.  Ml,  are  related  versus  the  right  spherical  triangles  HLP.  Any  pair  of 
parts  of  such  a  triangle,  its  sides  or  angles,  plus  one  phase  angle,  completely  determine  the  TP  phasor  P.  Also, 
they  determine  all  other  parts  of  the  triangle  and  other  phase  angle  parameters. 
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Simple  mnemonic  Neper’s  rule  for  a  spherical  right  triangle  (see  [133])  enables  one  to  immediately 
present  trigonometric  relations  between,  expressed  in  degrees,  sides  and  angles  of  such  a  triangle.  That  rule 
can  be  formulated  as  follows. 


If  three  parts  of  a  right  triangle  are  situated  side  by  side,  then  the  cosine  of  the  middle  part  is  equal  to 
the  product  of  cotangents  of  the  extreme  parts;  if  however  the  parts  are  situated  not  side  by  side,  then  the 
cosine  of  the  separately  situated  part  is  equal  to  the  product  of  sinuses  of parts  situated  side  by  side,  with  legs 
of  the  right  triangle  being  exchanged  for  their  complements  with  respect  to  90°,  and  with  the  right  angle  not 
treated  as  a  separate  part,  what  means  that  legs  should  be  treated  as  situated  side  by  side. 


Ten  equations  presented  beneath  follow  that  mnemonic  rule  (see  the  right  spherical  triangles  in  Fig. 


Ml): 

cos(90°-2a)  =  sin  2a 
cos(90°-2  p)  =  sin2/? 
cos  2 y  - 
cos  2  S  - 

cos(90°-2  tj)  =  sin  2  rj 

where,  after  (M.  1), 


=  sin  2y  sin  28 
-  sin2^sin(90°  -2  rj) 
sin(90°  -2a)sin(90°  -2/?) 
sin(90°  -  2or)sin(90°  -  2 tj) 
=  sin2<5  sin(90°  -2p) 

2ri  =  2x-2e, 

sin(90°  -  2 rf)  =  cos{2x  -  2s), 
cot(90°  -2rf)  =  tan(2j  -  2s). 


=  cot(90°  -2/?)cot(90°  -  2tj) 
=  cot(90°  -2a)cot2S 
=  cot  28  cot(90°  -  2r\) 

=  cot(90°  -  2 P)  cot  2/ 

=  cot  2 y  cot(90°  -  2a) 

(M.4) 


For  comparison,  see  also  the  equalities  (4. 1),  and  the  last  equality  (3.32). 
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V"  2vph  >  0 


^Xh  >  0 


2sp„  >0 


28ph  >0 

—  2^  >  0 

r"  ~*Ph  ~  ^fiLP  >  o 


-275  >09 


2/5  >0, 


/  '  E  >o 

62<5S>o  HLP  °; 


2a  „  >0 


^HLP  <  0 


2k5  >0 


2/5  >0 


2/5  >0 


-Vh  <  0  /  P 


2%  >0 


2 (pH  —  -^hlp  <  0 
2Vh<0 


2 SyH  <  0 


2 ap„  <0 


ers  of  the  TP  phasors  P  in  the  ONP  PP  H  basis 
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APPENDIX  N 

COMPARISON  OF  THE  PP  AND  VARIOUS  CA  VECTOR  APPROACHES  BEING 

MET  IN  THE  LITERATURE 

A  has  been  proposed  by  Mott  in  [1 18],  three  local  spatial  xyz  coordinate  systems,  orthogonal  and  right-handed, 
will  be  introduced:  xlylzl  for  the  transmitting  antenna,  x2y2z2  for  the  scattering  object  at  its  ‘output’,  and 
x3y3z3  for  the  receiving  antenna,  with  all  three  z  axes  considered  as  the  propagation  axes  and  directed:  zl  from 
the  transmitting  antenna  to  the  scattering  object,  z2  from  the  scattering  object  to  the  receiving  antenna,  and  z3 
from  the  receiving  antenna  to  the  scattering  object.  Moreover,  the  y2  and  y3  axes  will  be  parallel,  what  means 
that  xl  and  x2  axes  will  be  antiparallel. 

Beneath,  a  comparison  will  be  presented  of  notations  used  in  cases  of  the  complex  amplitude  (CA)  and 
polarization  and  phase  (PP)  vector  approaches. 


Nl.  CA  and  PP  vectors,  E  andU0,  and  complex  polarization  ratios,  P  and  p,  in  linear  polarization 
bases  of  natural  order 


Incident  (transmitted)  electric  vectors  in  the  two  approaches  usually  are  being  presented  as  follows. 


CA: 

PP: 

PP  vs  CA: 


ET(t,z)  =  ETe^\  ET=E^(lxl+PTlyl),  PT  = 


vxl 


(l,z)  =  El ,  El  =  El (4  +  p\xy)  4 ),  p^y)  = 

El  =  ET,  pl,y)=PT. 


'0 y 


E, 


T  ’ 
Ox 


Scattered  electric  vectors, 


CA:  =  ES=ESx2(lxl+PSlyl)  =  ESx,(lxi-Psly,), 


with 


Pb  = 


e: 


_  3 

jyS  77 S'  ’ 

^ x2  &x3 


PP:  Es  (t,z)  =  El f  *  ,  Es*  =  Es0x  *  {lx  +  ps{x,y)  *  ly2 ),  ply)  = 


'Qy 
rs  ’ 

■'Ox 


PP  vs  C  A 


E«*  =  ES  ns  -~PS  * 
£0  »  P{x,y)  ~  1 


(N.l) 

(N.2) 

(N.3) 

(N.4) 

(N.5) 

(N.6) 

(N.7) 


N2,  Scattering  (SI  alignment,  or  BSA,  and  linear  polarization  bases  of  natural  order) 


CA: 


PP: 


'(x3,y3) 


F*  *  - 
^0(x,y)  ~ 


Ex3 

E% 


Ex  * 
I?s  * 


*x3xl 


>x3yl 


Sy3xl  Sylyl 


et 

^xl 

ft 

C'y  1 


PP  vs  CA: 


jrT  —  tp  t 

^0(x,y)  -C'ixlyl): 


A2  a3 


'O(x.y) 


^Ox 
r?T 

(v)L  °v. 


—  c  ft 

~  °(x3,v3)-c'(xl,vl)> 


-A  Ft 

/1(x.>')-C/0(x,y)  ■ 


'  =  E: 


(x3,y3)  : 


A( x,y)  ~  S(x3,y3)  ■ 


(N.8) 


(N.9) 


(N.10) 
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N3.  Transmission  in  the  SI  and  PI  alignments  (in  the  BSA  and  FSA) 


f(x3,y3) 


P'S  _ I.  R  i ■pS 

q  |  I~J{x2,y2)  n{x2,y2)tj(x2,y2)y 


(NU) 


PP  vs  CA: 


V  =h£  Es  *-[ hR  hR  ]^ox*  _\,r  ur  lT-1  0 

r  '7°(Jc.V)£'0(x,>.)  -  [« Ox  "Oy  J  ^5  +  _  ["0*  "0>-  J  0  J 


—  /j^  6^°  ir^’0  _  r^o  *  rso 

n(i{x,yy  '(x,yY^{x,y)  ~  n0(x,y)  &0 ix,y)> 

IjR  _  pR  jpS  * rpS 

0 <x,y)  n(x3,yi)  >  lj0{x,y)  ~  &{x3,y3)> 

pS°  _  /../to  *_ 

0 (x,y)  ^(x2,y2)  >  "0(*,>-)  -  f1(x2,y2)  ■ 


Note  regular  product  of  the  CA  vectors  and  Hermitian  product  of  the  PP  vectors. 


(N.12) 


(N.  13) 


N4.  Propagation  (PI  alignment,  or  FSA,  and  linear  polarization  bases  of  natural  order) 


Fs  —  T  Ft 

■c'(x2o>2)  1(x2,y2)tS(x\,y\) 


-1  0 


■s 

(x3,yi) 


—  1  0 


>(x3,y3)-c'(xl,>-l) 


7So  _  jpT  _  s-tO  *  rpS  *  sjO  *  a  i ->T 

'0(x,y)  A(x,y)£‘0(x,y)  ~  ^(x,y)  hQ(x,y)  ~  ^(x,y)  ^(x,y)^0{x,y) 


(N.14) 


(N.15) 


1(x,y)  ^(x2,y2)  >  C( 


PP  vs  CA: 


-1  0 


o  i  r 


a  o  —  n0  *  a  _  T 
(x,y)  ^(x,y)  A(x,y)  1{x2,y2) 


-1  0 


(N.  16) 


Conjugate  value  of  the  C^xy)  matrix  in  the  above  expression  is  justified  because  after  change  of  basis  that 

matrix  becomes  complex,  though  always  remains  symmetric.  In  any  other  ONP  PP  basis  B  one  obtains  (see 
(6.14)): 


what  results  in 


(~<0  _  F>B  siO  (~<B 


cp=(c50,)c«,)c^))*=ci^>c»,)  *c(^,  * 


C°  c°  *-  ^  ®  -  r0  r°  * 

*>c(*>  ~  Q  -L(x,y)t(xy)* 


and  confirms  correctness  of  the  transmission  equation, 

V  —  hRo  ,  *  /rf°  —hR  c°  FSo  —uR  a0  vT 

r  0(x,y)  0(x,y)  Ro(x,y)^  (x,y)^0(x,y)  '10(x,y)^(x,y)^(x,y)^0(x,y) 

_ fa  R  /*■* 0  s-iQ  jjc  j  ypT  77  R  j  j-y T 

-  n0(x,y)^(x,y)^(x,y)  A(xy)F0(xy)  =  \x>y)A(xy)E0(xy)  ■ 


(N.  17) 


(N.18) 


(N.  19) 
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N5.  Stokes  four-vectors  and  Kennaugh  matrices 

Utilizing  expressions  for  the  amplitude  transmission  equation,  and  the  unitary  matrix  U, 

"110  0“ 

1  0  0  1  -j 

U  =  ^  „  „  ,  ,  (N.20) 

V2  0  0  1  j 

1  -i  °  o 

one  obtains  the  power  (polarimetric)  transmission  equation  for  the  SI  alignment  in  the  (CA)  approach, 

VrVr*  =  Vr®Vr*  =  W>££w  >  * 

CA:  =  (fyx3,.y3)  ®  ^(x3,y3)  *)U  *  ^(S(x\y3)  ®  ^(x3,y3)  *)UU  {E (xXyY)  ®  E ^yX)*)  (N.21) 

— 

—  °(x3,>’3)rx(x3,>’3)0(;tl,yl)- 

Wlien  using  similar  procedure  for  the  (PP)  approach,  simpler  form  of  the  power  transmission  equation  results, 

KK  *  =  vr®K*  =  (h0(,„  4,, )  ®  (%,,> 0T(W) )  * 

PP:  =  (<,„  ®  \U)  *>U  *  °(  AwO  ®  A(*,y>  *>u0  *  (£< Lyi  ®  ELy>  *>  <N-22> 

—  r' ^  v  pi1  _  k’  jT 

—  —  icff(x,>>)rN'(x,>')1eff(x,>')  ' 

As  is  seen  from  the  above  expressions,  the  Stokes  four-vectors,  G ,  and  Kennaugh  matrices,  K,  are  identical 
for  the  two  approaches.  One  can  prove  that  these  Stokes  four-vectors  can  be  expressed  also  in  terms  of  complex 
polarization  ratios, 

pL)=pT-  and  ^-23> 

e.g.  (for  incident  wave)  as  follows, 

G(y)  =0- (,E[xUyl)  ®£<^1)*)  =  U*(£^,  ® E(x,y) *) 


(N.23) 


1  A-  pp% 

1  \ETJ+\ETy?  1  -pp* 
V2  1  +  (pp%,y)  P*+P 
j(P*~p) 


(N.24) 


t°T  >  P(x,y)  =  ^7-  =  tan  /  (^>  exp(j2ST^y) ) . 
t0y  Ex 


(N.25) 


The  problem  however  arises  if  somebody  wants  to  apply  that  formula  to  calculate  the  Stokes  four-vector  for  the 

S  S 

scattered  wave  taking  P(x>y)  =  P  instead  of  the  correct  dependence  (N.7), 


P(*,y) 


(N.26) 


That  leads  to  erroneous  results  what  happens  to  less  experienced  researchers. 
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N6.  Comparison  of  different  forms  of  Stokes  four-vectors  and  Kennaugh  matrices  being  met  in  the 
literature 


When  using  the  PP  vector  presentation  of  the  polarimetric  power  transmission  equation,  it  is  a  good 
occasion  for  discussing  its  different  possible  forms,  all  correct,  but  the  one  only  being  accepted  by  most  of 
researchers  for  practical  applications.  The  four  possibilities  of  such  (normalized)  equations  will  be  considered 
which  in  the  PP  vector  approaches  take  the  following  forms: 


Pr=Vr  ®Vr  * 

?R  o  ~R 


( x,y ) 


T 


1  A(x>y)  *)UU  *  (u[xy)  0  u[xy)  *) 


J 

{*, 

T 


=  ®  K,y)  *)U *  (UU)U  *  (A(x>y)  ®  A(x>y)  *)UU  *  (u^y)  0  uix>y) 


T  *) 


(N.27a) 

(N.27b) 

(N.27c) 

(N.27d) 


The  first  version,  (N.27a),  is  being  the  most  commonly  used  and  recommended  for  applications.  It  has  been 
used  by  this  author  since  1967  [39],  following  the  Karnaugh's  concept  [95],  but  with  introduction  of  the 
reversed,  (y,x ),  order  of  the  ONP  PP  basis  what  results  in  the  right-circular  polarization  point  situated  at  the 
upper  pole  of  the  Poincare  sphere. 

The  next  version,  (N.27b),  originally  proposed  by  Kennaugh  [95],  places  the  right-circular 
polarization  at  the  upper  pole  of  the  Poincare  sphere  when  using  the  ONP  PP  basis  of  natural  order,  (x  v)  with 

28(x,y)  ~  ~90  .  The  corresponding  Stokes  scattering  matrix  differs  from  the  now  being  applied  radar  Stokes 

scattering  matrix  (and  now  called  the  ‘Kennaugh  matrix’,  K  )  by  opposite  signs  of  elements  of  its  fourth  row 
and  column,  except  of  their  common  last  element. 

The  third  version,  (N.27c),  applies  different  ‘receiving’  Stokes  four-vectors,  represented  on  the 
Poincare  sphere  by  points  which  are  of  opposite  handedness  in  comparison  with  four-vectors  of  incident  waves 
of  the  same  polarization  (compare,  e.g.,  [14],  neglecting  the  ‘modified  form’  of  the  Stokes  reflection  matrix). 
Their  Kennaugh  matrices  have  opposite  signs  of  elements  of  the  fourth  row  and  analytically  are  formed  from 
the  Sinclair  matrices  the  same  way  like  the  Mueller  matrices  from  the  Jones  matrices. 

The  last  version,  (N.27d),  applies  the  Stokes  four-vectors  of  the  first  version  but  the  Kennaugh  matrix 

of  the  third  version.  Therefore,  it  requires  insertion  of  an  additional  transformation  matrix,  UU  to  the 
transmission  equation  (see,  e.g.,  [100]). 


N7.  Comparison  of  two  simple  forms  of  bistatic  scattering  matrices  known  as  real  diagonal  and 
‘canonical’  (in  the  characteristic  polarization  basis) 

By  applying  special  orthogonal  polarization  bases  there  appear  possibilities  of  obtaining  amplitude  bistatic 
scattering  matrices  in  particularly  simple  forms. 

One  of  such  possibilities  leads  to  real  diagonal  form,  27,  of  the  Sinclair  matrix.  Any  Sinclair  matrix  S 
can  be  expressed  by  the  27  matrix  (see  Lueneburg  and  Cloude  [111],  Section  5  ), 


S  =  V  *  DW*  , 


Aj  0 

0  a2 


A  i  ^  A2  ^  0, , 


(N.28) 


when  using  two  2x2  matrices,  V  and  W,  both  unitary  though  not  necessarily  unimodular.  Each  of  them  depends 
on  three  real  parameters.  With  two  real  parameters  of  the  27  matrix,  altogether  eight  real  parameters  are  in  use 
determining  the  nonsymmetrical  S  matrix.  That  27  matrix  denotes  the  S  matrix  transformed  to  two  different 
orthogonal  bases  on  its  input  and  output,  not  necessarily  the  ONP  bases. 

Another  simple  canonical  form,  A k  ,  takes  on  the  Sinclair  matrix  expressed  in  the  so-called 
characteristic  ONP  PP  basis  K  corresponding  to  the  so-called  characteristic  coordinate  system  (CCS)  in  the 
Stokes  parameter  space.  In  any  other  ONP  PP  basis  B  such  a  matrix,  AB  ,  can  be  written  in  terms  of  AK  as 
follows, 
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■A b  ~CkAkCk  ,  Ak  - 


A2  A3 

A2 

By  +  jB2 

1 - 

1 

w 

> 

1 _ 

K 

cs 

i 

i 

_ 1 

A 

,Jt* 


(N.29) 


CCS 


with  unitary  unimodular  2x2  matrices,  ,  dependent  on  three  real  parameters,  and  with  five  real  parameters 
(altogether  eight)  in  thc^*  matrix:  A2  >  Al  >  0,  B2  >  0  (zf  B{  *  0),  Bx ,  and  p. 

It  may  be  interesting  to  compare  scattering  equations  with  matrices  in  these  two  notations,  for 
S  =  AK.  Denoting:  W  =  [wx  w2],  V  =  [v,  v2],  with  column  vectors 

w\,2  =  uk’N  >  vi,2  =  uk’N  ,and  eigenvalues  of  power  matrices  a\2  =  (XM>N)2,  the  sets  of  power  and 
amplitude  scattering  equations  corresponding  to  each  other  in  the  two  notations  are: 


S*Swl2  =cr2l2wu2 

<=> 

S  Wl,2  =  0*1,2  Vl,2  * 

o 

Ak  =Auilu^'  • 

S  v12  =  of2v12 

o 

AK*AKuV’l'=(lu-N?uVs>' 

S  Vl,2  =  O’!, 2Wlt 2  * 

<=> 

Ak«k',N’  =Au-nu“’n  * 

Of  course,  the  form  of  equations  on  the  right  side  will  not  change  if  the  AT  basis  will  be  exchanged  for 
any  other  ONP  B  basis.  However,  in  case  of  the  AT  basis  we  may  show  a  simple  geometrical  explanation  of  those 
equations  using  the  Poincare  sphere  models  of  those  scattering  matrices.  For  example,  consider  the 
transmission  equation  in  the  AT  basis  when  the  receiving  antenna  is  polarimetrically  matched  to  the  scattered 
wave, 


v,=a fAx«jf=xua?uje=A.u.  (N.3i) 

It  should  be  stressed  that  local  characteristic  ONP  bases,  for  transmitter  and  receiver,  denoted  by  the  same 
symbol  K,  have  been  determined  for  elements  of  scattering  matrix  corresponding  to  local  spatial  bases  of 
arbitrarily  chosen  rotations  about  z  axes  (directed  to  the  scatterer  for  the  BSA  or  antenna  alignment).  Keeping 
that  in  mind  we  see  that  the  same  received  voltage  for  transmission  in  opposite  direction  can  be  presented  by 
the  transposed  equation. 


Vr=Vr=  u?AKuf  =  Amu“u%  *  =  Am 


(N.32) 


That  equation,  without  changing  its  form,  can  be  rewritten  in  any  ONP  basis.  Let  us  take  the  first  vector  of  a 
new  ONP  basis,  IC,  tangent  to  the  polarization  sphere  at  the  same  K  point  on  the  Q*-  axis  but  rotated  about  that 
axis  by  +180°.  The  PP  vectors  of  the  new  basis  can  be  written  as: 


(N.33a) 

(N.33b) 


what  determines  the  change  of  basis  matrix, 

~  -j  o' 


0 

L/'J 


cK'  - 


0  j 


and  the  Sinclair  matrix  in  the  new  basis, 

AK-  =  Cr  ArCr  =  —  A 


'K  nK^K 


K 


A2 

-A3 

i 

hU 

M 

1 

1 

to 

tj 

_ 1 

Aj 

A  . 

K 
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That  means  rotation  of  the  matrix  polarization  sphere  model  by  -180°  in  the  opposite  direction  versus  the  basis 
rotation  (with  the  change  of  the  phase  p  by  ti  ,  see  also  (8.24)  and  (8.25)). 


For  25  K  <  0  and  the  PP  vector  uM parallel  to  the  eigencircle  plane  (see  Fig.J.  1)  we  have 


2e%  =28'  -(2^+180°)  => 


~(8%  +  £%)  =  90°  -  SPK , 
8%  -  e%  =  +90°  -  5pk  +  2 S\ 


(N.35) 


where  from 


M  _  cos ye 

UK  ~ 


-J{S+e) 


sin  ye^5  £) 


,  P  cosy 
jcxp(-jSyK)  .  ' 


sin  yej2S  jK 


(N.36) 


The  scattered  wave  PP  vector  in  the  same  basis  can  be  found  when  considering  inversion,  rotation  and  change 
of  phase.  Angular  parameters  of  its  phasor  are, 


^Y%'=2y% 

25%'  =25%  +180° 

2ef  =  2e%  +  180°  =  2 SPK  -  25% 


~(5%"  +  e%' )  =  -90°  -  5k 
8%'  ~  £%'  =  90°  +  25%  -  5Pk 


(N.37) 


The  corresponding  column  vector,  when  taking  into  account  the  possible  change  of  phase,  £  (see  (8.24)),  is 


u%"  =  j  exp(-y^)  J  ® 


-  C%jcu% ,  with  =  exp(-y£) 


-1  0 


(N.38) 


After  change  of  basis 


_  rK  iM' 
UK"  ~  (-K'UK 


j  0 


=  n  .  exp(-y^) 

L°  ~J\ 

=  ~j  exp  (~j£)u% 


(N.39) 


On  the  other  hand. 


u%.=C%.u% 

=  C%  exp(+y£)P  °  u%' 


0  -1 


=  j  exp(+j£)uj; 


Taking  inverse  formulae  for  the  two  last  results: 


(N.40) 


uk  =  j  exp(+j^)uj 


(N.41) 


UK  =  ~j  QXp(-j%)ui 


(N.42) 
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and  substituting  them  to  the  last  equation  of  the  set  (N.30): 

AKuf=XMU%*  (N.43) 

one  obtains  another  equation  of  the  same  set  (its  form  does  not  depend  on  the  ONP  PP  basis) 

(N44) 

The  results  obtained  confirm  correctness  of  the  applied  procedure  of  the  polarization  phasor’s  transformation 
when  bistatic  scattering  by  its  inversion,  rotation,  and  change  of  phase.  They  also  show  full  agreement  of  that 
procedure  with  predictions  of  the  existing  literature. 
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APPENDIX  O 

COMMENTS  ABOUT  RELATIONS  TO  THE  EXISTING  WORKS 

O.l.  About  representation  of  the  complete  polarization 

To  define  the  complete  polarization  by  the  ‘polarization  ellipse’  is  a  right  way  but  rather  in  optics  only  For 
radar  purposes  it  is  completely  inadequate  because  then  we  have  to  deal  with  waves  propagating  in  two  opposite 
J  2!!nand  m,  ^  CirC“mStances  Uvo  different  elliPses  define  the  same  polarizationLooking  from  onfside 

tilt  aSetSSSSSK  0Ut80mg  3nd  inCOming  W3VeS’  identiCaUy  P013^  WC  0bserve  thdr 

,  . .  11  would  ^  an  ill-advised  suggestion  to  convince  researchers  or  students  that  two  different  ellinses 

“d,f^ne’  or/eprIfsent’  the  exactly  the  same  polarization  (for  the  oppositely  propagating  waves) 

^ia  p‘™^enifthere  aether  way  to  define  polarization  which  omits  the  above  mentioned  difficulty 
mm  .  .  F  .  y  5  U  ls  'vel1  ^no;vn  that>  m  radar  applications,  the  only  reasonable  way  to  represent  the 
complete  polarization  is  through  the  polarization  helix,  being  shifted  along  the  propagation  axis  in  two  woosite 

°f  ‘Tgh  the  ellipses.  The  handedness  of  te^IarizaZ 

ltfThfnZ  ^l^60!!00  °p  pr0ptgat,0n  Unfortunately,  the  right-handed  polarization  helix  corresponds  to  the 
eft-handed  polarization.  From  that  point  of  view  the  ‘optical’  definition  of  the  polarization  hanSess  seems 
to  be  more  reasonable  than  the  IEEE  definition,  but  that  is  a  separate  problem.  The  ‘spatial  ptase’ oftte 
po  anzation  helix  (and  of  the  wave),  for  t  =  0,  can  be  uniquely  determined  by  its  shift  along  the  propagation 
a^s.  we  may  speak  about  the  spatial  phase  advance  (lead)  or  retardation  (delay)  of  the  wfve  tfShK 

advanrp11^  p0Sltlve  or  "native  direction  of  the  propagation  axis.  That  shift  denotes  also  the  temporal  phase 
advance  for  waves  propagating  in  positive  direction  of  the  propagation  axis,  but  temporal  phasTdelav  for 
oppositely  propagating  waves.  An  essential  conclusion  is  that,  in  order  to  properly  defiiTthe  spatial  phi  of 
ffie  wave,  we  note  its  shift  along  positive  direction  of  the  propagation  axis  i^ndentiy  of  gfSSS  of 
rave  propagation  (!).That  way  we  arrive  at  the  necessity  to  define  logically,  andof  course  most  siimfr  the 

waves^UlT^y'rS15 '°  'V'“Ch  P°'aIiza,ion  aBd  <pp)  completely  polaized 

0.2.  About  the  local  spatial  coordinate  systems  (SCS)  and  their  scattering  alignments 

Sm,UtL^hfo^innir^f  Sh<Sd  50  de&ied  m°St  SimpIy  35  an  orthog°nal  and  right-handed  coordinate 
f  example,  with  z  as  the  propagation  axis  (instead  of  the  wave  number  vector  k,  indicating  the 
direction  of  propagation  when  defining  the  propagation  axis). 

S°me  authorjs  are  usinS  the  names  of  an  ‘antenna’  or  ‘wave’  local  SCS.  These  terms  seem  to  be  rather 

°nes’  andfntot  °^y  they  b°und  the  Propagation  axes  with  directions  of  propagation  For 

a^  loSti  SCS  3  Z  T  ^  Pr0pagatl°n  3x15  directed  from  *e  target  to  the  transmit  antenna.  Such 
an  xv?  local  SCS  will  be  neither  antenna  nor  wave’  coordinate  system.  Of  course,  you  may  call  them  a 

reversed  antenna  or  reversed  wave’  SCS,  but  it  would  sound  strangely.  Much  simpler  will  be  to  call  them  the 
coordinate  system  with  the  z axis  from  the  target’  (at  its  side  under  consideration). 

(‘BSA’)  o? T^rd^FS^r31^1116  Commonly  used  terms  for  the  two  scattering  alignments:  ‘backward’ 

thTiTriS  FSA 1  1  ^th  03565  we  35Sume  the  531116  z  axis>  for  the  illuminating  wave,  directed  ‘to 

the  target  (though  the  opposite  direction  could  be  also  applied).  Therefore,  the  following  terms  have  been 
proposed  here  for  two  scattering’  and  two  ‘propagation’  alignments: 

•  S 1  or  S2  scattering  alignments  for  the  z  axes  directed  to  or  from  the  target,  and 

*  for  the  2  ajds  toward  the  forget  for  illumination  and  from  the  target  for 

scattering,  or  -  both  directions  opposite  ones.  6 

So,  according  to  the  above  proposal,  all  four  combinations  are  taken  into  account,  with  the  SI  alignment 

Responding  to  the  BSA  and  PI  -  to  the  FSA  The  spherical  coordinate  system  centered  at  the  target  would  be 

example  for  a  reasonable  application  of  the  S2  alignment.  Any  change  of  the  alignment  can  be  performed 

when  using  the  here  presented  passive  transformation  of  the  z  axis  reversal  bfadequate  rotation  of  thf 


0.3.  About  polarization  and  spatial  phase  (PP)  vectors 

"eS  Ve?,TS  (“  0P|iCS)  01  the  di'eClive  ,0nes  vec,ors  »"  rato> 10  Potions 
and  temporal  phases  of  waves  (their  complex  ampl, Hides,  CA's)  or  complex  heights  of  antennas  radiating  and 


Z.H.  Czyz,  ONR-Report-3  (Final  Version),  April  1,  2001 


213 


optimally  receiving  those  waves.  All  scattering,  propagation,  and  passive  transformation  matrices  operate  on 
those  CA  vectors,  forming  also  their  power  (Stokes’,  e.g.)  counterparts.  The  CA  vectors  represent  polarization 
ellipses  and  their  temporal  phases,  and  as  such  differently  describe  same  polarizations  and  phases  for  oppositely 
propagating  waves.  The  directive  Jones  vectors  undergo  different  change  of  basis  transformations  and  other 
passive  and  active  transformations  (also  the  Jones  to  Stokes’  vector  transformations)  because  their  ‘directivity’ 
reflects  the  dependence  of  their  transformation  rules  on  the  direction  of  propagation  along  the  established 
propagation  axis.  Components  of  those  Jones  vectors  correspond  to  the  local  SCS’s.  The  polarimetric 
transmission  equations  are  based  on  simple  products  of  those  complex  Jones  vectors  satisfying  however  the 
condition  of  opposite  directivity  of  the  two  vectors  being  multiplied,  and  another  condition  of  the  same  local 
SCS  in  which  their  components  must  be  expressed.  A  special  care  is  needed  when  using  the  elliptical 
polarization  bases  which  should  be  of  the  same  directivity  as  the  Jones  vectors  themselves. 

No  doubt  that  the  most  advisable  simplification  of  such  an  approach  has  been  done  here  by 
introduction  of  the  PP  vectors  in  place  of  the  CA’s  in  the  form  of  the  directive  Jones  vectors.  The  CA  vectors 
have  been  expressed  by  the  PP  vectors  which  are  independent  of  direction  of  propagation  and  directly 
correspond  to  the  polarization  helices  with  their  spatial  phases.  In  the  local  SCS  xyz,  the  CA’s  just  equal  the  PP 
vectors  for  waves  traveling  in  the  positive  z  direction  or  are  equal  to  their  conjugate  values  for  waves  traveling 
in  the  opposite  direction.  Such  a  concept,  based  on  the  time  symmetry  of  Maxwell  equations,  has  been  proposed 
as  an  extension  of  the  Kennaugh’s  pseudo-eigenvector  scattering  equation  in  the  SI  alignment:  from 
monostatic  scattering  and  eigenpolarizations  to  bistatic  scattering  in  each  one  of  the  four  possible  alignments 
and  all  possible  incident  PP  vectors.  Components  of  the  PP  vectors  are  expressed  also  in  the  PP  bases,  also 
independent  on  the  direction  of  propagation,  and  the  polarimetric  transmission  equations  are  based  on  the 
Hermitian  products  of  the  PP  vectors  expressed  in  the  same  basis  of  both  vectors  and  related  to  the  same  local 
SCS. 

0.4.  About  the  Poincare  sphere  representation  of  the  PP  vectors  by  the  tangential  polarization  (TP) 
phasors 

The  PP  vectors  have  been  represented  on  the  Poincare  polarization  sphere  by  the  TP  phasors.  In  the  earlier 
existing  works  the  tangential  phasors  have  been  also  proposed  but  they  differ  by  the  orientation  angle, 
proportional  to  the  temporal  phase  angle,  while  in  this  approach  their  orientation  angles  depend  on  the  double 
spatial  phase  angles  (compare,  e.g.,  first  [138],  then  [29]).  Owing  to  that  fact  the  addition  of  phasors 
representing  waves  propagating  in  the  same  direction  but  of  different  polarizations  and  spatial  phases  is 
possible.  Phasors  are  uniquely  determined  for  the  time  t  -  0.  In  time,  phasors  corresponding  to  the  oppositely 
propagating  waves  rotate  in  opposite  directions. 

0.5.  About  the  polarization  bases 

In  the  existing  literature  the  orthogonal  polarization  bases  are  being  commonly  applied  but  usually  they  are 
limited  to  the  linear  and  circular  bases  of  null-phase  vectors.  In  this  text  the  so-called  characteristic  bases  are  of 
special  interest  in  which  scattering  matrices  obtain  a  very  simple,  canonical  form.  Also  labeling  of  bases  is 
different.  Instead  of  indicating  both  orthogonal  basis  vectors,  only  the  first  basis  vector  is  being  presented 
owing  to  the  fact  of  existing  the  rule  for  uniquely  defining  the  second  one  (in  case  of  the  so-called  orthogonal 
null-phase  polarization  basis  -  the  ‘ONP  PP  basis’).  Usually  the  lower  index  of  the  PP  vectors  and  scattering 
matrices  presents  a  symbol  of  the  TP  phasor  corresponding  to  the  first  basis  vector. 

In  the  existing  literature  the  polarization  bases  are  very  often  determined  with  an  insufficient  precision. 
For  example,  the  (HV)  linear  basis  of  horizontal  and  vertical  polarizations  may  correspond  to  two  different 
orders  of  vector  components:  natural  order,  (xy),  or  reversed  order,  (yx)  ,  in  the  right-handed  xyz  coordinate 
system.  Establishing  of  that  order  is  essential  because  it  determines  angular  coordinates  of  the  polarization 
sphere  points.  Also  the  phase  differences  between  vector  components  are  commonly  defined  in  such  a  way  that 
the  first  component  is  delayed  versus  the  second  one  for  positive  arguments  of  the  polarization  ratios  (ratios  of 
the  second  versus  the  first  component).  These  positive  arguments  correspond  to  the  upper  part  of  the  Poincare 
sphere.  Therefore  that  upper  part,  above  the  equator  of  linear  polarizations,  presents  left-handed  polarizations  if 
natural  order  of  components  is  being  applied.  In  this  text  the  order  of  basis  vectors  is  always  precisely 
determined  by  relation  to  the  local  right-handed  xyz  SCS.  Usually  it  is  the  reversed  order  corresponding  to  the 
right-circular  polarizations  at  the  ‘north’  pole  of  the  Poincare  sphere.  Then  the  first  basis  phasor  H,  of 
horizontal  linear  polarization,  is  being  identified  with  the  y-component  of  the  PP  vector.  Elliptical  bases,  as 
rotated  versions  of  the  original  linear  bases,  preserve  their  order. 

The  ONP  PP  bases  are  also  called  the  collinear  phasor  bases  and  are  most  often  used  as  linear  or 
characteristic  bases.  The  circular  bases  are  usually  of  another  type.  They  are  called  the  parallel  phasor  bases. 
Their  order  can  be  deduced  by  inspection  of  their  transformation  from  the  original  ONP  bases. 
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0.6.  About  new  problems  here  considered  and  their  relations  to  the  existing  concepts 

Consideration  of  some  new  problems  was  possible  mainly  owing  to 

the  original  concept  of  the  PP  vectors  (independent  of  direction  of  propagation)  and  their  especielly 
convenient  labeling  with  two  indices,  upper  and  lower  ,  indicating  the  TP  phasors  representing^  PP 
v^tor  Jtself  and  its  ONP  PP  basis,  respectively;  that  concept  was  based  on  known  property  of  the  time- 
symmetry  of  Maxwell  equations,  ^  y 

simple  forms,  wnh  such  a  labeling,  of  scattering  and  transmission  equations,  and  of  the  polarization  ONP 
PP  basis  transformation  by  its  rotation,  leading  to  the  original  canonical  expressions  for  scattering  matrices 
in  the  characteristic  coordinate  systems  (CCS),  s  matrices 

•  ^ansfbrmatio"of  the  propagation  z-axis  reversal  by  appropriate  rotation  of  the 
local  SCS,  especially  useful  for  changing  the  scattering  matrices  alignment. 

tKJof  Sticns£teri^nCePt  intr0duCed  **  Kennaugh  for  monostatic  scattering  and  here  extended  to 
All  that  resulted  in  such  important  issues  as: 

•  formation  of  the  Poincare  sphere  geometrical  models  for  bistatic  scattering  matrices, 

•  determination  of  mutual  locations  of  special  polarization  points  on  the  polarization  sphere  for  bistatic 
scattering, 

•  developing  geometrical  constructions  leading  to  designation  of  those  points, 

•  extension  of  the  Copeland’s  [36]  classification  of  monostatic  scattering  targets  (linear,  isotropic,  general)  to 
die  case  of  bistatic  scattering  by  location  of  the  inversion  point  on  its  boundary  surfaces  in  the  CCS 

•  developing  the  theory  of  five-parameter  lossless  polarimetric  two-ports, 

•  °f  Ae  ^rtialI>'  deP°larizing  16-parameter’  Kennaugh  bistatic  scattering  matrix 
mto  four  non-depolanzmg  matrices  depending  on  7,  5,  3,  and  1  parameters, 

•  the  polarization  four-sphere  concept  and  its  use  for  cancellation  of  the  partially  depolarized  clutter. 

i™e  vm*  als0  **  applied  to  compare  seemingly  contradictory  results  of  different 
authors  by  analyzing  the  admitted  assumptions  about  local  spatial  coordinate  systems,  polarization  bases  (also 
£5^  0rder)’  *e  of  ***«  Stokes’  four-vectors  and  matricTand  Ration 

Apart  from  the  new  concepts  applied  and  results  obtained  this  text  differs  from  other  existing  works  bv 
precise  definition  of  bases  for  all  vectors  and  matrices  involved  and  by  simplified  notation  which  drops  aft 

equations^  ^  **  f0r  COFreCt  P°larimetric  presentation  of  scattering  and  transmission 


Z.H.  Czyz,  ONR-Report-3  (Final  Version),  April  l,  2001 


215 


APPENDIX  P 

COMPARISON  OF  THE  HERE  APPLIED  NOTATION  WITH  THAT  OF 
INTERNATIONALLY  ESTABLISHED  NOMENCLATURE  ON  MATHEMATICAL 

FORMULATIONS 


PL  TP  phasors  and  their  use  as  necessary  extension  of  the  internationally  accepted  nomenclature 

In  order  to  understand  this  Appendix  an  elementary  knowledge  about  the  Poincare  sphere  is  necessary. 

Here  admitted  notation  differs  from  the  established  international  nomenclature  on  mathematical  formulations 
in  one  point  only.  It  uses  the  tangential  polarization  (TP)  phasors  to  determine  not  only  polarization  but  also 
phase  of  the  elliptically  polarized  waves.  Introduction  of  that  new  notion  leads,  and  is  necessary,  to  assure 
precise  description  of  the  Poincare  sphere  transformations.  As  a  side  effect,  it  causes  an  essential  simplification 
of  the  form  of  many  mathematical  formulae  presented  in  this  monograph. 


P2.  The  way  of  introduction  of  the  TP  phasors  to  the  established  international  nomenclature  by  the  upper 
and  lower  indices  for  Jones  vectors  and  their  parameters 

In  a  standard  manner,  polarization  is  being  determined  on  the  Poincare  sphere  by  a  point,  say,  P  at  which  a  TP 
phasor,  denoted  as  P,  is  tangent  to  the  sphere.  Many  such  phasors  can  be  tangent  to  the  sphere  at  the  same 
point,  precisely  speaking  -  their  ‘continuum’  number.  Each  one  will  differ  in  orientation  versus  some  other 

phasor,  H,  considered  as  a  ‘basis’  phasor,  tangent  to  the  Poincare  sphere  in  another  point,  H,  by  an  angle  2  VPH 
being  the  ‘double  phase  angle’,  as  shown  in  Fig.  Ml  (Appendix  M,  p.  157). 


Altogether,  three  real  angular  parameters  determine  the  TP  phasor  (see  Fig  Ml): 

•  2 ypH ,  expressing  angular  distance  between  points  H  and  P;  0  <  2yPH  <180°, 

•  2 ,  denoting  direction  to  the  point  P  versus  orientation  of  the  basis  phasor  H; 

-180°  <2 SPH  <+180°, 

•  2vPh,  meaning  orientation  of  the  P  phasor  versus  the  phasor  H  shifted  along  the  HP  arc  parallel,  thus 
preserving  its  null-phase  (or  ‘basis’)  orientation;  -360°  <  2vPH  <  +360° . 

The  first  two  angles  determine  the  wave’s  polarization  (a  point  on  the  Poincare  sphere). 

It  should  be  observed  that  the  third,  double  phase  angle,  may  change  in  the  range  4n.  It  means  that  two  phasors 
tangent  to  the  Poincare  at  the  same  point,  and  of  the  same  geometrical  orientation,  may  differ  in  phase  by  180°. 
Therefore,  it  is  strictly  required  always  to  indicate  the  way  (direction)  by  which  the  phasor  has  been  rotated 
from  its  null-phase  orientation. 

Column  vector  of  complex  amplitude  of  the  elliptically  polarized  wave,  when  using  the  time/space 

convention  for  waves  propagating  in  the  +z  direction  of  a  local  right-handed  coordinate  system  xyz,  can  be 
expressed  in  the  established  international  nomenclature  enriched  with  the  ‘TP  phasor  notation’  as 


L  yJ 


=  E0up 


1 

'f 

^l  +  pp* 

p. 

(Pi) 


with  magnitude  of  the  complex  amplitude, 
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with  the  complex  polarization  ratio, 


Eo=J\Ex\2+\Ey\ 


Px  =~={tanrej25}Px^tm/px  exp(J2Sp) 


and  with  the  phase  delay  of  the  first  component, 


yx  =  ypx- 


if ^  °f  the  P°Ianzatlon  Phasors  is  necessary.  Only  enriched  with  the  TP  phasor 

nototion  the  established  standard  nomenclature  allows  one  to  precisely  indicate  both  the  wave’s  polarization 

^  ^“eters,  determined  by  the  P  phasor),  and  the  polarization  and  phase  base  of  the 
wave  s  electric  column  vector  (m  this  example  the  (x,y)  base,  determined  by  the  X  phasor). 

P3.  The  use  of  the  indexed  vectors  and  column  vectors.  Two  orders  of  the  polarization  bases 

As  has  .  been  shown’  ***  °atural  formal  consequence  of  introduction  of  the  new  notion,  the  TP  phasor,  is  the  use 
"X0  UIfer  311(1  lower  determining  wave’s  polarization  and  phase  by  one  phasor  (in  the  upper  index) 
and  amplitude  column  vector  s  basis  by  another  phasor  (in  the  lower  index). 

"mplex  ampli“de  of elecWc  rectoI'  *■ nsto6  such  m 

E  =  EX(1X  +Vxly) 

=  ^o[l*  ly  ]  ux  (P.5) 

=  £o«P. 

Here  a  difference  should  be  shown  between  the  notions  of  coordinates,  x  or  y,  and  TP  phasors,  lor  Jx  the 

!ast  orthogOM!  versus  X  by  presentation  of  the  first  and  second  basis  vector  in  a  similar  manner  like  the  E 
vector  has  been  presented  above, 


1y\ul 


r 

.ft)' 

ii 

V 

1 

and 

=[7* 

6} 

\ux* 

ux 

(P.6) 

Immediately  it  should  be  explained,  why  not  to  use  ‘  X  instead  of  ‘Xx’. 

«»erve  please,  that  because  the  orientation  angle  of  any  phasor  changes  in  the  range  4tt,  the  phase  of  the  Y 
phasor  my  be  undetermined  without  additional  instruction  indicating  the  way  by  which  it  has  been  shifted 

XvP°utl0n  t0  ?  antipodal  P°mt  Y.  It  will  be  assumed  that  the  Xx  phasor  is  being 
obtained  by  shifting  the  X  phasor  m  direction  indicated  by  its  arrow.  By  shifting  in  opposite  direction  it  will 

become  of  opposite  phase,  and.will  correspond  to  -uXx  vector.  So,  with  such  assumption,  the  Xx  phasor 
becomes  uniquely  determined,  contrary  to  the  T  phasor  with  the  180°  phase  ambiguity. 

^ wc  cannot  use  the  Y  phasor  at  all.  Of  course,  we  may  apply  the  (y,x)  linear  basis,  called  the 
basis  of  the  reversed  order  ,  always  using  the  right-handed  xyz  coordinate  system.  In  such  a  case  we  can  write. 


—  E0Uy  — 


ll  +  PP 
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py  =  — =  {tanye72<?}^  =tmxy  exp(J2Sy), 


Vy  =  Vy 


E=Ey(ly+pPylx) 

=  ^o[^y  lx\  UY 


Iy  ily  ixl  0 

=  [ly  l,]«j 


=  £o  u 


r  fOl 

=[f* 

=  [4  4]»? 


again,  with  the  Fx  second  basis  phasor,  exactly  determined  by  its  first  phasor  Y. 

P4.  Unit  Jones  vectors  U  and  -u  expressed  in  terms  of  internationally  established  parameters 

It  will  be  instructive  to  present  both  vectors,  u  and  -U  ,  by  their  column  matrices  employing  p  (or  yand 
8)  and  v  parameters.  We  can  write,  applying  the  X  =  (x,y)  polarization  basis,  for  yf  =90°,  and 

oXX  _  XX  _  n0 

dx  -yx  » 


/,]»?=  [4  4(1 


[4  4] 
[4  4] 


1  n 


cos  90 


l*  /isin900«^>J 

and,  defining  -Yx  as  a  new  phasor  with  the  new'  phase  parameter,  s,  by  putting  V—  8  +  £  we  obtain  for 
y -/*  =  90° ,  and  8~^  =  -£~/x  =  90° , 


=[4  4]"/k=[4  4(_°, 


=[4  4} 
=[4  4] 


1  n 


cos90u 

sin  90°eJ(2x9°O) 


A  90°+(-900)] 


PS.  The  use  of  indexed  transformation  matrices 

Combining  the  two  obtained  results  for  presentation  of  vectors  in  bases  of  the  reversed  order  we  can  write 
alternatively, 
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II 

o 

ux 

HX > 

o 

II 

s 

uK] 

o 

ll 

uB 

«*■] 

(P.13) 


The  last  equality  presents  the  electric  column  vector  in  the  new  basis  determined  by  its  first  phasor  B  which 
corresponds  to  the  first  basis  unit  vector 


\,.x 

Xx 

u 

r  y 

lM 

M  J 

,.s 

.  5x1 

u 

U 

«x 

4 


with  Ug  = 


(P.14) 


Fundamental  internationally  established  transformations  with  the  use  of  an  additional  phasor  notation  take  the 
following  forms: 


The  orthogonality  transformation. 


u 


Bx 

X 


with 


u 


B 

X 


-1 

0 


(«?) 


* 


' 

1 

T 

^/l  +  PP* 

p_ 

B 


X 


(P.15) 


(P.16) 


Obser\>e,  please,  that  here  the  orthogonal  vector  has  been  defined  uniquely,  what  is  not  the  common  case  in  the 
international  nomenclature  but  very  convenient  because  it  allows  for  exact  determination  of  the  orthogonal 
polarization  (and  phase!)  basis  by  its  first  vector  only. 


Without  use  of  the  phasor  notation  we  had. 


\x,y) 


yl^  +  PP 


P: 

1 


,JV 


(x,y) 


0  -1 

1  0 


(*W>)* 


with  the  unit  vector  being  transformed, 


W) 


+  PP' 


>-Jv 


(*,y) 


(P.17) 


(P.18) 


The  disadvantage  of  such  an  incomplete  notation  is  that  polarization  and  phase  of  both  vectors  should  be 
specified  if  they  have  to  be  used  in  scalar  product  with  other  PP  vectors. 
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Change  of  basis  (passive)  transformation  takes  the  form, 


«x  =' 


1  -p* 


tJi  +  PP*  \_ P  1 


e-JV\  up  =  [ir£  uf\u 


x 


-  C}Ua 


or,  without  phasor  notation, 


U(x,y)  ~  U2,  (A,B)M*,y)U{A,B) 


(P.19) 


(P.20) 


where  problem  appears  with  an  unambiguous  description  of  the  unitary  transformation  matrix  U2  because  here 
the  A  and  B  symbols  of  basis  vectors  do  not  represent  phasors  and  in  each  case  ought  to  be  precisely 
determined. 


Active  transformation  of  the  Jones  unit  vector  corresponding  to  the  tangential  phasor  P  into  similar  vector 
corresponding  to  the  tangential  phasor  A,  in  the  circular  (R,L)  basis  for  example,  takes  the  form  (compare 
formula  (5.23),  p.  24): 


-JV 


1  -P*  e-jr\  1  1  -P" 

yl\+pp*lp  i  J  ]Ry\  +  pp*[p  i 

=  CACpup  (P.21) 

=  CA  up 

-  u. P>RuR 

The  same  transformation  when  using  the  ‘international  nomenclature’  without  phasor  notation  would  be 


A  P 

U(R,L)  ~  U 2,  (A,B)-*(R,L)U 2,  (R,L)->(P,Q)U(R,L) 


(P.22) 


That  form  is  not  only  longer  but  involves  more  basis  vectors  (six:  R,L,P,Q,A,B,  instead  of  three:  R,P,A)  with  the 
same  problem  of  precise  description  of  the  unitary  matrices  U2. 

P6.  Few  convenient  new  symbols,  C,  D,  and  U 

Immediately  the  question  arises  why  to  use  symbols  C  instead  of  U2  ?  There  are  two  reasons  justifying  such  a 
modification.  The  first  one  is  dictated  by  the  possibility  of  simplification  of  formulae  by  using  simpler  symbols, 
C=U2  and  then  D=UA,  the  last  for  transformations  in  the  Stokes  parameter  space.  Another  reason  has  appeared 
after  applying  the  symbol  U  for  transformation  the  Jones  to  Stokes  vector,  also  in  the  4-dimensional  space  of 

Stokes  parameters.  Such  an  unitary  matrix  used  to  be  expressed  by  some  authors  through  A  =  yllTu  *  (see 

Boemer  in  [13]  and  [23]),  or  Q-  yfl~U  *  (see  Mott  in  [38]). 

Those  symbols  have  been  used  in  this  monograph  to  present  other  entities.  Following  van  de  Hulst  in 
[83],  the  symbol  A  has  been  chosen  to  present  amplitude  matrices  (2x2  complex  matrices).  However,  not  the 
Jones  ‘propagation’  matrices  are  here  denoted  by  A,  what  exactly  has  been  proposed  by  van  de  Hulst,  but  the 
Sinclair  ‘scattering’  matrices.  The  Jones  matrices  have  been  denoted  by  A0  in  order  to  strongly  indicate  the 
exact  mutual  dependence  between  the  Sinclair  and  Jones  matrices  which  can  be  expressed  by  the  simple 
transformation  equation  in  any  orthogonal  polarization  B  basis, 

A°b=C°b*Ab.  (P.23) 

Such  a  transformation,  presented  in  the  (precisely  named)  ‘orthogonal  polarization  and  phase  basis  of  collinear 
phasors’  -  see  Section  7.5  ,  has  been  called  the  ‘spatial  coordinate  system  reversal  by  its  rotation’  and  presents 
one  of  essential  results  of  this  work.  Owing  to  it,  the  up  to  date  existing  problem  of  ambiguity  in  such  a 
dependence  (in  any  polarization  basis)  has  been  solved  definitely. 

Similarly,  the  Q  symbol  has  here  been  reserved  rather  to  describe  one  of  the  Stokes  parameters. 
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Moreover,  the  unitary  U  matrix  here  being  applied  has  been  chosen  as  strictly  unitary,  satisfying  the 
equality  J  ° 

U~l  =  U  *  and  UU*  =  diag(  1,1,1,1)  (P.24) 

what  appears  very  convenient  when  introducing,  e  g.,  definitions  of  Stokes  vectors  or  Kennaugh  matrices  by 
proper  modifications  of  transmission  equations  (for  instance,  see  Section  N6,  formulae  (N.27)). 


P7.  Other  indexed  transformation  matrices 


For  the  Stokes  parameter  space  one  example  will  be  given  explaining  the  problem. 

Rotation  matrices  in  the  Stokes  parameter  space.  Transformation  matrices  just  mentioned,  (/and  A,  are: 


U  = 


"1 

1 

0 

0  “ 

"l 

0 

0 

1 ' 

0 

0 

1 

-j 

,  A  = 

1 

0 

0 

-1 

0 

0 

1 

j 

0 

1 

1 

0 

1 

-1 

0 

0 

0 

j 

-j 

0 

(P.25) 


Rotation  matrices  in  the  Stokes  parameter  space,  when  using  international  nomenclature  enriched  with  the 
phasor  notation,  expressed  in  any  orthogonal  R  basis  of  collinear  phasors,  take  the  following  unambiguous 


DP=U*(CP^CP*)U  .  (P.26) 

Without  application  of  phasor  notation,  the  corresponding  expression  is  of  the  form, 

U 3,  (P.QPM.RJL)  =  A  (U2,  (P,Q)-*(R£)  ®  U 4>  V,0-kW  A~l  .  (P.27) 

Bases  vectors  P,  Q,  R,  and  L  here  applied,  not  being  phasors,  need  precise  description  which  should  take  into 
account  their  phases  (vectors  always  have  phases,  though  sometimes  assumed  tacitly,  whereas  phasors  are 
completely  determined  by  three  real  parameters  each  -  very  simply!). 

Transformation  by  reversal  of  the  spatial  coordinate  system.  Such  transformation  can  be  used,  for  example,  to 
convert  the  Sinclair  into  Jones  matrix.  Using  the  international  nomenclature  with  the  TP  phasors  the  following 
expression  for  the  Jones  versus  Sinclair  matrix  has  been  presented  above, 


Ab  =  C°B  *  Ab.  (P.28) 

Such  expression  was  never  used  without  the  phasor  notation  except  of  its  presentation  in  orthogonal  linear  or 
circular  bases  of  collinear  phasors.  In  linear  basis  it  reads  (see,  e.g.,  Mott  [38],  p.3 16,  formula  (6.88)) 


T  = 


-1  0 

0  1 


(P.29) 


with  T  =  Ax ,  S  =  Ax  and 


-1  0 

0  1 


—  C°x  *;  X  O  (x,y) .  In  the  B  basis  the  following  transformation 


should  be  applied  in  which  the  Cx  matrix  undergoes  similar  transformation  like  the  Sinclair  matrix,  and: 

C°B*  =  (C%C°XC*)*.  (P.30) 


In  the  circular  L  basis  of  collinear  phasors  and  of  natural  order,  with  SLX  =yx  =  v Lx  =90°  (and 
SLX  —  0° )  one  obtains 
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A  -/  A  r  To  /T-l  OjO  j 

c°L*={c^c°xcLxr={  4  '  ,  ' 


j  oJL  o  iJL/  o 


In  another  circular  L  basis  of  collinear  phasors  and  of  natural  order,  with  dLx  -  Yx  =  “4  =  90°  (and 
VLX  —  0° )  one  obtains  different  matrix 


c£*  =  (cicjc£)*=(! 


0-1-100  1 


1  0  0  1  -1  0  0  -1 


=  -Cv 


However,  in  the  Stokes  parameter  space,  these  two  amplitude  transformation  matrices  produce  the  same  ‘power, 
polarimetric’  transformation  matrix  of  the  form 

"l  0  0  0" 

A  ~  A  a  0  10  0  0 

D?  =  U(CX  ®  C°x  *)U  =  =D°X,  (P.33) 

1  v  x  x  ’  0  0-10 

0  0  0  1 

well  known  from  the  international  literature  and  easily  obtainable  with  the  use  of  formulae  employing  the 
phasor  notation. 
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APPENDIX  Q 

POLARIMETRIC  INTERPRETATION  OF  KNOWN  MATHEMATICAL  THEORIES 

This  monograph  has  been  written  also  for  those  readers  who  may  be  not  familiar  with  ‘higher  mathematics’ 
Only  the  knowledge  of  complex  numbers  and  of  fundamental  rules  of  matrix  calculus  is  sufficient  to  read  this 
text.  For  other  readers  however,  aquainted  with  the  Riemann  geometry  and  spinors  ([130],  [116],  [117],  [106], 
[125]),  the  following  polarimetric  interpretation  of  known  mathematical  theories  may  be  helpful  in  immediate 
understanding  the  way  in  which  here  the  Poincare  sphere  transformations  have  been  presented. 


Ql.  Application  of  tangential  planes  on  manifolds,  flags,  geodetics,  parallel  transport  of  vectors  on 
manifolds,  to  definition  of  the  TP  phasors  and  PP  vectors  and  their  use  in  polarimetric  transmission 
equations. 

Topologically,  tangential  phasors  (or  spinors)  are  considered  as  elements  of  the  two-folded  (complex) 
Riemann  surface  of  constant  curvature  called  here  the  polarization  (Poincare)  sphere  of  tangential  phasors  (TP 
phasors).  Great  circles  of  that  TP  phasors  sphere,  or  their  segments,  are  called  geodetics  on  such  a  Riemann 
surface.  Phasors  ‘shifted  parallel’,  without  rotation,  along  those  geodetics  by  In  (along  one  closed  loop 
interpreted  as  a  great  circle  of  the  Poincare  sphere)  take  their  initial  value  multiplied  by  -1,  and  only  shifted  by 
the  4  ;r  distance  return  to  their  initial  value.  Similarly  phasors,  only  rotated  in  their  tangential  plane,  take  their 
initial  value  after  rotation  by  the  4n  angle  (or  its  multiple).  Generally,  one  shift  of  the  phasor  along  any  closed 
loop  on  that  Riemann  surface,  when  remaining  tangent  to  that  loop,  can  be  interpreted  as  a  sum  of  ‘parallel 
shifts’  along  elementary  segments  of  great  circles  plus  rotations  at  their  nodes  (on  that  loop)  what  results  in  the 
total  change  of  phasor  s  orientation  by  2n  what  consists  of  one  half  of  the  solid  angle  subtended  by  that  loop 
plus  the  sum  of  angles  of  rotation  at  all  nodes.  This  is  also  one  half  of  the  phasor’s  phase  change  equal  to  n. 
Orientations  of  the  TP  phasors  can  be  presented  on  that  two-folded  Riemann  surface  of  constant  curvature  by 
the  so-called  flags  (compare  Gravitation’  [116]  by  Misner,  Thome  and  Wheeler),  of  orientations  in  the  range 
of  An. 


Complex  amplitudes  of  waves  propagating  in  the  +z  direction  of  the  right-handed  xyz  local  spatial 
coordinate  system  are  equal  to  the  polarization  and  phase  (PP)  vectors.  They  can  be  presented  by  the  TP 
phasors  on  the  Poincare  sphere  and  represented,  e.  g.,  by  nondotted  contravariant  spinors  (or  by  dotted 
covanant  spinors).  Complex  amplitudes  of  waves  propagating  in  the  -z  direction  can  be  represented  by  dotted 
contravariant  spinors  (or  nondotted  covariant  spinors),  accordingly,  because  they  are  equal  to  conjugate  values 
of  the  PP  vectors.  However,  their  TP  phasors  always  correspond  to  the  PP  vectors,  not  to  their  conjugate 
versions.  The  only  difference  between  the  TP  phasors  representing  oppositely  propagating  waves  (or  oppositely 
oriented  antennas)  is  that  the  received  voltage,  being  expressed  by  the  Hermitian  product  of  the  two  PP  vectors, 
has  its  phase  argument  equal  to  one  half  of  the  difference:  of  the  orientation  angle  of  the  TP  (TP+)  phasor! 
corresponding  to  the  ‘+z  oriented’  wave  (antenna),  minus  the  orientation  angle  of  the  TP  (TP-)  phasor  of  the  ‘-z 
oriented  antenna  (wave).  That  reflects  the  fact  that,  in  the  Hermitian  product,  the  PP  vector  corresponding  to 
the  TP-  phasor  appears  always  in  its  complex  conjugate  form. 

So,  the  Sinclair  scattering  matrices  transform  the  PP  vectors  of  incident  waves  to  complex  conjugate 
PP  vectors  of  scattered  waves.  This  is  because  the  incident  waves  are  propagating  in  the  +z  direction  of  the 
local  z-axis,  oriented  to  the  scatterer,  and  the  scattered  waves  are  propagating  in  the  -z  direction  of  their  local  z- 
axis,  also  oriented  to  the  scatterer.  Applying  conventional  nomenclature,  Sinclair  matrices  transform  complex 
amplitudes  (CA’s)  of  incident  waves  (alias:  positively  directed  Jones  vectors)  into  CA’s  of  scattered  waves 
(alias:  negatively  directed  Jones  vectors). 

The  two-way  transmission  equation  in  the  BSA,  with  the  Sinclair  matrix  of  the  scatterer,  is  being 
presented  by  the  Hermitian  product  of  two  PP  vectors,  of  an  antenna  and  scattered  wave,  in  which  that  of  the 
scattered  wave,  oriented  along  -z  direction  of  the  propagation  axis,  takes  the  complex  conjugate  form. 

Direct  transmission  between  two  antennas  is  being  presented  as  the  two-way  transmission  with  the  so- 
called  Sinclair  scattering  matrix  of  free  space’,  otherwise  called  the  matrix  of  transformation  by  reversal  of  the 
spatial  coordinate  system  by  180°  rotation  about  its  axis  perpendicular  to  the  propagation  axis.  Such  a  matrix 
transforms  the  PP  vector  of  a  wave  radiated  by  the  transmit  antenna,  in  the  +z  direction  of  its  local  coordinate 
system,  to  the  conjugate  PP  vector  of  the  ‘scattered’  wave,  propagating  in  the  -z  direction  of  the  receiving 
antenna.  That  matrix  is  of  course  symmetrical,  to  fulfill  the  requirements  of  reciprocity  [53], 
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Q2.  Comparison  with  spinor  notation 

Spinor  notation  may  start  with  determination  of  the  real  numbers  (see,  e  g.,  ‘Gravitation’  [116],  eqns.  (41.64)) 

£■,,  =  S12  -  -.S',,  =  - £ 21  =  1 

11  22  (Q1) 

£n  =  £  =  £  i2  =  S  =  0 

defining  the  alternating  symbols 


=  ~eBA ,  eAB  =  (Q-2) 

being  used  to  define  the  rule  of  rising  and  lowering  the  spinor’s  index  (in  [116],  eqns.  (41.65)  and  (41.66)): 

{(iA=f^BA=-VsAB  )<->  £,=£'}.  (Q.3) 

where  the  spinor  itself  can  be  considered  as  corresponding  to  the  two-dimensional  PP  vector,  elements  of  which 
are  complex  numbers.  Two  contravariat  spinors  can  form  a  normalized  basis  (compare  in  [116]  eqns.  (41.96) 


and  (41 .97)  for  2 r  =  1)  consisting  of  the  first  basis  spinor,  corresponding  to  the  unit  PP  vector, 

a 

b 

=  U  <r>  gA  <F> 

-b 

a 

=  ux*=Cxu ;  Cx  = 

"0  -l' 

1  0 

(Q4) 

and  its  ‘mate’,  or  second  basis  spinor,  which  corresponds  to  the  uniquely  determined  orthogonal  unit  PP  vector 


~-b * 

-a  * 

<=> 

a  * 

=  ux 

*-»  Vb  o 

—b  * 

=  U 


They  are  linked  by  the  equation  (see  [116],  eqn.  (41.84)) 

$Arf  -t]AZb  =£AB  odetl 


a  -b 
b  a 


=  det|«  wxJ  =  +l. 


(Q5) 


(Q.6) 


A  scalar  product  of  spinors  should  be  defined  enabling  one  to  express  the  received  votage  in  a  spinor 
language.  That  requires  a  special  care  because  scalar  product  of  any  spinor  with  itself  desappears: 

0=V^A=[a  *]  b 


a 

-.B 


till 


(Q.7) 


and  only  scalar  product  of  the  two  basis  vectors  equals  one  (see  [116],  eqns.  (41.81)): 

l  =  ZAVA=[-b  a]  b 


a 


ux  *  ux 


=  -^AVA=[~a  ~b\ 


-a 

-b 


(Q  8) 


=  uu*. 


Therefore,  taking  (see  also  (Q.5)) 


<F>  UK 

CB  It™  ^  CbOUT0XX*  =  -UT°  * 


(Q  9) 


we  arrive  at  the  desired  equation  for  the  normalized  received  voltage  (compare  (6.13),  (6.5)  and,  in  [116],  the 
definition  (41.67)  of  scalar  product  for  spinors): 

Vr  =  uRuTo  *  =  -uRuToxx  *  =  -f<;B 


=  uRCxCxuTo  *=uRx  *uTox  =  SAC 


(Q  10) 


=  uRC°uT  =  $aSmt“,  ~(a=Smtb;  S*  =  SMoC"  =  Ct 


The  ‘coordinate  system  reversal  by  rotation  matrix’  transformed  from  the  linear,  H,  to  any  ONP  PP  basis  B. 
according  to  (6. 14)  is: 

~-l  0~ 

—  I 

" H 


/^rO  _  z't o  _  B  O  . 


r°  - 

TJ  — 


0  1 


(Q.  10a) 


Z.H.  Czyz,  ONR-Report-3  (Final  Version),  April  I,  200 1 


224 


Q  3.  Complex  antenna  height  and  complex  antenna  receiving  height.  The  received  voltage  reciprocal  equation 

Following  Booker/Kales  ([26],  1951),  or  Stutzman  ([135],  1993,  p.138,  (6.52)),  and  using  concept  of  the  PP 
vectors,  the  received  voltage 

y  =  Vte‘“-  VoSVr£C‘  (Q.ll) 


can  be  expressed  through  its  complex  value  V0  by  means  of  the  equations 

V0=E0h  (uR*C°*uT) 

=  E0h  (uR  •  uTo  *)  =  E0h  (uRo  *  • uT ) 


(Q  12) 


in  which: 


=  E0.hc 


u  and  u  are  the  unit  PP  vectors,  and  also  the  directional  Jones  vectors,  of  an  antenna  and  wave, 
respectively,  oriented  in  +z  directions  in  their  own  local  right-handed  xyz  coordinate  systems;  by  means  of 
those  vectors  the  antenna  height  complex  vector,  the  antenna  receiving  height  complex  vector  (compare 
v«th  Hollis  et  al.  in  [80],  Chapter  3,  or/and  with  the  IEEE  Standard  [90]),  and  the  electric  vectors  of  the 
incoming  wave,  propagating  in  two  directions  along  the  z-axes  of  the  local  coordinate  systems  can  be 
expressed  in  succession  as  follows: 

h+  =  h  =  hR  =huR , 

h°-  =  h°*  =  hRo*  =  huRo*:  uRo  *  =  C°  •  uR  -  uR  •  r° 


h  =  h  *  =  hR0  *  =  h  uRo  *;  uRo  *  =  C°  •  uR  =  uR  .  C° , 

*+  =  *oV-;  E;=E0=El=,Ey, 

E°~  =  ;  E°~  =  E°*^  E f  *  =  EQuTo  *;  uTo*  =  C°*uT. 


(Q13) 


These  vectors  are  the  directive  Jones  vectors  [13],  h+  ,  h°~  ,  E+ ,  E°~ ,  expressed  in  terms  of 

the  corresponding  unit  PP  vectors,  UR ,  uRo ,  uT ,  uTo  ,  which  are  independent  of  the  direction 
of  wave  propagation,  or  antenna  orientation,  versus  the  z-axes  of  their  local  coordinate  systems. 
Such  an  independence  is  essential  for  presentation  of  the  corresponding  TP  phasors  on  the  same 
Poincare  sphere,  what  enables  one  to  see  the  angle  between  phasors  of  the  incoming  wave  and  the 
receiving  antenna;  the  cosine  of  one  half  of  that  angle  is  the  magnitude  of  the  normalized  received 
voltage.  The  sign  of  the  voltage’s  phase  depends  on  which  factor  of  the  scalar  product  is  conjugated. 

•  C°  is  an  operator  (dyadic)  reversing:  (1)  direction  of  z-axis  of  the  local  coordinate  system  (by  its  180° 
rotation)  and  (2)  direction  of  time,  or  in  other  words:  direction  of  propagation/orientation  versus  actual 
direction  of  the  reversed  z-axis,  what  has  been  expressed  by  conjugate  value  of  the  transformed  vector.  In 
space,  direction  of  propagation/orientation  remains  unchanged. 

(General  remark:  polarization  and  phase  (PP)  vectors  are  always  related  to  their  local  spatial  coordinate  system 
m  such  a  sense  that  they  change  under  reversal  of  the  propagation  z-axis  of  that  system,  the  reversal  performed 
by  180  rotation  of  that  system  about  an  axis  perpendicular  to  the  z-axis.  Such  a  change  of  the  PP  vector  can 
be  compared  with  transformation  of  that  vector  by  a  scattering  matrix.  In  this  case  the  matrix  corresponds 

to  the  C  dyadic  and  can  be  considered  as  a  Sinclair  scattering  matrix  of  ‘free  space’  between  antennas). 


C°is  a  symmetric  dyadic.  This  satisfies  a  demand  which  ensures  full  reciprocity  (!)  of  the  first 
equation  of  (Q.12).  The  received  voltage  cannot  depend  on  direction  of  propagation  between  antennas.  Their 

complex  heights  can  be  presented  by  the  positively  directed  Jones  vectors  hR+  =  h  uR  and  hT+  =  h  uT 
Antennas  are  looking  at  each  other,  but  both  vectors  of  their  complex  heights  are  expressed  in  their  own  local 
coordinate  systems  with  the  z-axes  directed  out  of  them.  Therefore  the  free  space  between  the  antennas  should 
be  considered  as  a  hypothetical  ‘target’  in  local  coordinate  systems  on  its  both  sides  with  z-axes  directed  to  the 
target.  Its  Sinclair  scattering  matrix  is  given  by  (Q.  10a). 
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A  comparison  of  the  two  approaches,  employing  the  directive  Jones  vectors  and  polarization  and 
spatial  phase  (PP)  vectors,  on  the  example  of  expression  for  the  received  voltage,  can  be  presented  by  the  two 
following  equations,  respectively,  when  assuming  the  propagation  z-axis  being  oriented  in  the  direction  of 
wave 's  propagation  or  in  the  opposite  direction : 
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Maxwell  Equations  in  Radar  Polarimetry 


In  radar  polarimetry,  solutions  of  Maxwell  equations  should  lead  to  determination  of  complex  amplitude 
vectors,  electric  and  magnetic,  of  two  plane  electromagnetic  waves  propagating  in  opposite  directions.  Those 
vectors  are  functions  of  wave’s  polarization  (two  real  parameters)  and  its  spatial  phase  (one  real  parameter). 
Polarization  and  spatial  phase  parameters  do  not  depend  on  wave's  direction  of  propagation.  However, 
complex  amplitude  vectors  of  waves  propagating  in  opposite  directions  are  different  functions  of  those 
parameters. 

Consider  the  first  two,  real,  time  dependent  Maxwell  equations,  for  plane  waves  propagating  in  the 
isotropic,  homogeneous,  source-free,  linear  medium  along  the  z-axis  of  an  xyz  coordinate  system  in  both 
directions,  +z  or  -z: 

V  X  t,z )  =  ,  s=  const  (R.l) 

a 


K7  C(*  \ 

Vx5((,z)  =  -/J — - — ,  11  =  const  (R.2) 

ot 

where 

vj-  i  d  d  d 

dx  y  dy  dz 

For  the  harmonic  electric  and  magnetic  vectors  of  those  waves  introduce  their  space-dependent  complex 
amplitudes,  Eq  (z)  and  Hq  (z)  ,  defined  as  follows  for  waves  propagating  in  the  two  directions: 

S(t,z)  =  g±  ( t,z )  =  Re{E±  (z)ejat } 

V(t,z)  =  ^  ( t,z )  =  R e{H*  (z)e>M } .  ^  3> 

At  first,  consider  electric  vectors  of  waves  propagating  in  the  +z  direction.  Define  also  their  complex 
amplitudes,  En  and  H0,  independent  of  the  space  coordinate  z  according  to  the  equalities: 

E;(z)  =  E0(z)=E0e~Jb,  (R.4, 

HZ(z)  =  H„(z)  =  H0e-'b.  (R.5) 

The  first  of  those  complex  amplitudes,  Eq  ,  called  the  ‘Jones  vector’  (in  its  column  matrix  form),  can  be 
expressed  in  terms  of  a  unit  complex  vector  u  and  vector’s  magnitude  E0  as  follows, 

E0=E0u  =  E0  (lx  ux  +  ly  uy );  uxux  *  +uy uy  *  =  1 .  (R.6) 

In  turn,  the  unit  u  vector  in  its  Jones  vector  form  can  be  expressed  in  terms  of  ‘analytical  parameters’  of 
polarization,  ^and  5,  and  phase,  e, 

_  ux  cos/e~J(-s+E^ 

u{x,y)=  „  _  ...  .(s-^  (R-7) 


smyeJ 


Complex  Maxwell  equations  for  complex  amplitudes  dependent  on  spatial  coordinate  z  are  of  the  form 

V  *H0(z)  =  j(DeE0(z), 

V  xE0(z)  =  -jo)/j  H0(z)  . 


In  order  to  present  the  vector  H0  in  the  form  similar  to  that  in  (R.6)  we  should  first  observe  that 


according  to  (R.4)  and  (R.6). 
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For  complex  amplitudes  (R.4),  (R.6)  and  (R.5),  (R.  15),  the  ‘polarimetric’  expression  for  the  Poynting 
vector  of  a  wave  propagating  in  the  +z  direction  can  be  found  as  follows: 


S+  =iRe(^0+(z)x/f0+  *(z))  =  }Re(E0  x H0  *) 


ly  h 


=  iEoH()  Re(«  x  uxJ=  ~E()H0  ux  uy  0 


\-u*  u*  0 


-  2  E0H01Z 


The  corresponding  real  electric  and  magnetic  vectors  for  /  =  z  =  0  (see  Fig.  R.  1)  are: 

S*  (0,0)  =  E0  Re  u, 

(0,0)  =  H0  Re(« x  *). 


(R.18) 


(R.  18a) 


Summarizing,  complex  expressions  for  electric  and  magnetic  vectors  of  the  ‘forward’  propagating 
electromagnetic  plane  wave  take  forms 


E+  ( t,z )  =  E0u  e /(<uf_fa)  =  E0  e*0*-^ 
H+  ( t,z )  =  H0  (u *  *)e/(<Hf-fe)  =  H QeKo*-kz) . 


(R.19) 

(R.20) 


The  corresponding  expressions  for  waves  propagating  in  the  -z  (backward)  direction  can  be  found 
when  inspecting  Maxwell  equations  which  are  conjugate  versus  (R.8)-(R.9), 


They  can  be  rewritten  in  the  form 


VxR0  *  00  =  ~jo)sE0  *  (z) 
Vx£0  *{z)  =  j(o^iH0  *(z)  . 

V  x  (~H0  *  (z))  =  jcos  E0  *  (z) 

V  x  E0  *  (z)  =  -jeon  (~H0  *  (z)) 


(R.21) 

(R.22) 


(R.21’) 

(R.22’) 


Defining  the  following  complex  amplitudes  for  backward  propagating  waves 

E~(z)  =  E0*(z)  =  E0*e *  (r.4’) 

H~  (z)  =  -H0  *  (z)  =  -H0  *  eJkz  (R.5’) 

we  conclude  that  Eq  *  (z)  and  —Hq  *  (z)  vectors  fulfill  equations  (R.8)-(R.9)  when  being  used  in  place  of 
vectors  E0(z)  and  H0(z).  Therefore,  the  new  couple  of  vectors  represents  an  electromagnetic  wave  too, 
though  propagating  in  opposite  direction  because  of  the  exponential  term  with  the  positive  imaginary  exponent, 
+jkz.  The  corresponding  expressions  for  electric  and  magnetic  complex  vectors  of  that  wave  take  the  following 
forms,  corresponding  to  those  as  in  formulae  (R.  19)  and  (R20)  for  forward  propagating  waves: 


E~  ( t,z )  =  E0u  *  eK(0t+kz)  =  E0  *  eJiaX+kz) 

H~  ( t,z )  =  H0  (-«x )  eKoX+kz)  =  -H0  *  ejXwt+kz) . 


(R.23) 

(R-24) 


All  that  can  be  verified  by  direct  inspection.  Indeed, 
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Vx£0*(z)  =  £0 


d/ck  d/cfy  dfdz\ 

ux*ejkz  uy*eikz  0 


-jkE0ejkz(lxiiy*-lyux  *) 


(R.25a) 


what  results  in 


=  -JOJfJ.  (~H0  *(z)). 


kEr, 


e‘b(-u')  =  H(,(-u')elb 

(OH 


(R.26) 


Similarly, 


V  x  (~H0  *  (z))  -  Hq 


d/dc  d/dy  d/&\ 
u„  *  eJkz  -ur  *  ejkz  0 


=  jkH0ejk2(lxux*+lyUy  *) 


(R.25b) 


=  jcos  E0  *(z). 


and 


kH  n 


E0  *  (z)  =  — -eJkzu*  =  E0u  *  ejkz . 

(OS 


(R.27) 


For  complex  amplitudes  (R.4’)-(R.5’)  and  (R.27)-(R.26),  the  ‘polarimetric’  expression  for  the  Poynting 
vector  of  a  wave  propagating  in  the  -z  direction  can  be  found  as  follows: 


S'  =  j  Re(£„‘  (z)  x  U0-  (O  *)  =  -  i  Re(E„  *  xff,  ) 
=  -i£0//0Re(«*xH‘  *)=-A£0/f0 


h  I, 

Ux  *  Uy  *  0 

-Uy  UX  0 


=  -±E0H0lz  . 


The  corresponding  real  electric  and  magnetic  vectors  for  /  =  z  =  0  (see  Fig.  R.2)  are: 

£_(0,0)  =  E0  Reu*, 

"7T  (0,0)  =  H0  Re(-«x ). 


(R.28) 


(R.28a) 


The  most  important  results  of  those  considerations  are  being  expressed  by  the  equalities: 


E+  ( t,z )  =  E0u  eAa*-kz)  =  E0  (R.  19) 

E  ( t,z )  =  E0u  *  eKwt+kz)  =  E0  *  eK°*+k2)  .  (R.23) 


When  neglecting  the  exponential  wave  terms,  they  present  complex  amplitudes  of  electric  vectors  and  indicate 
that  those  amplitudes  become  conjugate  for  waves  propagating  in  the  -z  direction.  Complex  amplitudes  can  be 
also  expressed  in  terms  of  their  directive  Jones  (column)  vectors  as  in  the  following  equalities  (where  the 
orthogonal  wx  vectors  can  be  uniquely  determined  with  the  help  of  the  (R.  14)  transformation  formula): 
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«r  =  [4 

h] 

uLy)  ~  \uB 

*“U, 

0] 

\uLy)*  =  [“B 

» 1  »  ®'29> 

«]*(«()* 

The  directive  Jones  vectors  were  for  the  first  time  introduced  by  Graves  [79],  He  indicated  different  (mutually 
conjugate)  rules  of  their  change  under  the  basis  transformation.  Indeed: 

(»£r«»£=k  <]urB, 

n  „  r  -i  (R.30) 

(««)'  =(«£)*=[»5  < ]*(»!)*. 

By  means  of  those  directive  Jones  vectors  the  scattering  equation  which  uses  the  Sinclair  scattering 
matrix  (in  the  back-scattering  alignment,  BSA)  can  be  presented  in  the  two  following  equivalent  forms: 


or 


$b(ub)  ~  ^  (UB )  >  (R.31) 

SbUTb  =AT  («!)*.  (R.32) 


Complex  amplitude  of  the  received  voltage  (when  neglecting  the  space  attenuation)  can  be  expressed  by  the 
two-way  transmission  equation 


Vr  —  uB  SBuB 


*T  «£(«%)* 


(R.33) 


or  by  angular  functions  dependent  on  mutual  locations  and  orientations  of  polarization  phasors  R  and  S  tangent 
to  the  polarization  (Poincare)  sphere  (compare  with  (4. 19)). 

Jones  electric  vectors  of  forward  propagating  waves  (along  positive  direction  of  the  z-axis),  or  forward 
directed  antennas,  can  be  called  ‘polarization  and  spatial  phase  vectors’  (the  ‘PP  vectors’).  Jones  electric 
vectors  for  negative  directions  (-z)  are  being  expressed  by  the  conjugate  PP  vectors  (!). 


A  form  similar  to  (R.33)  one  obtains  for  the  ‘reciprocal  equation’  for  direct  transmission  between 
two  antennas: 


Vr=uiC°Bul  =ug(u™)*  =  (u™)*ul 

with  the  z-reversal  matrix  by  the  spatial  coordinate  system  rotation: 


(R  34) 


C° 

^ B 


;B 

(x,y) 
:Bx 
( x,y ) 


-1  0 

0  1 


["<!,,  «£,, ]  =  C"  =  <C“  *)-■ ,  detCg  =  -1  (R.35) 


Another  modification  of  equation  (R.33) 


Vr  -  uB  SBuB 


fO^O  *  c  T  _  jtRO  %  T  T 
■«»  JaUa 


BUB 


(R.36) 


leads  to  the  definition  of  the  ‘receiving  polarization’  in  the  wave’s  coordinate  system  (compare  IEEE  Std. 
145-1983,  p.  6  in  [90],  or  p.  3D.7  in  [80])  expressed  through  the  conjugate  PP  vector  of  an  antenna,  or  its  Jones 
vector,  for  ‘negative  orientation’  versus  the  z-axis, 


u 


R0  * 
B 


Ui 


(R  37) 


and  to  determination  of  mutual  dependence  between  the  corresponding  Sinclair  and  Jones  matrices 


Jb=C°b*Sb.  (R.38) 

The  ‘lull  Stokes  four-vector’  of  the  completely  polarized  wave  (or  antenna),  of  the  unit  ‘total  power’ 
represented  by  its  first  component,  should  possess  the  three  remaining  components  being  equal  to  rectangular 
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coordinates  of  the  polarization  point  on  the  Poincare  sphere  of  unit  radius.  That  property  should  be  independent 
of  the  direction  of  wave’s  propagation  (or  antenna  orientation)  in  order  to  obtain  the  received  power 
proportional  to  cosine  square  of  half  an  angle  between  polarization  points  of  the  receiving  antenna  and  the 
incident  wave  Therefore,  the  full  Stokes  four- vector  can  best  be  presented  with  the  use  of  the  PP  column 
vector  as  follows, 


with 


g(x,y) 


=  P, 


0  (x,y) 


V2U  *  (E, 


0 (x,y)  ®  Eq( x,y)  *)  ~  V2U  *  EQ  (»(x  y)  3  *) 


q2  +u2  +  v2  =1, 


"l 

0 

0 

1 " 

UXUX 

* 

T 

1 

0 

0 

-1 

uxuy 

* 

-  F2 

- 

q 

0 

1 

1 

0 

UyUx 

* 

u 

0 

j 

-j 

0 

UyUy 

* 

V 

(*o>) 


U  = 


V2 


110  0 

0  0  1  -j 

0  0  1  j 

1-10  0 


det  U  =  -y 


(R.39) 


(R.40) 


That  formula  is  valid  for  both  incident  and  scattered  waves  (propagating  in  the  +z  or  -2  direction  of  each  local 
xyz  coordinate  system).  Here  it  is  expressed  in  the  orthogonal  linear,  (x,y),  polarization  basis.  For  any  other 
orthogonal  null-phase  (ONP)  PP  basis,  the  change  of  basis  transformations  (R.30)  can  be  applied  The 
development  of  expression  (R39)  immediately  follows  the  equation  for  the  received  power,  also  based  on 

(R.33): 

Pr  =\Vr  \2  =Vr  3  Vr*  =  (ugSBurB )  (8)  @!SbuZ )  * 


=  (uB  ®  «b  *)U  *  \J(SB  ®  SB  *)UU  *  (utb  3  uTB  *) 

^igSK^Bgl  =igfMBgTB- 


(R.41) 


That  equation  determines  both  the  Kennaugh  and  Mueller  matrices,  their  mutual  dependence: 

Mb  =D°bKb ■  Dl  =U (C°B  3 Cl*) U=  detD^  =-l  ,  (R.42) 


as  well  as  the  ‘receiving  full  Stokes  four-vector’  in  the  wave’s  coordinate  system, 


(R.43) 


Rewriting  the  change  of  basis  equation  (R.30)  in  the  new  form  with  the  unitary  unimodular  (amplitude) 
change  of  basis  matrix, 

»£=[«£  %’']»,'=«;  detC*=+l,  (C‘r'=(S‘r  =  C*.  (R.44) 

its  Stokes  version  can  be  found  with  the  real  (Stokes)  change  of  basis  matrix, 

gPH=V‘gl'.  D“  =U*(C^®C'*)U,  detD»=+l,  (Djr‘=Dj=D".  (R  45) 

Observe,  please,  simple  and  easy  to  remember  form  of  the  change  of  basis  formulae  (R.44)  and  (R.45). 

The  above  presented  formulae  have  shown  how  the  polarimetric  form  of  Maxwell  equations, 
(R8-9)  and  (R.21’-22’>,  through  the  definition  of  the  PP  vector  E0  as  in  (R6),  appearing  in  expressions 
(R.19)  and  (R.23),  enables  one  to  develop  fundamental  equations  of  radar  polarimetry. 
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